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Introduction. 


The translator of this little volume lias done me tne 
honour to ask me to write a few line^ of introduction. And 
I do this willingly, not only that 1 may render homage to the 
memory of a friend, ]^rematurely torn from life and from 
science, but also becau.'^e J am convinced that the work of 
Rouerto EoNula deserves all the interest of the studious. 
In it, in fact, the voting mathematician will find not only 
a clear exposition of the j^rindples of a theory ik)W classical, 
but also a critical account of the developments which 
letd to the foiimiatiOTi oi the theory in (juestion. 

Jt seem- to me that this account, although concerned 
with a jiarticular held only, might well serve a*, a model 
for a liistorv of science, in respect {;f its ncouracy and 
Its breadth of informatioii, and. alnive all, lie; sound })iiilo- 
sophic siiint that p-enneates ’t. dhe vanon^' altemjjts of 
sud'e'.sive wnleis arc ail duly rated accorJinL tc* tiieir 
relative impoitance, *ind are jjrescnted in such a wav 
as TO bring out the ( oniinuitv of the progrobs of .science, 
and the mode ;n w'-nc-ii the human mind l- led through 
the tangle of partial erroi t'> a broader and broader view 
of truth. ITiis progress does not (onsisi only in t'.e ac- 
qub'tiuii of besh knowledge, the jiroiiiiiieiU place is taken 
In tne clearing up- of ideas which il has involved, and it 
lb lemarkaMe with what skill the autiior of tiiib treatise has 
chiddated the obscure (‘oncejits which have at particular 
periods of tune ])rebented themselves to the eyes of the 
investigator as obstacle.s. lU causes of confusion 1 will 
cite as an examjile his lucid analysis of the idea oflliere 
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being in the case of Non-Euclidean Geometry, in contrast 
to Euclidean Geometry, an absolute or natural measure of 
geometrical magnitude. 

The admirable simplicity of the author's treatment, 
the elementary character of the constructions he employs, 
the sense of harmony which dominates every part of this 
little work, are in accordance, not only with the artistic 
temperament and broad education of the author, but also 
with the lasting devotion which he bestowed on the Theory 
of Non-Euclidean Geometry from the very beginning of 
his scientific career. May his devotion stimulate others to 
pursue with ideals equally lofty the path of historical and 
philosophical criticism of the principles of science! Such 
efforts may be regarded as the most fitting introduction 
to the study of the high problems of philosophy in general, 
and subsequently of the theory of the understanding, in 
the most genuine and profound signification of the term, 
following the great tradition which was interrupted by the 
romantic movement of the nineteenth century. 

Bologna, October 1911. 

Federigo Enriques, 



Translator’s Preface. 


Donola’s Non-Euclidean Geometry is an elementary 
liistorical and critical study of the development of that subject. 
Eased upon his article inENRincKs’ collection of Monographs 
on Questions of Elementary Geometry h in its final form it still 
retains its elementary character, and only in the last chapter 
is a knowledge of more advanced mathematics required. 

Recent changes in the teaching of Elementary Geometry 
in England and Ameiica have made it more then ever ne- 
ces^aiy that those who aie engaged in the training of the 
teachers should be able to tell them something of the 
growth of that science, of the hypothesis on uhich it 
is built; more especially of that hypotheses ( n which rests 
Ecclio’s theory of parallels; of the long di.scussion to which 
that theory was subiected, and of the hnal discovery of the 
logical possibility of the different Xon-Euclidean Geometries. 

These questions, and others associated with them, are 
treated in an elementary way in the pages of this book. 

In the English translation, whudi Professor Bunol\ 
kindly permitted me to undertake, I liave introduced some 
changes made in the German trunslation.^ For permission 
to do so I desire to express my sincere thank'!) to tlie firm of 
E. G. Teubnlr and to Professor Liehmann. Considerable 
new material has also been jilaced in my hands by Professor 
Bonoea, including a slightly altered discussion of part of 

^ Enric'CES, F., f . lianii ia i 

^bologna, Zamchelli, 1900', 

- Wissenschaft und llypothe'^e, IV. Band JiuhU'ukhdi^.he 

GeoJnetrie }h:sto}isJi-krUi 5 (he J^a> ih^ct 1 nixjicklun^ 

R. Bonola. Deuisch v. II. Liebmafiv. preubner, Leipzig, 190S;. 
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Saccheri’s work, an Ap})endix on the Independence of Pro- 
jective Geometry from the Parallel Postulate, and some fuither 
Non-Euclidean Parallel Constructions. 

In dealing with Gauss’s contribution to Non-Euclidean 
Geometrv 1 have made some changes in the original on the 
authority of the most recent discoveries among Gauss’s 
papers. A reference to Thibaut’s ‘proof’, and some addit- 
ional footnotes have been inserted. T’iiose for which I am 
responsible have been placed wathin square brac kets. I have 
also added another Appendix, containing an elementary 
proof of the imj)ossibility of proving the I^arallel Postalate, 
based up»on the projierties of a system of i ircles orthogc>nal 
to a hxed circle. This method offeis fewer difficulties than 
the others, and the discussion also establishes some of the 
striking theorems of the hyperbolic Geometry. 

It only remaln^> for me to tliank Professor Gu'.son of 
Glasgow’ for some \aluable suggestions, to arknowde'lgc* the 
interest, wiiich both the authc»r and Profes.-^or Lti em \nn iiave 
taken in the progress of the translation, and to exj^ress n\\ 
satisfaction that it finds a place in the same collection as 
Hhblrt’s classical Grundlagen der Geometne. 

P. S. As the book is passing through the juess 1 ha\e 
received the sad news of the death cd' Professor Pclnoua 
W ith him the Italian School of Mathematics has lost one of 
Its most devoted workers on the Prmcijdes Geometry. 
Professor Enriques, his intimate friend, from whom I hear^l 
of Bonola’s death, has kindly consented to write a sliort 
introduction to the jiresent volume. 1 have to thank him, 
and also Professor W. H. Young, in wdiose hands, to avoid 
delay, J am leaving the matter of the translation of thih 
introduction and its passage through the jiress. 

The University, Sydney, August 1911. 

H. S. Carslaw. 



Author’s Preface. 


The material now available on the origin and develop- 
ment of Non-Kuclidean Geometry, and the interest felt in 
the critical and historical exposition of the principles of the 
various sciences, have led me to expand the hrst part of my 
article — icon i chile paucUdc e sulle (^comdrie ?ion- 
euchdcf — vvhicli appeared six years ago in ti e Qucsiioni rv 
c^uardanti la c^^eomdna ekmcniare^ collected and arranged 
by Professor l\ Knriques. 

'1 hat article, w hich has been completely rewritten for the 
German translation^ of the work, was chiefly concerned with 
the systematic part of the suliject. This book is devoted, on 
the other hand, to a fuller treatment of the history of parallels, 
and to tlie historical development of the geometries of Lo- 
juTSCHKWKv-boiA^Ai and Riemvnx. 

In Chapter L, \\hich goes back to the work of Eccui) 
and the earliest commentators on the Fifth Postulate, I have 
given ihe most important arguments, by means of which 
the Greeks, the Arabs ind the geometers of the Renaissance 
attempted to place tlie theory of parallels on a firmer 
foundation. In t. hapter II., rehing chiefly upon the work ol 
SalCheki, ].auiu:r'i and Legendk?:, i haA^e tried to throw' 
some light uii the transition from the old to the new’ 
ideas, w'hich became prevalent in the beginning of the 19th 
Century. In Chapters III. and IV,, by the aid of the in* 

^ EnrIoUK'^, F , Iragen der Elcmentargeometrie. L Teil Die 
(irundlagen der Geomet’ie Deutsch von H. Thicme. (19m.) 
11 Teil Dp geometrischen AufgaEcn, ihre Eosung und Eosbarkeit. 
Deutsch von H. FLElscnrR (1907.') Tcubner, Delpzl^^ 
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vestigations of Gauss^ Schweikart, Taurinus^ and the con- 
structive work of Lobatschewsky and Bolyai, I have ex- 
plained the principles of the first of the geometrical systems, 
founded upon the denial of Euclid’s Fifth Hypothesis. In 
Chapter V., 1 have described synthetically the further deve- 
lopment of Non-Euclidean Geometry, due to the work of 
Kiem\nn and Helmholtz on the structure of space, and 
to Cayley’s projective interpretation of the metrical proper- 
ties of geometry. 

In the whole of the book I have endeavoured to pre- 
sent, the various arguments in llieir historical order. How- 
ever when sucli an order would have made it impossible to 
treat the subject simply, 1 liave not hesitated to sacrifice it, 
so that I might preserve the strictly elementary character of 
tile book. 

Among tlie numerous postulates equivalent to Euci id’s 
Fifth Postulate, the most remarkable of which are brought 
together at the end of Chapter IV., there is one of a statical 
nature, whose experimental verification would furnish an 
empirical foundation of the theory of parallels. In this we 
have an important link between Geometry and Statics 
(Ge.nocchi), and as it was imjiossible to find a suitable place 
for it in the i)receding Cha])ters. the first of the tw’o jVotes^ 
in the Ap])endix is devoted to it. 

'The second A^atc refers to a theory no less interesting. 
The Uivestigalions of G\uss, Lob xisohewsky and Bolyai on 
the theory of ])aralleLs dej)end upon an extension of one of 
the fundamental conceptions of classical geometry. But a 
conception can generally be extended in various directions. 
In this case, the ordinary idea of parallelism, founded on 
the hyi)othesis of non-intersecting straight lines, coi)lanar and 


I In the English translation these Aotes are called Appendix I. 
and Appendix II. 
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IX 


equidistant, was extended by the above-mentioned geometers, 
who gave up Euclid’s Fifth Postulate (equidistance),, and 
later, by Clifford, who abandoned the hypothesis that tJie 
lines should he in the same plane. 

No elementary treatment of Clifford’s parallels is avail- 
able, as they have been studied first by the projective 
method (Clifford -Klein) and later, by the aid of Different- 
ial-Geometry (BiANCHi-FuniNi). For this reason the second 
Note is chiefly devoted to the exposition of their simplest 
and neatest properties in an elementary and synthetical 
manner. 'Phis Note concludes with a rapid sketch of Clif- 
ford-Klein’s problem, which is allied historically to the 
parallelism of Clifford. In this pioblem an attempt is made 
to characterize the geometrical structure of space, by assum- 
ing as a foundation the smallest jiossible number of postul- 
ates, consistent with the experimental data, and with the 
]irincii)le of the homogeneity of space. 

This is, briefly, the nature of the book. Before sub- 
mitting the little work to the favourable judgment of its 
leaders, I wish most heartily to thank my respected teacher, 
Professor Federico Enriques, for the valuable advice with 
which he has assisted me in the dis]>osition of the material 
and in the (Titical jiart of the work; Professor Corrado Segre, 
for kindly placing at my disposal the manuscript of a course 
of lectures on Non-Euclidean geometry, given by him, three 
years ago, in the University of Turin; and my friend, Professor 
Giovanni Vait.ati, for the valuable references which he ha^. 
given me on Greek geometry, and for his help in the cor- 
rection of the proofs. 

Finally my grateful thanks are due to my jiublisher 
Cesare Zaniciiei.li, who has so readily jilaced my book in 
his collection of scientific works. 

Pavia, March, 1906. 


Roberto Bonola. 
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Chapter 1. 

The Attempts to prove Euclid’s Parallel 
Postulate 

The Greek Geometers and the Parallel Postulate. 

§ I. Euclid (circa 330 — 275, B. C'l calls two straight 
lines parallel when they are in the same plane and being 
produced indefinitely in both directions, do not meet one 
another in either direction (Del XXIIL).^ He proves that 
two straight lines are parallel, when they form with one of 
their transversals equal Interior alternate angles, or equal 
corresponding angles, or interior angles on the same side 
which are supplementary To prove the converse of these 
propositions he makes use of the following Postulate ( V.): 

If a aight hie falhig on true straight lines make the 
interior angles on the same side less than two right angles, 
the two straight lines, if produced indefinitely^ meet on that 
side on which are the angles less than the tivo right angles, 

d'he Euclidean Theory of Parallels is then completed 
by the* following theorems: 

Straight lines which are parallel to the same straight 
line aie parallel to each other (Bk. L, Proj). 30;. 

1 With legard to PnCLin's text, references are made to the 
critical edition of J. I, IlEiBi-Rt; (Leipzig;, Teubner, 1883). [The 
wording of this definition (XXIII , and of Postulate V below, are 
taken from Ileath’i. translation of Heiberu’s text. (Camb.Univ Press, 
igoS' i 
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'T hrough a given point one and only one straight line 
can be drawn which will be parallel to a given straight line 
(Bk. 1 . Prop. 31). 

The straight lines joining the extremities of two equal 
and parallel straight lines are equal and parallel (Bk. I. 
Prop. 33). 

From the last theorem it can be bhown that two parallel 
straight lines are equidistant from each other. Among the 
most noteworthy consequences of the Euclidean theory are 
the well-known theorem on the sum of the angles of a tri- 
angle, and the properties of similar figures. 

§ 2. Even the earliest commentatois on Euclid’s text 
held that Postulate V. w^as not sufficiently evident to be 
accepted without proof, and they attempted to deduce it as 
a consequence of other propositions. To carry out then pur- 
pose, they frequently substituted other dehiiitions of parallels 
for the Euclidean dehnition, given verba//y in a negative 
form. These alternative definitions do not appear in this 
form, which was believed to be a defect. 

Proclus — 4^5) — in his Com?nc?itary on the Fir^t 
Book of Buclid ^ — hands down to us valuable informa- 
tion upon the first attempts made in this direction. He states, 
for example, that Posidonius Century, B. Cj had pro- 
posed to call two equidistant and coplanar straight lines par- 
allels. However, this definition and the Euclidean one 
correspond to tw^o facts, which can appear separately, and 

* 'Wher the text of PaoCLUS is quoted, we refer to the edi- 
tion of G- LkiEDLEIN. Frock Diadothi in primum Euckdiy elemrnt- 
orum librum commeniariif [Leipzig, Teabner, 1873). [Compare also 
W. B. FranklanD, 7 'he J^ird Look of EuduPs Elemmis with a 
Commentaiy based p?incipally upon that of Proclus Dtadochus, (Camb. 
Univ. Press, 1905) Also Heath’s Euclid, Vol. L, Introduction, 
Chapter IV., to which most important work reference has been 
made on p. i]. 
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Proclus (p. 177), referring to a work by Geminus (1** Cen- 
tury, B. C.j, brings forward in this connection the examples 
of the hyperbola and the conchoid, and their behaviour with 
respect to their asymptotes, to show that there might be 
parallel lines in the Euclidean sense, (that is, lines uhich 
jiroduced indefinitely do not meet), which would not be 
parallel in the sen.-ie of Posidomus, (that i^, equidistant). 

Such a fact is regarded by Geminus, quoting still from 
Proclus, as the most paradoxical [Trapabo^OTOTOv] m the 
whole of (jeoiiietry. 

Before we can bring Euclid's definition into line 
with tiiat of Posidonius, it is necessary to prove that if two 
coplanar straight lines do not meet, they are equidistant, or, 
that the locus of points, which are equidistant from a straight 
line, IS a straight line. And for the proof of this proposition 
Euclid requires his Parallel Postulate. 

However Proclus (p. 364) refuses to count it among 
the jJoslLiiates. Jn justihcation of his opinion he remarks 
that Its converse ( Ihc sum of tiDo angles of a triangle is less 
than t 7 oo right aiigtes i, is one of the theorems proved by 
Euclid iBk. 1 . Prop. 17); 
and he thinks it impossible 
that a theorem whose con- 
veise can be proved, is not 
itself capable of proof. Also 
he utters a warning against 
mistaken appeals to self- 
evidence, and insists upon 
the (hypothetical) possibi- 
lity of straight lines which 
are asymptotic (p. 191 — 2). 

Ptolemy (2"'^ Century, A. D.) — we quote again from 
Proclus fp. 362 — 5) -attempted to settle the question by 
means of the following curious piece of reasoning. 
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Let ABj CDj be two parallel straight lines and FG a 
transversal (Fig. i ). 

Let a, P be the two interior angles to the left of FG, 
and a, p the two interior angles to the right 

Then a -f p will be either greater than, equal to, or less 
than a' -h P'. 

It is assumed that if any one of these cases holds for 
one pair of parallels (e. g. a + P 2 right angles) this case 
will also hold for every other pair. 

Now FB^ GD, are parallels; as are also FA and GC. 

Since a + p > 2 right angles, 

it follows that a' + P' ^ 2 right angles. 

Thus a+P-fa'+P'>4 right angles, 
which is obviously absurd. 

Hence a + p cannot be greater than 2 right angles. 

In the same way it can be shown that 

a -h P cannot be less than 2 right angles. 

Therefore we must have 

a + P = 2 right angles (Proclus, p. 365). 

From this result Euclid's Postulate can be easily obtained. 

§ 3. Proclus (p. 371), after a criticism of Ptolemy’s 
reasoning, attempts to reach the same goal by another path. 
His demonstration rests upon the following proposition, 
which he assumes as evident: — T/ie distance between two 
points upon two intersectmg straight lines can be made as great 
as we please, by prolonging the two lines sufficiently} 

From this he deduces the lemma: A straight line which 
meets one of two parallels must also meet the other. 


* For the truth of this proposition, which he assumes as self- 
evident, Proclus relies upon the authority of Aristotle. Cf. 
De Coelo I., 5. A rigorous demonstration of this very theorem 
was given by SacCHERI in the work quoted on p. 22. 
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His proof of this lemma is as follows : 

Let AB, CDy be two parallels and EG 2. transversal, 
cutting the former in F (Fig. 2). 



The distance of a variable point on the ray FG from 
the line AB increases without limit, when the distance of that 
point from F is increased indefinitely. But since the distance 
between the two parallels is finite y the straight line EG must 
necessarily meet CD, 

Proclus, however, introduced the hypothesis that the 
distance between two parallels remains finite; and from this 
hypothesis Euclid’s Parallel Postulate can be logically de- 
duced. 

§ 4. Further evidence of the discussion and research 
among the Greeks regarding Euclid’s Postulate is given by 
the following paradoxical argument. Relying upon it, accord- 
ing to Proclus, some held that it had been shown that two 
straight lines, which are cut by a third, do not meet one 
another, even when the sum of the interior angles on the 
same side is less than two right angles. 

Let AC be a transversal of the two straight lines AB^ 
CD and let E be the middle point oi AC (Fig. 3). 

On the side of AC on which the sum of the two internal 
angles is less than two right angles, take the segments AF 
and CG upon AB and CD each equal to AE, The mo 
lines AB and CD cannot meet between the points AF and 
CGj since in any triangle each side is less than the sum of 
the other two. 



g I. The Attempts to prove Euclid’s Parallel Postulate. 


The points F and G are then joined, and the same 
process is repeated, starting from the line FG. The segments 
FK and GL are now taken on AB and CD, each equal to 
half of FG. The two lines AB^ CD are not able to meet 
between the points /q K and 6r, Z. 

Since this operation 
can be repeated indefini- 
tely, it is inferred that the 
two lines AB, CD will never 
meet. 

The fallacy in this ar- 
gument IS contained in the 
use of infinity, since the 
segments AF, FK could 
tend to zero, while their 
sum might remain finite The author of this paradox has 
made use of the principle by means of which Zeno (405 — 
435 B. C) maintained that it could be proved that Achilles 
would never overtake the tortoise, though he were to travel 
with double its velocity 

This is pointed out, under another foim, by Proclus 
^P- 369 — 70 1; where he says that this argument proves that 
the point of intersection of the lines could not be reached 
(to determine, 6 piTeiv) by this process. It does not prove 
that such a point does not exisiP 

Proclus remarks further that ‘since the sum of two 
angles of a triangle is less than two right angles (E^ucnin Bk. L 
Prop. 17), there exist some lines, intersected by a third, 
w'hich meet on that side on which the sum of the interior 

^ [Suppose we sfa^t wnth a tnanglf' ABC and bisect the base 
EC in D. Then on BA take the segment BL equal to BD, and 
on CA the segment Ch equal to CD^ and join EF. "J'hen repeat 
this process indefinitely, d he vertex A can never be reached by 
t lis means, although it is at a finite distance.] 
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angles is less than two right angles. Thus if it is asserted 
that for ei'ery difference between this sum and two right 
angles the lines do not meet, it can be replied that for 
greater differences the lines intersect.’ 

‘But if there exists a point of section, for certain pairs 
of lines, forming with a third interior angles on the same 
side whose sum is less than two right angles, it remains to be 
shown that this is the case for all the pairs of lines. Since 
it might be urged that there could he a certain deficiency (from 
two right angles) for which they (the lines) would not ifiter- 
sect^ luhile on the other hand all the other lines, for which the 
deficiency was greater, would intersect! (Proclus, p. 371.) 

From the sequel it will appear that the question, which 
Proclus here suggests, can be answered in the affirmative 
only in the case when the segment AC of the transversal 
remains unaltered, while the lines rotate about the points A 
and C and cause the difference from two right angles to vary. 

§ 5. Another very old proof of the Fifth Postulate, 
reproduced in the Arabian Commentary of Al-Nirizi‘ (9th 
Centuryl, has come down to us through the Latin translation 
ofGHERA.RDo DA Ckimona* f 1 2th Century), and is attributed 
to Aganis.3 

I'he part of this commentary relating to the definitions, 
postulates and axioms, contains frequent references to the 

1 Cf K. O. r>FSTH-iRN u J. L. Hfiufrc;, ‘Codex Leidensis,’ 
3Q9, /. Fudidis Elt-ffieTUa i\\ niterpretatione Al-Hadschdschad'^ch cum 

cornmentarns Ai-Xarizii , (Copenhagen, F. Hegel, 1893 — 97V 

- Cf. M. CcR'rZF, ^Afiaritii in derevi libros prwrrs clernentorum 
Euclidis Commevtai a ' Ex interpret alione Gherardi Cremonensis m 
Codi":#: Cracoviensi 56Q servata, (I eipzig, Tciibner, 18991. 

3 With regard to Aganis it is right to mention that he is 
identified by Curtze and Heiberg with Geminus. On the other 
hand P. Tannery does not accept this identification. Cf. T inner y, 
*Le philosopke Aganis estdl laentique d Geminu^ Bibliotheca Math. 
^3) Bd II p. 9— II [igoih 
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the name of Sambelichius, easily identified with Simplicius, 
the celebrated commentator on Aristotle, w^ho lived in the 
6th Century. It would thus appear that Simplicius had written 
an Introductio?i to the First Book of Euclid, in w'hich he ex- 
pressed ideas similar to those of Geminus and Posidonius, 
affirming that the Fifth Postulate is not self evident, and 
bringing forward the demonstration of his friend Ac an is. 

This demonstration is founded upon the hypothesis that 
equidistant straight lines exist. Aganis calls these parallels, 
as had already been done by Posidonius. From this hypo- 
thesis he deduces that the shortest distance between two 
parallels is the common perpendicular to both the lines: 
that tw’o straight lines perpendicular to a third are parallel 
to each other: that tw'o parallels, cut by a third line, form 
interior angles on the same side, wdiich are supplementary, 
and conversely. 

These propositions can be proved so easily that it is 
unnecessary for us to reproduce the reasoning of Aganis. 
Having remarked that Propositions 30 and 33 of the First 
Book of Euclid follow from them, we proceed to show^ how 
Aganis constructs the jioint of mterbection of two straight 
lines which are not equidistant. 

Let AB, GD be tw^o straight lines cut b\ the tIan'^- 
versal EZ, and such that the sum of the interior angles AEZ, 
EZD IS ler.s than two right angles Tug. 4). 

Witliout making our figure any less general w^e may siij.- 
pose that the angle AEZ. is a right angle. 

Upon Z.D take an arbitrary point 1 \ 

From T draw* TL ])erpendicular to ZE. 

Bisect the segment EZ, at P\ then bisect the segment 
PZ at M\ and then bisect the segments J/Z, etc. . . . until 
one of the middle promts P, My . . . falls on the segment ZZ. 

Let this point, for example, be the point M. 

Draw ME! perp^endicula.r to A'Z, meeting Z.D in N'. 
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Finally from ZD cut off the segment ZC, the same 
multiple of ZN as ZE is of Z,M. 

In the case taken in the figure ZC = 4 ZN. 

The point C thus obtamed is the point of intersectio?i of 
the two straight lines AB and GD. 
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To prove this it would be necessary to show that the 
equal segments ZA" NS.^ . . which have been cut off one 
after the other from the line ZZ>, have equal projections on 
ZE We do not discuss this point, as we must return to it 
later (p. 1 1 In any case the reasoning is suggested directly 
by Aganis’ figure. 

dlie di'^tmctive feature of the ])receding construction is 
to be noticed. It rests uyion the (imjilicitj use of the so-called 
Pvstulatc of Archinnaes. winch is necessary for the deter- 
mination of the segment J/Z, less than ZZ and a subinult- 
ipie of Z’Z. 

The Arabs and the Parallel Postulate. 

§ 6. 'fhe Arabs, succeeding the Greeks as leaders in 
mathematical discovery, like them also investigated the Fifth 
Postulate 

Soine, however, accepted without hesitation the ideas 
and demonstrations of their teachers. Among this number is 
Al-Niki 7 i ( qtf’i Century), whose commentary on the definitions, 
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postulates and axioms ot the First Book is modelled on the 
Introduction to the '‘Elements' of Simplicius, while his demon- 
stration of the h'ifth Euclidean Hypothesis is that of Aganis, to 
which we have above referred. 

Others brought their own personal contribution to the 
argument. Nasir-Eddin [1201 — 1274], for example, although 
in his proof of the Fifth Postulate he employs the criterion 
used by Aganis, deserves to be mentioned for his original idea 
of explicitly putting in the forefront the theorem on the sum 
of the angles of a triangle, and for the exhaustive nature of 
his reasoning.* 

The essential part of his hypothesis is as follows : Ift7t>o 
straight hfics r and s are the one perpendicular and the other 
oblique to the segment AB, the perpendiculars drawn from s 
upon r are less than AB on the side on which s makes an acute 
angle with AB^ and greater on the side on ivhich s makes an 
obtuse angle 7vith AB. 

It follows immediately that \{ AB and A B' are two equal 
perpendiculars to the line BB' from the same side, the line 
AA is itself perpendicular to both AB and A B' . Further 
we have A A = BE , and therefore the figure AA'B'B is a 
quadrilateral with its angles right angles and its opposite sides 
equal, 1. e., a rectangle. 

From this result Nasir-Edtun easily deduced that the sum 
of the angles of a triangle is equal to two right angles. P'or 
the right-angled triangle the theorem is obvious, as it is half 
of a rectangle; for any triangle we obtain it by breaking up 
the triangle into two right-angled tr’angle^.. 

With this introduction, we can now explain shortly how 
the Arabian geometer proves the Euclidean Postulate [cf. 
Aganis]. 

^ Cf. : Kudidts demento 7 u?n lihri XJI ^tudit Nassiredini^ (Rome, 
15941 This work, written in Arabic, was republished in 1657 and 
1801. It has not been translated into any other language. 



Nasir Eddin’s Proof. 


II 


Let AB, CD be two rays, the one oblique and the other 
])erpendicular to the straigiit line AC (Pig. 5). From AB cut 
off the part AH^ and from H draw the perpendicular HH’ 
to AC If the point H falls on C or on the opposite side 
of C from A^ the two rays AB and 
CD must intersect. If, however. H' 
falls between A and C\ draw the line 
AL ])erpendicular to AC and equal 
to HH' . 'Fhen, from what we have 
said above, HL AH\ In pro- 
duced take HK equal to AH From 
K draw KK perpendicular to AC. 

Since we can take 

K'l: = me and join //// d'he 
quadrilaterals KAD HT\ BH A LH both rectangles There- 
fore the three points //. JL / are 111 one straight line. It fol- 
lows that ■ : L' UK --- AH I., and that the triangles AlIL^ 
J-IL K are equal. Thus ////=-- HI., and from the properties 
of rectangles, K' BI =- D A. 

In B/K produced, take BAf equal to KBB P'rom M 
draw AfM' perpendicular to AC. By reasoning similar to 
what has just been c^iven, it folio as that 

M 'K ' ^ K BB --^ 11 A 

This result obtained, we take a muhiple of AH' greater 
than AC [ 7/c ]\K^tuIate of ArAiiinedcs] For examjde, let 
AO' equal to 4 ABB\ be greater than AC, Then from AB 
cut off AO — AH and draw the perpendicular from O 
to AC. 

This perpendicnlar wull e\idently be OO'. Then, in the 
right-angled triangle AO O, the line CD, which is perpendicu- 
lar to the side .d0\ cannot meet the other side 00\ and it 
must therefore meet the hypotenuse OA. 

By this means it has been jiroved that two straight lines 
AB, CD, must intersect, when one is perpendicular to the 
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transversal AC and the other oblique to it. In other words 
the Euclidean Postulate has been proved for the case in which 
one of the internal angles is a right angle. 

NasiR'Eddin now makes use of the theorem on the sum 
of the angles of a triangle, and by its means reduces the 
general case to this ]^articular one. We do not give his reas- 
oning, as we shall have to describe what is equivalent to 
it in a later article, [cf p. 37.M 


The Parallel Postulate during the Renaissance and 
the 17th Century. 

§ 7. The first versi-'^ns of the Elements made in the 
12th and 13th Centuries on the Arabian texts, and the later 
ones, made at the end of the i5^h and the beginning of the 
based on the Greek texts, contain hardly any critical 
notes on the Fifth Postulate. Such criticism appears after the 
year 1550, chiefly under the influence of the Commenta 7 y of 
Pf'oclus.'^ 'Po follow this more easily we give a short sketch 
of the views taken by the most noteworthy commentators of 
the 1 6th and 17th centuries. 

F. Commanding [1509 — 1575] adds to the Faiclidean 
definition of parallels, without giving any justification for this 

^ N^SiK'Ld1')N’s denionstraiion o*' tneLiflh Pdstiilatr is 'M\fn 
in full by the Lnghsli Geometer J \Vai i 1*=^, in Vol 11 of liis works 
(cf. Note on p 15, and by G. Ca'^iii.lon, in a paper published in 
the Mem. de I’Acad roy. dc Sciences et lielles-I ettre^ of berlin, 
T. XVIII p 175 — 1S3, — 17S9'. In addition, several otliei 

writers refer to it, amcng whom we would mention chiefly, G. S. 
KlugkL, fcf- note, 131, p 44 1, J. Hoi FM^N, Kritik ucr J^afalUientnc >rir^ 
(Jena, 1807'; V Fi-ATT.', Xuoza azwnr de! ^ osiulato quinlo, i Na- 

ples, 1818 

2 The CommcTilaty oj Ptoclu\ w'as first printed at Basle (1533) 
in the original text, and next at Padua (1560) in Barozzi’s Latin 
translation 
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step, the idea of equidistance. With regard to the Fifth Postul- 
ate he gives the views and the demonstration of Proclus.^ 

C. S. Clavio [1537 — 1612], in his Latin translation of 
Euclid’s text^, reproduces and criticises the demonstration of 
pROCLUS. Then he brings forward a new demonstration of the 
Euclidean hypothesis, based on the theorem: The line equi- 
distant from a straight line is a straight lin€\ which he at- 
tempts to justify by similar reasoning. His demonstration 
has many points in common with that of Nasir-Eddin. 

P. A. Cai'aldi [? — 1626] is the first modern mathema- 
tician to publish a work devoted exclusively to the theory of 
parallels.^ Cataldi starts from- the conception of equidistant 
and non-equidistant straight lines ^ but to prove the effective 
existence of equidistant straight lines, he adopts the hypothesis 
that straight lines ivhich are not equidistant converge in one 
direction and diverge in the other, [cf. Nasir-Eddin.] 

G. A. Borelli [1608 — 1679] takes the following Axiom 
[XIV], and attempts to justify his assumption: 

'‘If a straight line which remains always in the same plane 
as a second straight line., moves so that the one end always touches 
this line, and during the ivhole displacement the first remains 
continually perpendicular to the second, then the other end, as it 
moves, 7 vill describe a straight line.' 

Then he shows that two straight line.^ which are perpen- 
dicular to a third are equidistant, and he defines parallels as 
equidistant straight lines. 

The theory of paralleK follows.-^ 

1 yierneTuorum lihri XI , (Pesaro, 1 57 2). 

^ Euclidis elcmentmum libri AT, (Rome, 1574) 

j Operetta delle hnee retie equidistanii et yion equidistanti, (Bologna, 

1603) 

4 Cataldi made some further additions to his argument in the 
work, Agiriunta alV opet ctia delle hnee 7 rite equidista/iti et n.m eqm~ 
distanti. (Bologna, 1604). 

5 Borelli: Euchdes restitutus^ (Pisa, 1658), 
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§ 8 . Giordano Vhale [1633 ^1711] again returns to 
the idea of equidibtance j>ut forward by Posidonius, and re- 
cognizes, with PnocLUS. that it is necessary to exclude the pos- 
sibility of the Euclidean parallels being asymptotic lines, d'o 
this end he defines two equidistant straight lines as paiallels, 
and attempts to prove that the locus uf the ])oints equidistant 
trom one straight line is another straight line ‘ 

His demonstration practicall) depends upon the lollow- 
ing ieinina- 

7/ tiLfo pothts. A, C itputi a curvc^ luhose couai'iiy is to- 
wards A’ are by the straight line AC^ ana pcrpemhci.Iar^ 

a?e drawn from the mfmite riua.ber of points 0 / the arc AC 
upon anv straight line^ then these perpcfuhchla? s cannot be epual 
to each other. 

The w^ords ‘an\ straiglit line, in tins enunciation, do not 
refer to a straight line taken at random in the plane, but to 

a straight line constructed in 
the following way (Pig. 6). 
P'roiii the i^oint /> of the arc 
.'/C draw />/> perpendicular to 
D the chord .7G Then at ^ draw 

AG also perpendicular to AC. 
Finally, having cut otf equal segments AG and 7>>/"" upon 
these tw'o perpendiculars, join the ends G and I\ GF is the 
straight line which Giordano considers in his demonstration, 
a straight line with respect to which the arc A^t is certainly 
not an equidistant line. 

But wEen the author wishes to prove that the locus of 
points equidistant from a straight line is also a straight line^ 
he appdies the preceding lemma to a figure in which the re- 
lations existing between the arc ABC the straight line 

^ Giordano Vitale- Eiuluie overo anhcki eUmenit 

^eofneirici 7-isfauraii, r fanhtati Fhri XV (Rome, l6bo,, 
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GF do not hold. Thus the consequences ivhich he deduces 
from the existence of equidistant straight lines are not really 
legitimate. 

From this point of view Giordano’s proof makes no ad- 
vance upon those which preceded it. However it includes a 
most remarkable theorem, containing an idea which will be 
further developed in the articles which follow. 

I.et ABCD be a quadrilateral of which the angles B 
are right angles and the sides AJJ^ BC 
equal (Fig. 7 ). Further, \tXHK be the per- 
pendicular drawn from a point upon the 
side DC. to the base AB of the quadri* 
lateral. Giordano proves: (ij that the ang- 
les D, G are eciual; (li) that, when the seg- ^ K B 

mein JiK is equal to the segment the 
two angles C are right angles, and CD is equidistant 
from AB. 

i 3 y means of this theorem Giordano reduces the question 
of equidistant straight lines to the proof of the existence of 
one point //upon DC\ wiiose distance from AB is equal to 
tlie segments AD and BC, We regard thib as one of the 
most noteworthy results in the theory of parallels obtained 
uj) to that dated 

§ 9. J. Wallis [1616 — 1703] abandoned the idea of 
equidistance, employed without buccesb by the preceding 
mathematicians, and gave a new demonstration of the Fifth 
Postulate. He based his proof on the Axiom : To ei^ery figure 
there exists a sinii/ar figure of arbitrary magnitude. We now 
describe shortly how Wallis proceeds:* 

* Cf . PoNOLa: Ut: tf 07 ema di Giordafir I it ale da Buonro sulU 

tquidistanti^ Bollettmo di Bibliografia e Storia delle Scienze 
Mat. (19051. 

2 Cf. : Wallis: De Fostulato Qumt ', et Defiftizione Quinta; Lib. 6. 
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Let J, h be two straight lines intersected at B l)y tiie 
transversal c (Fig. 8j. Let a, p be the interior angles on the 


b ab b b 



same side of such that a + P is 
less than two right angles. Through 
A draw the straight line i> so that 
b and b' form with c equal corre- 
sponding angles. It is clear that 
b' will lie in the angle adjacent to 
a. Let the line b be now moved 
continuously along the segment 
AB, so that the angle which it 
makes with c remains always equal to p. Before it reaches 
its final position // it must necessarily intersect a. In this way 
a triangle ABiQ is determined, with the angles at .4 and B^ 
respectively equal to a and p. 

But, by Wallis’s hypothesis of the existence of similar 
figures, upon AB, the side homologous to AB^, w^e must be 
able to construct a triangle ^.^'Csimilar to the triangle ABj^ Ci. 
This IS equivalent to saying that the straight lines a, b must 
meet in a point, namely, the third angnLir point of the triangle 
ABC. Therefore, etc. 

Wallis then seeks to justify the new position he has taken 
up. He points out that Euclid, in postulating the existence 
of a circle of given centre and given radius, [Post. JIL], practi- 
cally admits the principle of similarity for circles. But even 
although intuition would support this view, the idea of form, 
independent of the dimensions of the figure, constitutes a 


Eiicbdis: discepiatu ica. Opera Math, t I], p 669 — 78 ( Tlxfo^d, 

1693). Tins work by Wallis contains two lectures given by him in 
the University of Oxford; the first in 1651, the second in 1663. h 
also contains the demonstration of NAsiR-EiiDiN. The ]iart conla rnng 
Wallis’s proof was translated into (ierman by EnoKI and Stackll in 
their 'J ht'o) le der Pa? aliellimrn vo?: Rurhd ln\ auf Gauss, p. 2 1— 30, 
(Leipzig, "Jeubner. 18951. We shall quote this work in future as 
Th. der P. 
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hypothesis, which is certainly not more evident than the Postu- 
late of Pa’CLIT). 

We remark, furtlier, that Wallis could more simply have 
assumed the existence of triangles with equal angles, or, as 
we shall see below, of only two unequal triangles whose 
angles are correspondingly e<iual. 

|cf. p. 29 Note 1-1 

§ 10 . d'he critical woik of the preceding geometers is 
sufficient to show tlie historical development of our subject in 
the i6^h and 17^^' Centuries, so that it would be superfluous 
to speak of other able writer^, such as, e. g , Olivkr ot 
Bury [1604I, I uca Valerio [1613], H. Savile [1621], 
A. d'ACQi LT ^1654], A 'Vknauld [1667].^ However, it seems 
necessary to say a few word-^ on the question of the position 
which the different commentators on the "Ekmefits' allot to 
the Euc/iJcan hypothesis m the system of geometry. 

In the laitin edition of tlie ' liiemonis' [1482], based upon 
the Arabian texts, by C\mpanus CentiiryJ, this hypothesis 
finds a place among the po-itulates. The same may be said 
01 the Latin translation of the Greek version by B. Zamberii 
[ 1505’, of tlie editions of Luca Paciiolo [1509], of N. Tar- 
fAc.LiA [1543 1 , of F. Gommandinm ■' 1572], and of (L A. Bor- 
LLi « [1658]. 

On the other hand the first [irinted cop) of the 'Flo- 
mcrits in Greek, [Basle, 1533], contains the hypothesis among 
the axioms [Axiom Xi]. In suc cession it is placed among the 
Axioms by F. Candai i a [1 55b", C. S. Cla\ 10 1 1 574^ Gior- 
DxNO^’irvii |i6So|, and also by Gri-ck -kv [i 703I, m hi'^ 
w’ell-knowQ Latin ver^^ion of Luclid’s works. 

I'o attem[)t to form a correct judgment upon these dis- 

1 tor fuller mformanon on this subject cf. RiccardI: Sugg'' 
di una bibhoyrafia eUiluifc., Mem. (b Pologna, ( 5 ) T. I. p. 27- 3.^, 
(1890). 
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crepancies, due more to the manuscripts handed down from 
the Greeks than to the aforesaid authors, it will be an advan- 
tage to know what meaning the former gave to the words 
^postulates' [aiTn|LiaTa] and ^axioms' [d£iiupara].^ First of all 
we note that the word ^axioms' is used here to denote what 
Euclid in his text calls '‘common notions [xoivai evvoiai]. 

Proclus gives three different ways of explaining the differ- 
ence between the axioms and postulates. 

The first method takes us back to the difference between 
a problem and a theorem. A postulate differs from an axiom, 
as a problem differs from a theorem^ says Pkoci us. By this we 
must understand that a postulate affirms the possibility of a 
construction. 

The second method consists in saying that a postulate is 
a proposition with a geometrical meaning y while an axiom is a 
proposition common both to geofnetry and to arithmetic. 

Finally the third method of explaining the difference 
between the two words, given by Proclus, is supported by the 
authority of Aristotle [384 — 322 B. C.]. The words axiom 
and postulate do not appear to be used by Aris j otll exclusive- 
ly in the mathematical sense. An axiom is that which is true 
in itself, that is, owing to the meaning of the words which it 
contains; a postulate is that which, although it is not an axiom, 
in tlie aforesaid sense, is admitted without demonstration. 

Thus the word axiom, as is more evident from an ex- 
ample due to AriS'LOTLE, [when equal things art subtracted from 
equal things the remainders are equal\ is used in a sense which 

T for the following, cf. Proclus, m the chapter entitled />- 
tita ei axiomata. In a Paper read ai the Third Mathematical Congress 
(Heidelberg, 1904) G Vailati has called the attention of students 
anew to the meaning of these words among the flrecks. Cf. . /«- 
torno al significato della distinzione tra gli asstomi cd t posUilati nella 
geometna greca. Verb, des dritten Math. Kongresses, p. 575 — 581, 
(Leipzig, Teubner, 1905). 
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corresponds, at any rate very closely, to that of the common 
notions of Euclid, whilst the word postulate m Aristotle has 
a different meaning from each of the two to which reference 
has just been made.' 

Hence according as one or other of these distinctions be- 
tween the words is adopted, a particular proposition would be 
placed among the postulates or among the axioms > If v;e 
adopt the first, only the first three of the five postulates of 
Euclid, according to Pkoclus, have a right to this name, since 
only in these are we asked to carry out a construction [to 
join two points, to produce a straight line, to describe a circle 
whose centre and radius are arbitrary]. On the other hand, 
Po.^tulate IV. [all right angles are equal], and Postulate V. ought 
to be placed among the axioms.^ 

^ Cf, Aristotle. Analytua Posieyio^ a. I. 10. S 8. We quote in 
full this slightly obbCUTc passage, where the philosopher speaks of 
the postulate: 6aa ouv beiKTd 6vTa Xappdvei auTOi; ufi be(£aq, 
TuOra ^dv boKoOvTa Xaii^dvr) Tip pavGdvovn OitoTiSeTai. Kai 
^JTiv oux dtrXuji; uttoScok dXXd itpoi; ^»c€ivov povov. *£dv f| 
prjbtuifi^ ^voujr|c; botn? Kai ^vavTiaq ((vouaqi; Xappdvrj, to auTO 
aiTcIrai. Kai toutuj biaqi^pei uirdSeaiq xai airqpa, ^oti ydp 
aiTHijia t 6 unevavTiov toO ^iav0dvovTo<; Tfi bdEt^. 

= li IS right to lemark that the Fifth Postulate can be enun- 
>.iated thus: I'he common point of two straight hne^ can be founds when 
these two lines, cut by a transversal^ form two interior angles on the 
same s^de whose sum is /es< than two right angles. Thus it folljws 
that this postulate affirms, like the first three, the possibility of a 
construction. However this character disappears altogether, if it 
is enunciated, for example, thus: Thiough a point there passes only 
one paiahcl to a straight line, or, thus: 'Pwo straight lines which are 
parallel to a third line are parallel to each other. It would therefore 
appear that the distinction noted above is purely formal. Hovicvcr 
we must not let ourselves be deceived by appearances. The Fifth 
Postulate, in w’hatcver way it is enunciated, practically allows the 
construction of the point o'" intersection of all the straight lines of 
a pencil with a given straight hue in the plane of the pencil, one 
of these lines alone being excepted. It is true that there is a certain 
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Again, if we accept the second or the third distinction, 
the five Euclidean postulates should all be included among 
the postulates. 

In this way the origin of the divergence between the var- 
ious manuscripts is easily explained. To give greater weight 
to this explanation we might add the uncertainty whi^^h histor- 
ians feel in attributing to Euclid the postulates, com?fio?i no- 
tions and definitions of the First Book. So tar as regards the 
postulates, the gravest doubts are directed against the last 
two. The presence of the first three is sufficiently in accord 
with the whole plan of the work.* Admitting the hypothesis 
that the Fourth and Fifth Postulates are nut Euclid’s, even if 
it IS against the authority of Geminus and Proclus, the ex- 
treme rigour of the 'Elements' would naturally lead the later 
geometers to seek in the body of the work all those pro- 
positions which are admitted without demonstration. Now' 
the one w'hich concerns us is found stated very concisely in 
the demonstration of Bk. I. Prop. 29. From this, the sub- 
stance of the Fifth Postulate could then be taken, and added 
to the postulates of construction, or to the axioms, according 
to the view^s held by the transcriber of Euclid’s w'ork. 

Further, its natural place w^ould be, and this is GutcoRv's 
view, after Prop. 27, of which it enunciates the converse. 

Finally, we remark that, whatever be the manner of de- 
ciding the verbal question here raised, the modern philo- 
sophy of mathematics is inclined generally to siipjuess the 


difference between this postulate and the three postulates of con- 
struction In the latter the data are completely independent. In 
the former the data (the two straight lines cut by a transversal) arc 
subject to a condition. .So tliat the t^uciidean Hypothesis belongs 
to a class intermediate between the postulates and axiom, rather 
than to the one or the other. 

1 Cf. P. Tannery: Sur Pauthentiatf dt’% axt d' EucLide Bull, 

d Sc Math. '2), T. VTH. p 362—175. ^1884;. 
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distinction between postulate and axiom, which is adopted in 
the second and third of the above methods. The generally 
accepted view is to regard the fundamental propositions of 
geometry as hypotheses resting upon an empirical basis, 
while it is considered superfluous to place statements, which 
are simple consequences of the given definitions, among the 
propositions. 



Chapter IL 

The Forerunners of Non-Euclidean 
Geometry. 

Gerolamo Saccheri [1667—1733]. 

§ II. The greater part of the work of Gkrolamo Sac- 
CHERi: Eudides ah ojmn naevo vindicatus st 7 >e conaius geo- 
metricus quo stahiliuntur prima ipsa universae Gcomdriae 
Principia, [Milan, 1733], devoted to the proof of the Fifth 
Postulate. The distinctive featuie of SACCHr.Rr.s geometrical 
writings is to be found in his ^Logua demonstrativa\ [Tuiin, 
1697]. It IS simjdy a particular method of reasoning, already 
used by Euclid [Bk. IX. Prop. 12), according to which by 
assuming as fiypoihesis that Oh proposiiion which is to he proved 
IS false y one ts brought to the conclusion that it is true? 

Ado[)ting this idea, the author take^ as data the first 
twenty-six propositions of bxLiD, and he assumes as a hy[)0- 
thesis that the Fifth Postulate is false. Among the consequences 
of this hypothesis he seeks for some proposition, which would 
entitle him to affirm the truth of the postulate itself. 

Before entering upon an exposition of Sacchi ri's work, 
we note that Euclid assumes impdicitly that the straight line 
is infinite in the demonstration of Bk. I. j 6 [the exterior angle 
of a triangle is greater than either of the interior and opposite 


J Cf. G. Vail ATI. A opera divienUcaii del P. Gerolamo Sac- 
ckeri^ Rivista Filosofica (1903), 
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angles], since his argument is practically based upon the 
existence of a segment which is double a given segment. 

We shall deal later with the possibility of abandoning 
this hypothesis. At present we note that Saccheri tacitly as- 
sumes it, since in the course of his work he uses the proposition 
0/ the exterior angle. 

Finally, we note that he also employs the Postulate of 
Archimedes'^ and the hypothesis of the continuity of the straight 
line, ^ to extend, to all the figures of a given type, certain pro- 
positions admitted to be true only for a single figure of that 
type. 


§ 12. The fundamental figure of Saccheri is the tu'o 
right-angled isosceles quadrilateral; that is, the quadrilateral of 
which two opposite sides are equal to each other and perpen- 
dicular to the base. The properties of such a figure are de- 
duced from the following Lemma I. , which can easily be 
proved: 

If a quadrilateral A BCD has the consecutive angles A 
and B right angles, and the sides AD and BC equal then the 
angle C is equal to the angle D [This is a special case of SaC- 
ciiERi’s Prop. 1.]; hut if the sides AD and BC are unequal, of 
the two angles C, D, that one is greater which is adjacent to 
the shorter side, arid vice versa. 

^ ['rhe I’ostulate of Archimedes is stated hy Hilbert thu*;: Let 
Av be any point upon a straight line between the arbitrarily chosen 
points A and P. Take the points A2y A^. ... so that Ai lies 
between A and A, between Ai and etc.; moreover let the 
segments AAj, A1A2, A^A},^ ... be all equal. Then among this 
series of points, there alw'ays exists a certain point An, such that 
B lies between A and An ] 

2 This hypothesis is used by Saccheri in its intuitive form, 
viz. : a segment, which passes continuously from the length a to 
the length 6 , different from a, lakes, during its variation, every 
length intermediate between a and b. 
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Let A BCD be a quadrilateral with two right angles A 
and B, and two equal sides AD and BC (Fig. 9 ). On the 
Euclidean hypothesis the angles C and D are also right angles. 
Thus, if w^e assume that they are able to be both obtuse^ or 
both acute, we implicitly deny the P^ifth Postulate. Sacciieri 
discusses these three hypotheses regarding the angles C, D. 
He named them: 

The Hypothesis of the Kii:^ht A'-^/e 

[< D I right angle]: 

The Hypotheses of the Obtuse A ogle 

C --- < 1 right angle! ■ 

The Hypothesis of the Acute Angle 

[ : ^ D cli i right angle". 

One of his first important lesiilts is the follow'lng’ 
According as the Hypothesis of the Right Angle, of the 
Obtuse Angle, or of the Acute Angle is triee in the two right- 
angled isosceles quadrilateral , we 7nust hare AB = CD. 
ABf> CD, Or AB <f CD, respect/: ely. [Prop. 111.1 

In fact, on tlie Hypothesis of the Right Angle, by the 
preceding Lemma, w'e ha\e immediately 
AB=- CD 


On the Plxpotheyis of the Obtuse .'Ingle, the peqiendicular 
00 at the middle j>oint of the segment AB 
divides the fundamental quadrilateral into 
two equal quadrilaterals, with riglit aiigles at 
O and O. Since the angle angle A, 

then we must have AO DO, by this 
Lemma, d'hiis AB CD. 

On the Hjpoihe^ts c; the Acute Angle these 
inequalities liave their sense changed and 


O 

Vis 9 


B 


we have 

AB < CD. 

Using the reductio ad absurdum argument, we obtain 
the converse of this theorem. [Prop. IV. J 
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If the Hypothens of the Right Angle is true in only one 
ease, then it is true in every other case. [Prop. V.] 

Suppose that in the two right-angled isosceles quadrilat- 
eral A BCD the Hypothesis of the Right Angle is verified. 

In AD and BC (Tig. 10) take the points //and A' equi- 
distant from AB, join 7 /A" and form the 
quadrilateral ABKH 

\{ IIK is perpendicular to AH and 
BK, the Hypothesis of the Right Angle is 
also verified in the new quadrilateral. 

If it is not, suppose that the angle 
AHK is acute. Then the adjacent angle 
DHK IS obtuse. Thus m the quadrilateral 
ABKH, from the Hypoileui^ of the Acute -dvg.V, it foliovNS 
that AB <fH K\ vhile in the quadrilateral HKCD. from the 
H\p‘>thesis vj the Oltusc Aoc’e^ it follvjws that HK<f CD. 

But these two inequalities are contradictory, since by 
llie Hypoihtsis of the K:yht Angle in the quadrilateral A BCD, 
AB^ Cl). 

Thus the angle AHK caniiol be acute: and since b\ the 
same reasoning we could [‘rove that the angle AHK cannot 
be obtuse, it followb that the Hypothesis of the Right Angle is 
also true in the (juadnhiteral IBKH. 

On AD and ItC [toJuv ed, lake the points M, equi- 
distant from the base AB. d'hen tlie Jfpoihesis of the Right 
Angle IS also true for the quadrilateral ABNM In fact if 
AM IS a multiple of AD, the piu[josition is obvious. If 
IS not rx multiple of AD, we lake a multiple ol AD greater 
than AM \the BostuLite of Archimedes\ and from AD and 
BC produrel cut oft AF and I^k) equal to this multiple. 
Since, as w'e have just seen, tlie Hypothesis of the Right Angle 
is true in the quadrilateral ABQB, the same hypothesis must 
also hold in the cjuadT-ilateral ARNM. 

Finally the said hy[>othesis must hold for a quadrilateral 
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on any base, since, in Fig. lo, we can take as the base one 
of the sides perpendicular to AB. 

Note. This theorem of Saccheri is practically contained 
in that of Giordano Vitale, stated on p. 15. In fact, refer- 
ring to Fig. 7, the hypothesis 

DA = NK= CB 
is equivalent to the other 

\ right angle. 

lUit from the former, there follows the equidistance of the 
two straight lines DC, AB^\ and thus the validity of the Hypo- 
thesis of the Right Angle in all the two right-angled isosceles 
quadrilaterals, whose altitude is equal to the line DA^ is 
established. The same hypothesis is also true in a quadri- 
lateral of any height, since the line called at one time the 
base may later be regarded as the height. 


H 


H 


K 


If the Hypothesis of the Obtuse Angie is true in only one 
case.^ then it is true in every ether case. [Prop. VI.] 

Referring to the standard quadrilateral ABCl) {Y\g. 1 1), 
suppose that the angles and D are ob- 
tuse. Upon AD and /)'Ctake the points 
//and H equidistant from AB. 

in the first place we note that the 
segment HK cannot be perpendicular to 
the two sides AD and BC, since m that 
case the Hypothesis of the Right Ang/e 
I- would be verified in the quadrilateral 

ABAHj and consequently in the fundamental quadrilateral. 
Let us suppose that the angle AHK is acute. Then 


B 


J It IS true that Giordano in his argument refers to the points 
of the segment DC^ which he shows are equidistant from the base 
AB of th*e quadrilateral. However the same argument is applicable 
to all the points which lie upon />G or upon DC produced. (. f. 
Ronola’s Note referred to on p. 15. 
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by the Hypothesis of the Acute Angle ^ HK'f> AB. But as the 
Hypothesis of the Obtuse Aiigle holds in ABDC, we have 
AB> CD. 

Therefore HKf>AB^CD 

If we now move the straight line HK continuously^ so that it 
remains perpendicular to the median OO' of the fundamental 
quadrilateral, the segment HK.^ contained betw^een the oppo- 
site sides BC^ which in its initial position is greater than 
AB.^ will become less than AB in its final position DC. From 
the postulate of continuity we may then conclude that, 
between the initial position HK and the final position DC^ 
there must exist an intermediate position H K\ for which 
H’K' = AB. 

Consequently in the quadrilateral ABK ' H the Hypo- 
thesis of the Bight Angle hold [Prop. III.J, and therefore, 

by the preceding theoiem, tlie Hypothec ^ of the Obtuse Angle 
could not be true in A BCD. 

The argument is also valid if the segments AH, BK are 
greater than AD, since it is impossible that the angle AHK 
( ould be acute, d’hiis the Hypothesis of the Obtuse Angle holds 
in ABKH as well as in ABCD. 

Having proved the theorem tor a quadrilateral whose 
sides are of any size, we proceed to prove it for one whose 
base is of any size: fo^ example the base 7>’A' [ct Fig. 12 ]. 

Since the angles K, H, are obtuse, the 
perpendicular at K to KB will meet the 
segment A. H m the point J/, making the 
angle AMK obtuse theorem of the e\- 
teriu! angle!. 

Then in ABKM we have AB KM. 
hv 1 .einnia I Cut off from . IB the segment 

equal to MK. Then we can construct 
the two right-angled isosceles (piadrilateral BAMK, with the 
angle A/AVy obtuse, since it is an exterior angle of the triangle 
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ANAf. It follows that the Hypothesis of the Obtuse Angle 
holds in the new quadrilateral. 

Thus the theorem is completely demonstrated. 

If the Hypothesis of the Acute Angle is true in only one 
case^ theji it is true in enery other case. [ Prop. VIL] 

This theorem can be easily proved by using the method 
of rcductio ad absurdum. 

§ 13. From the theorems of the last article Saccher 
easily obtains the following important result with regard to 
triangles : 

According as the Hypothesis of the Right Angle, the Hy- 
pothesis of the Obtuse Angie, or the Hypothesis of the Acute 
Angle, is found to be true, the sum of the angles of a triangle 
7 vill be respectively equal to, greater than, or less than two right 
angles. [Prop. IX.] 

Let ABC [Fig. 13] be a triangle of which is a right 
angle. Complete the quadrilateral by draw- 
ing AD perpendicular to AB and equal to 
BC\ and jon CD. 

On the Hypothesis of the Right Angle, 
the two triangles ABC and ADC are equal. 
Therefore < BAC = DCA. 

It follows immediately that in the tri- 
angle ABC, 

A '^B < ' C = 1’ right angles. 

On the Hypothesis of the Obtuse Angle, 
since AB'f> DC, 
we have -l ACB^^ - : DAC. ' 

I This inequality is proved by Saccheri in his Prop. VIII.. 
and serves as Lemma to Prop. IX. It is, of course, Prop. 25 of 
Euclid’s First Book. 
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Therefore, in this triangle we shall have 

T A y B <i\ 2 right angles. 

On the Hypothesis of the Acute Angle^ 
since AB<^ DC^ 
we have ACB <Z * : DAC\ 
and therefore, in the same triangle, 

A + ■ i B -\ y C<^ 2 right angles. 

The theorem just proved can be easily extended to the 
case of any triangle, by breaking the figure up into two right 
angled triangles. In Prop. XV. Sacciieri proves the converse, 
by a reductio ad absiirdum. 

The following theorem is a simple deduction from these 
results • 

If the sum of the angles of a triangle is equal to, greater 
than, or less than two right angles i?i only one triangle, this 
M/m ivill be rcspecth'cly equal to, greater than, or less than hvo 
right angles in every otluy triangle! 

This theorem, which Saccheki does not enunciate ex- 
plicitly, Tegendre discovered anew and published, for the 
t;rst and third hypotheses, about a century later. 

§ 14. The preceding theorem^ on the tw'o right- 
angled isosceles quadrilaterals w^ere proved by Saccheri, and 

^ Anotlier of Sacciieri’s propositions, which does not concern 
us ^lirect]), states that // the wm the ani^'les oj only one quaan- 
lateral is equal to, greater than, o? less than foui rtyhi angles, the 
Hypothesis of the Right Angle, the Hypothesis of the Obtuse Angle, of 
the Hypothesis of the Acute Ani^le luould r espeMively be tiue. A note 
of ^ACCHERi's on the Postulate of Wallis (cf. S 9 ) makes use of 
this proposition He points out that Wali is needed only to assume 
the existence of two triangles, whose angles were equal each to 
each and sides unequal, to deduce the existence of a quadrilateral 
in which the sum of the angles is equal to four right angles. From 
this the validity of the Hypothesis 01 the Riifht Angle would follow, 
and in its turn the Fifth Postulate 
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later by other geometers, with the help of the Postulate oj 
Archi 7 nedes and the principle of continuity [cf. Prop. V., VI J. 
However Dehn^ has shown that they are independent of 
these hypotheses. This can also be proved in an elementary 
way as follows.^ 

On the straight line r (Fig. 14) let two i>omts B and D 
be chosen, and equal perpendiculars BA and Z>C be drawn 
to these lines. Let A and C be joined by the straight line j 
T he figure so obtained, m which evidently ' ) BAC= DC A, 
is fundamental in our argument and we shall refer to it con- 
stantly. 

Two points E are now taken on of which the 
hrst is situated between and C and the second not. 

Further let the perpendiculars from E, E' to the line 
r meet it at and E . 


The following theorems now hold: 

[ If EE^ AB, ] 

I j or j , the angles are right angles. 

I E'E =--- AB \ 


II. 


EE f>AB/\ 

or j , the angles BAC. DCA are obtuse 
E’E < AB ] 


j If EEC AB, \ 

III. j or i, the angles BAC, DCA are acute. 

[ E'E'>AB\ 

We now prove Theorem I. [cf. Fig. 14.] 

From the hypothesis EE = AB, the following equalities 
are deduced: 


1 Cf. Die jLegendreschen ScUze uOet die ]Vinkelsiirm}ie im Df eteck. 
Math. Ann. Bd. 53, p. 405 — 439 (1900) 

2 Cf, BonoLA, j ieoremi del Padre Gerolamo Saerhef i sulla 
somma degli angolt di un triangolo e le ricerche di M. Dehn. Rend. 
Istituto Lombardo (2;, Vol XXXVIII. (1905). 
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^ £AE == F£A, and <^: FEC = T DCE. 

These, together with the fundamental equality 
BAC-^ < nCA, 

are sufficient to establish the equality of the two angles FEA 
and FEC. 

E A EC 

s 


F' B F D 

Fig J4 

Since these are aajacent angles, they are both right 
angles, and consequently the angles BAC and DC A are 
right angles. 

The same argument is apjdicable in the hypothesis 
F’F - AB. 

We proceed to Theorem II [cf Fig. 15]. 

l' 


F' B F D ^ 

Fig- 15- 

Suppose, in the firbt place, EF^ AB. ITom FE cut 
off F/= ABy and join / to A and C. 

Then the following equalities hold 

^ BA/^- < and ' DC 1 =^^F!C. 

Further, by the theorem of the exterior angle [Bk. 1 . 16], 
we have 
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. 7 UA ^ - 7 'KA • 2 rit;!!! angle*'.. 

But 

: />V/r-r . /KA> ' A A/ r - J)C/. 

'^rherefure 

^ BAC -T Z)CA^> /A A - /'/("A^ 2 riglit angles. 

But, since BAC = - : BCA, 

11 follows that : BACA- i right angle. . . ' \ 

In the second place, sup}>Obe that £ B'' AB. Bhen from 
£ IZ produced cut on B ’ I = BA, and join lAo C and A, 
The following relntions, as u-ual, hold 

- £J'A-~ ./Cl/', £A'C'--^- DCI . 

- / A/: 'A> rCE\ EBAC FIC. 

Combining these re.sults, we deduce, hrst 01 all, tint 

:: BA - B^CJ\ 

From this, if we subtract the teriii'. of the inequalitv 

/T/A':r /A'/B, 

we obtain 

BAB< J)Ci: ' BAC, 

But the tuo angles IC 4 E and Z)AC utc adjacent. Thu':. we 
have pruved that BACAs obtuse. — Q. T. D. 

Theorem III. can be proved m exactly the same way. 

The converses of these theorems, can now’ be easily 
showm ti) be true by the reductio ad absurd um method. In 
particular, if J/ and JV are the middle points ot the tw’o seg- 
ments AC and BE, we have the follow’ing results for the 
segment AEV which is perpendicular to both the AC 
and BE ' Fig. 1 6 1. 

If . BAC^- ' nCA j ri^hi angleA^f^fFvI N AB^. 

If c BAC= ^ DCA 2 iFht angle, then MNf:'' AI> 

If r BAC : ECA f/ri-^htangleAhniMAKBAB. 
Further it is easy to see tea: 

fi) If- BAC ■ B^CA / p'ight angle, 
then - JEM and ^ I F M ,u e each i right angle 
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fii) BAC — -r DC A ^ i right angle^ 

then ' } B/iA/ a?id - : ^ F .E AI are each obtuse. 

(in) Jf ' BAC - ; DC A <C ^ right anglc^ 
then FEM and : F E M are each acute. 


E' A. E 

M C 







F' B F 

N D 


In f'lct; in Case <i), since the lines r and s are equi- 
distant, the following equalities liold: 

EfMA ^ ' FEM= BAC ' F' E’ M — / right angle. 

I’o i>rove Cases (ii» and (ii'), it is sufficient to use the 
reLiurtio ad absurdum inelhi^d, and to take account of the 
results obtaine^i aoove 

Now lei P be a j-oint on the line MN^ not contained 
between M an i i Fig. 17). Let RP be the perpendicular to 
and AdV the perpendicular to BD. This last perpend- 
icular will meet AC in a point H On this understanding 
the jjreceding the ueins immediateh establish the truth of 
the following results. 

// ; BAM / ri^h^ EEM and ' KRP 

are each equal to J right anetic 

Jf ' . BA My- J i ight an^/e, then - : KHAT ard ' VI KRP 
are each greater than J right angle 

If ■ . BA M<fr right angle then • C KHM and <V KRP 
are each less than / right angle 

These results are also true, as can easily be seen, if the 
point falls between J/'and 

In conclusion, the last three theorems, which clearly 
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coincide with Saccheri’s theorems upon the two right-angled 
isosceles quadrilateral, are equivalent to the following result, 
proved without using Archimedes* Postulate: — 


R 

P 

H 

A 

M C 






K B 

>N D 


Fip. 17. 


If the truth of the Hypothesis of the Right Angle, of the 
Obtuse Angle, or of the Acute Angle, respectively, is knoivn in 
only one case, its truth is also knouni in every other case. 

If we wish now to pass from the theorems on quad- 
rilaterals to the corresponding theorems on triangles, we need 
only refer to Sacchlri’s demonstration [cf. p. 28], since this 
part of his argument does not in any way depend upon 
the postulate in question. 

We have thus obtained the result which was to be 
proved. 

§ 15. To make our exposition of Saccheri’s work 
more concise, we take from Prop. Xi. and XII the contents 
of the following Lemma II: 

Let ABC he a triangle of ivhich C is a right angle: let 
H be the middle point of AB, and K the foot of the perpen- 
dicular from H upon AC. Th^n we shall have 

AK — KC, on the Hypoihens of the Right Anfe; 

AK <C^KC, on the Hypothesis of the Obtuse A ogle, 

AKf> KC] on the Hypothesis of the Acute Angle. 

On the Hypothesis of the Right Angle the result is 
obvious. 
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On the Hypothesis of the Obtuse Angle, since th ^ sum of 
the angles of a quadrilateral is greater than four right angles, 
it follows that AHK -r HBC. Let HL be the perpendi- 
cular from H to BC (Fig. i8). Then the result just obtained, 
and the fact that the two triangles AHK, HBL have equal 
hypotenuses, give rise to the following inequahty: AKC^HL. 
But the quadrilateral HKCL has three right angles and there 
fore the angle H is obtuse [Hypothesis of the Obtuse Angle]. 
It follows that 

HL < KC. 

and thus 

AKC^KC. 

The third part of this Lemma can be proved in the 
same way. 

It IS easy to extend this Lemma as tollows (Fig 19): 

B 




Lemma ILL J; on the one arm of an angle A equal seg' 
merits A,.l:. A^A^, are taker, and AAf Af^lf 

A3 A \ . . are their prorectious upon the other arm of the angle, 
then the fdumnng results are true. 

AA, =- a;a:^ a:a: . . 

on the Hvpothesi'^' of the Right Angle, 

aa;<a;a, <a,'a, = <. . . 

on the Hypothesis of the Obtuse Angh\ 

aa; > a; a; > a:a;^ > . . . 

on the Hypothesis of the Acute Angle. 

To save space the simple demonstration is omitted. 
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We can now proceed to the proof of Prop. XL and XII. 
of Saccheri’s work, combining them in the following theorem: 

On the Hypothesis of t?ie Right Angle and on the Hypo- 
thesis of the Obtuse Angle^ a line perpendicular to a given 
straight line and a line cutting it at an acute angle intersect 
each other. 



Let (Fig. 20) LP and AD be two straight lines of which 
the one is perpendicular to AP.^ and the other is inclined to 
AP 2X an acute angle DAP. 

After cutting off in succession equal segments AD., DFj^^ 
upon AD, draw the perpendiculars DP and upon the 

line AP. 

From Lemma III. above, W’e have 
PM, > AP. 

or AM, > 2 AP, 

on the two hypotheses. 

Now cut off F,F^ equal to AF,, from AF, produced, 
and let be the foot of the perpendicular from upon AP. 
Then we have 

AM, > 2 AM,, 

and thus 

AM^^ > 2^ AP. 

This process can be repeated as often as w^e please. 

In this way we would obtain a point Fn upon the line 
AD such that its projection upon the line AP would deter- 
mine a segment AAfn satisfying the relation 
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;> 2'^AB. 

But if n is taken sufficiently great, [by the Postulate of 
Archimedes'^^ we would have 

2^AB>AP, 

and therefore 

AMn > AP. 

Therefore the point P lies upon the side AJkfn of the right- 
angled triangle AM„ P„. The jjerpendicular PL cannot 
intersect the other side of this triangle, therefore it cuts the 
hypotenuse.* Q. E. D. 

It IS now possible to prove the following theorem : 

2'he Fifth Postulate is true on the Hypothesis of the 
Right Angle and on the Hypothesis of the Obtuse Angle [Prop. 
XIII.]. 

Let ('P'lg. 21) AB, Cl) be two straight lines cut by the 
line AC. 

Let us suppose that 

<ZBAC -r ACL) 2 right angles. 

Then one of the angles 
BAC, ACL), for example the 
first, will be acute. 

From C draw the perpen- 
dicular .cV/ upon In the 

triangle ACH, from the hypo- 
theses wliich have been made, A H ^ 

we shall have “ 

A ^ C+ - H'^ 2 right angles. 

^ The Foau.\UL’ rf A^ihi/neiies, of which use is here made, 
includes implicitly the infinity of the straight line. 

- The method followed by Saccheri in proving this theorem 
IS practically the same as that of Nasir-Eddin. However Xaslr- 
Eddi.n only deals ’.Mth the or thr LixLf as he had 

formerly shown that the sum of the angles of a triangle is equal 
to two right angles. It is light to lemember that Saccheri was 
familiar with and had criticised the work of the Arabian Geometer. 
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But we have assumed that 

BAC + < ACD<i 2 right angles. 

These two results show that 

AHC > BCD, 

Thus the angle BCD must be acute, as ^ is a right angle. 
It follows from Prop. XI., XII. that the lines AB and CD 
intersect.* 

This result allows Saccheri to conclude that the Bypo- 
thesis of the Obtuse Angle is false [Prop. Xl\ .]. In fact, on 
this hypothesis Euclid’s Postulate holds [Prop. Xlll.j, and 
consequently, the usual theorems which are deduced from 
this postulate also hold, l^hus the sum of the angles of the 
fundamentad quadrilateral is equal to four right angles, so 
that the Bypothesi^ of the Right Angle is true.^ 

§ i 6 . But Saccheri wishes to i^ove that the Fifth 
Postulate is true in eveiy case. He thus sets himself to 
destroy the Bypath esis of the Acute Angle. 

To begin with he shows that t'n this hypothesis^ a straight 
line being gtz'en, there can be drawn a p)erpehdicular to it and 
a line cuttins^ it at an acute an^lt. winch dv not intersect each 
other [Prop. XML] 

To con.struct these lines, let ABC (Fig. 22) be a triangle 
of wEich the angle C is a right angle. At B draw BD mak' 
ing the angle ABD equal to the angle BAC. d'hen. on the 


^ This proof iS also found 111 the v,ork of Nas'r F.IidIn, which 
evidently inspired the investigat ons of SAr’cHEKl- 

* It should be noted that in this demonsti ation Sacchlri 
makes use of the special type of arguinent of which w'e spoke in 
S II. In fact, from the assumj/tion that the Jtypofhesi^ of the Ob- 
tuse Angle IS true, we arrive at the conclusion that the Ily/'oihesis 
0/ the Right An fe is true. This is a characteristic form taken in 
such cases by the ordinary reductio ad absurdum argument. 
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Hypothesis of the Acute AngU, the angle is acute, and 
of the two lines CA, BZ), which do not meet [Bk. I. 2 7J, 
one makes a right angle with BC. ’ 

In what follows we consider only the Hypothesis of the 
Acute Angle. 

Let (p]g. 23) b be two straight lines in the same plane 
which do not meet. 



From the jioints A^. on a draw perpendiculars 
AJ^^ t') b. 

The angle.s A^^A^ of the quadrilateral thus obtained 
can be 

(i) one right, and one acute: 
fill both acute. 

(iii) one acute and one obtuse. 

In the first case, there exists already a common per- 
pendicular to the two line.s a, L 

In the second case, we can prove the existence of such 
a common perpendicular l)\ using the idea of continuity 
[Sacchkri, Froj) XXII] In fact, if the straight line A^B^ is 
moved continuously, wiiile kept })erpendicular to until it 
reaches the position A^B^ , the angle B^AjA^ starts as an 
acute angle and increases until it becomes an obtuse angle. 
'Fhere must be an intermediate jiositioii AB in which the 
angle BAA^ is a right ,mgle. T’hen AB is the common 
perpendicular to the two lines a, 

In the third case, the lines b do not have a common 
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perpendicular, or, if such exists, it does not fall between 
and B2. 

Evidently there will be no such perpendicular if, for all 
the points situated upon a, and on the same side of A^, 
the quadrilateral has always an obtuse angle at^,. 

With this hypothesis of the existence of two coplanar 
straight lines which do not intersect, and have no common 
perpendicular, Saccheri pro\es that such lines always ap- 
proach nearer and nearer to each other [Prop. XXIII.], and that 
their distance apart linally becomes smaller than any segment, 
taken as .small as we please [Prop. XXV. "j. In other words, 
if there are two coplanar- straight lines, which do not cut 
each other, and have no common perj^endicular, then these 
lines must be asymptotic to each other. ^ 

To prove that such asymptotic lines effectively exist, 
Saccheri juoceeds as follo>\s: — ^ 



Fig .'4 


Among the lines of the pencil tlirough A, coplanar with 
the line b, there exist lines \\hich cut b, as. e. g., the line 
AB perpendicula.^ to b\ and line^ wahich have a common 


I With ihis result the que'^Uon raised b\ ihe (Irecl^s, as to 
the possibility of asymptotic hiics in the same plane, is answered 
in the affirmative. Cf p 3. 

^ The statement of Saccufri’s argument upon rhe asymj'iouc 
lines differs in this edition Tom that given in the Italian and 
German editions The changes introduced were suggested to me 
by some remarks of Professor Carslaw. 
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perpendicular with as, e. g., the line A A perpendicular 
to AB [cf. Fig. 24J. 

If AP cuts every other line of the pencil, which 
makes a smaller angle with AB than the acute angle BAP, 
also cuts b. On the other hand, if the Im^AQ, different from 
AA\ has a common perpendicular with b, every other line, 
which makes with AB a larger acute angle than the angle 
BAQ, has a common jierpendicuLir with b 'cf § 39, 
case (ii) ] 

Also it is clear that, if we take the lines of the pencil 
through A, from tlie ray APy tow'ards the ray A A , we shall 
not find, among those whuh cut l\ any line whuh is the last 
line of that set. In other w’ords, tne angles BAP, which the 
lines AP, cutting I\ make witli AB, ha\e an uj'per limit, the 
angle BAX, such that the line AX does not cut b. 

T hen S \ccnLR! proves |Pro}’, XXX | that, it w^e start w'lth 
A A' and jirocecd in the pencil thiough A in the direction 
o[>posite to that ju'^t taken, we shall nut find any last line in 
the set of lines which ]ia\e a common ]»er]»endicular with b: 
that is to say, the angles BAQ, where AQ has a common 
]»erpendicu]ar with have a Icicrr limit, the angle /Ad 
such that the line - 41 ^ does no: cut b and has not a com- 
mon perpendicular with b. 

Jt lulluw'M that A a hue a^ymj'totic to b. 

Further .^ac ciu.rj pro\es that ttie two lines AX and A V 
Cc>iiK’ide ! Troll. XXXll k His argument depends u])on the 
consideration of ])oint.^ at infmits ; and it is better to sub- 
stitute for it another, founded on ins Prop. XXI , viz., On the 
Hypi‘th(^is of the Riy^ht Ainyle, ciiui on that oj the Acute Aogle, 
the dtAiif.ee aA ^ poiut cu one of the fines coniatning an angle 
from the other bounding lihe increases indefniiel] as this point 
mooei further and further along the line 
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The suggested argument is as follows: 



" <2 ^ 
tig J5 

If AX [Fig. 2 5j does not coincide with A we can take 
a point P on A such that the ])er]»end]cular from P 
to AX satisfies the inequality 

(i) JV'>AP. [Froi).XXL] 

On the other hand, if PQ is the jierpendicular from to 
the ju'operty of asymjitotic lines [Prop. XXIII] shows that 
4B > PQ. 

But IS on the oj)}>osite side of .-ivV from y. 

J heieforc 

Combnimg tliis inequalit) with the ]>receding, we find that 

AP>PI\ 

which contradiclb (ii 

Hence AX coincides witli A 3 ’ 

We may sum u]> the ] ‘receding results in the following 
tneorem: — 



l) t* b 

t ‘R 

On the Hyp^ thesis oj the Acute Af^c^Ie, there exist in the 
/encil if lines threuy^h A true line^ p and (/, asymptotic to b, 
o/ie toiuards the njht, and the other towards the lejt, which 
dii'ide the pencil ini-^ tiuo parts. The first of these consists of 
the li?ies which intersect In and tin second of those luhich hat'e a 
common perpendicular anth it.'^ 

I In Sacchkki's work tnere wi.l be fourcl many other inter- 
esting theorems before he reaches this result Of these the 
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§ 17. At this point Saccheri attempts to come to a 
decision, trusting to intuition and to faith in the validity of 
the Fifth Postulate rather than to logic. To prove that the 
Hypothesis of the Acute Angle is absolutely false^ bec ause it is 
repugnaiit to the iiatuf^c of the straight line [I"ro]j. XXX ITI.] he 
relies upon five Lemmas, spread over sixteen pages In sub- 
stance, however, his argument amounts to the statement 
that if the Hypothesis of the Acute Angle luere true, the 
lines p (Fig. 26) anJ b 7 voulil have a common perpendicular 
at their connnon point at inpnity. luhich is contraiy to the 
nature of the straight line. 'Phe so-called demonstration of 
Saccheri is thus founded upon the extension to infnity of 
certain i»roperties ^vhlch are \al!d for figures at a hnite 
distance 

However, Sacchlri is not i>atisfied with hi^ reasoning 
and atteni]>ts to reach the wished-for ]>r >of by adopting 
anew the old idea of equidi^-tance. It is not worth while to 
reproduce this second treatment as it does not contain an>- 
thing of greater \alue tnaii the discussions of Ins prede- 
cessoK^ 

btiii, thougli it failed in its aim, S\c lherI'» work is of 
great importance. In it the in'a'>t determined etn)r' f, ad been 
made on behalf of the Fifth I^oslulate; and the fact that he 
did n(;t succeed in dibtoxering au\ cor.tradicRons among 
the cun^ecjuenc ds ol tlie Hypothesis ot the Aiiite Anyh, could 
nut help suggesting the 'Question, whether a consistent log- 
ical geometrical system could not be built upon this hypo- 


IS noteworthy / /c j/ .7 ;// t '///.v/./.: /i 

ea' ti o.'Oi’} ir’ic! ^hen C!ya>i I’-niiJin i7 t civ a 

^ r' thi At.’t'c A>!\tr i 

Thus It follovcs that, if ve I'ostulate llic absence of asymptotic 
straij^ht lines, we must accept the truth of the Luclidean liypo- 
tliesip. 
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thesis, and the Euclidean Postulate be impossible of demon- 
stration/ 

Johann Heinrich Lambert [1728 — 1777]- 

§ 18. It is difficult to say what influence Saccheri s 
work exercised upon the geometers of the iS^h century. 
However, it is probable that the Swiss mathematician 
Lambert was familiar w'ith it, ^ since in his Theorie der Par- 
allellinicn [1766] he quotes a dissertation by G. S. Klugel 
[1739 — 1812]-^, where the work of the Italian geometer 
is carefully analysed. Lambert’s Theorie der Fanillellinten 
was published after the authors death, being edited by 
J. Bernoulli and C. F Hixdenburg. It is divided into 
three parts. The first ])art is of a critical and philosophical 
nature. It deals with the two-fold question arising out of the 
P'ifth Postulate: whether it can be proved with the aid of 
the preceding propositions only, or w'hether the help of some 
other hypothesis is required. The second part is devoted to 

J The publication of Sac'CHFRI s ^^ork attracted considerable 
attention. Mention is made of it in two ILstories of Mathematics 
that of J. C. Heilbronner (Lcipzi^S 1742 and that of MuNTL’cla 
(P ans, 175S . Further it is carefully examined by G. S. Ki.UGEL 
in his dissertation noted below 'Note 3 ). Nevertlieless it was 
soon forgotten. Not till iSog did E. Bel'irami direct the attention 
of geometers to it again in his Note F/i itahano 

di Lei^endre e ai Looai:chn.v^ky. Kend. Acc Lincti , .^l V. p. 441 
— 44S. Thereafter SaccherFs work was translated into Engli-h by 
G. B. Halsted (Amer. Math. Montldy, Vol. I. 1^94 et seq. ; into 
German, by E.ngll and SiArKLh [In. der /’ 1895 ; into Italian, 
by G Boccardini (Milan, Ilocph, 1904). 

2 Cf. SegrE; Congeliu^ e }nio>no al.i itif.ncj.za di i.ruoLi^^no 
Sacchen suUa Jitmiazume atlla "comitna non eu^Ldea. Atti Acc. 
Scicnze di Torino, T. XXXMIl G903». 

3 Conaiunm pt aettpuorum thtofiam pn) d/e.amm demon strayidi 
tecensio, (juam pnbhco e^amini snbmUten! A G Kaestnet it auctor 
respondent G. S\ Klugel^ i^Gottingen, 1763). 
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the discussion of different attempts in which the Euclidean 
Postulate is reduced to very simple propositions, which 
however, in their turn, require to be proved. I'he third, and 
most important, part contains an investigation resembling 
tliat of Saccheri, of which we now give a short summary.^ 

§ 19. Lambert’s fundamental figure is a quadrilateral 
with three right angles^ and three hypotheses are made as to 
the nature of tlie fourth angle. The first is the Hypothesis 
of the Right Angle, the second, the Hypothesis of the Obtuse 
Angle; and the third, the Hypothesis of the Acute Angle. Also 
in his treatment of these hypotheses the author does not 
depart far from Saccheri’s method. 

The AVj-/ hypothesis leads easily to the Euclidean system. 

In rejecting the second hypothesis, Lambert relies upon 
a figure formed by two straight lines a. h, perpendicular to 
a third AB (Fig 27). From points B, B^,,.B„, 
taken m succession u[)on B Bj 8^ 

the line b, the perpen- j ^ 

diculars, BA, B^A ^ , B^A ^ , | 1 

. . B„Au are drawn to the j ! 

line a. He proves, in the _ | I i, ; ^ 

first place, that these per- A Ad 

pendiculars continually ^ 

diminish, starting from the perpendicular BA. Next, that 
the ditference between each and the one which succeeds it 
continually increases. 

Therefore N\e have 

BA—B,An > n iBA—B,Ap. 

But. if n IS taken sufficiently large, the second member 


' Cf. MaL;a7.in fur rcine unci anj^cwanvite Math , 2. Stuck, 
p. 13-— 164. 3. Stuck, p. 325—358, (.1780) Lamiurt’s work was 

a^jain published by Fagei and StaCKEI {7 b. ae? P.) p 135 — 208, 
preceded by historical notes on the author. 
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of this inequality becomes as great as we please {Postulate 
of Af'chimedesY . whilst the first member is always less than 
PA. This contradiction allows Lamuert to declare that the 
seco 7 ui hypothesis is false. 

In examining the third hypothesis, Lambert again avails 
himself of the preceding figure. He proves that the perpen- 
diculars PA, PiAi. . . PnA,t continually increase, and that 
at the same time the difference between each and the one 
which precedes it continually increases. As this result does 
not lead to contradictions, like Saccheri he is compelled to 
carry his argument further. Then he finds, that, on the third 
hypothesis the sum of the angles of a triangle is less than 
L\o right angles; and going a step further than Saccheri, 
he discovers that the defect of a polygciu that is, the differ- 
ence between 2 (;/ — 2 ) right angles and the sum of its angles, 
IS proportional to the area of the polygon This result can 
be obtamefi more easily by observing that both the area and 
the defect of a pol\ gon, which is the sum of several others, 
are. respectively, the sum of the areas and of the defects of 
the poh.gons of which it is composed.* 

§ 20. Another remarkable discovery made by Lambert 
has reference to the meabUiement of geometrical magnitudes. 
It consists precisely m this, that, whilst m the ordinary geo- 
metry onl) a relative meaning attaches to the choice of a 

I The 1'oauia.ie of A?rkiT?it'acs is again used here in a form 
which assumes the infinity of the straight line (cf. SACriiUEi, Note 
I'- 37 • 

- It is right to point out that in the a; fhtr Amir 

Afi^At Sacchlri had already met tht here referred to, and 

also noted imjdicUly that a quadrilateral, made u]i of several 
others, has for its defect the sum of the dejects of its parts (Prop. 
XXVj. However he did not draw' any conclusion from this as to 
the area being proportional to the deject. 
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particular unit in the measurement of lines, in the geometry 
founded upon the t/iird hypothesis^ vve can attach to it an 
absolute meaning. 

First of all we must explain the distinction, which is 
here introduced, between absolute and relative. In many 
questions it happens that the elements, supposed given, can 
be divided into tw^o groups, so that those of the first group 
remain fixed, right through the argument, while those of the 
second group may vary in a number of possible cases. When 
this happens, the explicit reference to the data of the first 
group is often omitted. All that depends upon the varying 
data is considered relatiic ; all that depends upon the fixed 
data is absolute. 

Por example, in the theory of the Domain of Ration- 
ality^ the data of the second group [the variable data] are 
taken as certain simple irrationalities [constituting a base''s. 
and the first group consists simj)ly of unity [ij, which is 
often j massed over in silence as it is common to all domains. 
In speaking of a number, we say that it is rational relatiiely 
to a given base, if it belongs to the domain of rationality 
defined bv that base. Wc say that it is rational absoiutd , 
it it IS proved to be rational with respect to the base i, 
wdiich IS common to ail domains. 

Fassiiig to Geometrv, we observe that in every actual 
problem, we generally lake certain figures as g'ven and 
therefore the magnitudes of their })arts. In addition to these 
variable data [of the second group], wdiich can be chosen in 
an arbitral y manner, there is ahvays im[)hcitly assumed the 
jjresence of the fundamental figuies, straight lines, planes, 
pencils, etc. [fixed data or of the prst group]. Thus, every 
construction, every measurement, every ])roperty of any 
figure ought to be held as relative, if it is essentially relative 
to the variable data. It ought, on the other hand, to be 
spoken of as absolute, if it is relative only to the fixed data 
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[the fundamental figures], or, if, being enunciated in terms 
of the variable data, it only appears to depend upon them, 
so that it remains fixed when these vary 

In this sense it is clear that in ordinary geometry the 
measurement of lines has necessarily a relative meaning. 
Indeed the existence of similar figures does not allow us in 
any way to individualize the size of a line in terms of funda- 
mental figures [straight line, pencil, etc.]. 

For an angle on the other hand, we can choose a method 
of measurement which expresses one of its absolute pro- 
perties. It is sufficient to take its ratio to the angle of a 
complete revolution, that is, to the entire pencil, this being 
one of the fundamental figures. 

We return now to L.^muert and his geometry corre- 
sponding to the third hypothesis. He observed that with 
every segment we can associate a definite angle, \\hich can 
easily be constructed From this it follows that every seg- 
ment is brought into correspondence with the fundamental 
figure [the pencil]. Therefore, in the new |liy])otheticalj 
geometry, we are entitled to ascribe an absolute meaning 
also to the measurement of segments. 

To .'ihow in the simple^^t way how to ever} 'segment w'e 
can find a corresponding angle, and thus obtain an ab- 
solute numerical measurement of line^, let us imagine an 
equilateral triangle constructed upon every segment. We 
are able to associate with every segment the angle of the 
triangle corresponding l(; it and then the measure of this 
angle. Thus there exists a one-one correspondence between 
segments and the angles comprised betw'een certain limits. 

But the numerical rejiresentatioii of segments tlius ob- 
tained does not enioy the disiributirc p? operiy which belongs 
to lengths. On taking the sum of two segments, we do not 
obtain the sum of the corresponding angles. However, a 
function of the angle^ possessing this j^roperty, can be ob- 
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tained, and we can associate with the segment, not the said 
angle, but this function of the angle. Tor every value of the 
angle between certain limits, such a function gives an absolute 
mt-asure of segments. The absolute umt of length is that 
segment for which this function takes the value i. 

Now if a certain function of the angle is distributive in 
the sense lust indicated, the product of this function and an 
arbitrary constant also })Ossesses that property. It is there- 
fore clear tliat we can alwa}s choose this constant so that 
the absolute unit segment shall be that segment which corre- 
sjumds to any assigned angle: e. g., 45''. The possibility of 
'^'on.structing tlie absolute unit segment, given the angle, de- 
pends u])on the solution of the following problem: 

7h construct, on the Jfypothesis the r It ute . Ini^le, a?: 
t ruilditt al irianc,lc with a ;c:i~eeu ilefect. 

So far regards the absolute measure of the areas of 
puhgou^, ve remark that it iS given at once by t’.e defect 
cd' the ]>ol>gons. ^Ve can also assign an absolute measure 
lor pobhedrcuis. 

Lilt with our inUiilion of space the absolute measure 
ot all these geometrical magnitu'les seems to us im]>osdble 
lleii(,e if :ot acn} ii.i iXts/ence 0/ an abs- li/tc unit for KY/hcnt.^, 
..7 Ciiv, :o:th J.arnbert, f elect t>u ilird hypothesis 

§ ai. I.AMiunT leabzetl the irbitrary natire of thi'. 
'daleiiient, let it nut l^e siipj'u^ed that he belle^ed that lie 
i ad in this way [iru\ed tile I ifth Pustulate. 

d'o ulitaiii tlie wished lui proof, he preu eeds w ith has 
*iiv e.^tigation of the cori^eigaePc es of the third hypet ^lesis^ but 
he only succeeds m transforming hi^ iiue^tion into othei'i. 
ijuaii) dilfuuli to answer 

Other \ erv interesting pouits are contained in the 
Theo>'if dor J^a 1 aliellinien , for exain'ole, the close resemblance 
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to sj)herical i^euint^lrv* of the i>Line i^^eoinctrv wIikJi would 
hold, if ♦^he srw v/.y /ny*e///cy/s wore valid, and the remark that 
spherical pcoinetrv is independent of the Parallel Postulate. 
Further, referring to the third hyJ>otJicsis, he made the follow- 
ing acute and original observation: this I should al- 

most coritlude that the thi? d hypothesis would occur in the case 
of ail imaginary sphere. 

He was perhaps brought to this way of looking at the 
question by the formula C — tt) r\ which ex])resses 

the area of a spherical triangle. If in this we \Nrite for the 
radius r, the imaginary radius I -i r we obtain 
m \n—A—Jy — 6' I, 

that is. the formula for the area of a plane triangle on 
Lamdlrt's thud hypothesis d 

§ 22. Lambekt thus left the question in suspense. In- 
deed the fact that he d'd not ])ul)hsh his investigation allows 
us to conjecture that he may have discovered another \\ ay 
of regarding the suhjecc. 

lurthci. It should be remarked that, from the general 
want of ^mcces.'5 of these attempt'-, .the conviction began to 
be formei.l m the second half of the iS^l^ Century that it 
w'ould be necessary to admit the Kuc'lidean Postulate, or 
some other ecjuivaienl postulate, without jiroof. 

In Germany, \siiere the writings u]«on the question 
followed closely upon ea^ h other, thi'^ conviction had al- 
ready assumed a fairly definite form. We recognize it in 
A. G. Kastver,^ a well-known student of the theory 
parallels, and in his pupil, G. S Kllgel, author of the 

" In fact, in 'Spherical liconietry the sum of the angles ol a 
quadrilateral is greater than four right angles, etc. 

i Cf. hNOEL U. SlACKEL; Tn. dCf I' jt. I46. 

3 For some information about Kastner, cf. Engel u. StAckei. , 
Th. der P. p. 139 — I4I. 
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valuable criticism of the most celebrated attempts to de- 
monstrate t)ie JMfih Postulate, referred to on p. 44 [note 3]. 
Jn tliii) v'ork Kli finds each of the proposed proofs 
insufficient and suggests tlie possibility of non-intersecting 
straight lines lieing divergent \Mo(^/ich ware cs fredich^ dajf 
Grrade. die sic/i iii/ici Si/ifieiden^ vonrinande?- aGcieicken\. He 
adds that tlie ai)])arent contradiction which this presents is 
iiot the rL^idt of a rigorous j^roof, nor a consequence of the 
detiniiions of straight lines and curves, but rather something 
derived trom experience and the judgment of our senses 
GJajtso (t:L<a.\ :ciderxtn7i:ii ist^ :utssen wu' nichi infolge streiiger 
^>i/i/ucu' eder : ennege deutlicher Bcgritfe Ton dcr geraden wid 
der ki uni men Linu\ TiefmeJir durch die Ef'fahrung und dure h 
diTs I r/<if unserer ^Jui^cn: 

d he investigation^^ ol .^accheki and Lambert tend to 
eunlirm Kiioll’s opinion, but tliey cannot be held to be 
a jiroof of the iiniiossibdity of demonstrating the Euclidean 
liypotiiesi^. Neitiier would a proof be reached if we proceed- 
ed along the way opened by these tw’o geometers, and de- 
diired any number of other [>roposilions, not contradicting 
the furidainendal theorerm of geometrv. 

Nev ertlieless that one should go forw'ard on this path, 
w’ltliout SxLCHERi’s presupj-osition t'nat contradictions w^ould 
bj found there, ( onstitutes historicaiiy the decisive step in the 
cner\ that LncLiDb Postulate could not be proved, and 
1:1 the ^.reation of tiie Non-Luclidean geometries. 

ILit from the work of S vccheri and Lamiikrt to that of 
L' scHi wsK\ ,uul P.uLVAi, which IS based upori the above 
idea, more than hall a century had still to pas^ ’ 

The French Geometers towards the End of the 
i8tti Century. 

§ 23. The ciitical study ‘)f the theory of parallels, 
which had already led to ^e^uits of great interest in Italy and 
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Gerinari\. also nude a remarkable ad\ance in France fo- 
uard.^ the end of die iS^k Century and the beginning of 
the 

D’Aikmueri [1717- in one ot his articles on 

L;eoinetr\, states tiiat ‘La dehn’tion et les proprieles de la 
ligne dioite. ain^; <|ur des l.gnes ])aralK'les son! I'eciieil et 
{)Oi:r dire le m andale des elements de Geometne ’ ' 

Me holds tiut wuii a ^ood definition of the stiaieht hrn' 
both d:l. cuit.es to ^-e avoided. Me pio])Oses t'j deline 

a parallel to a goen straiglit line as any other coj'lanar 
str.igln line whkh loins two points \shieh are on the same 
siJe of and r jUaO) distant tiom the g ^ en line. 'This dennition 
aiiv'Wn n.'.raliei hues t a I'jc < oii'^ti nc te'i immediately. H''\ve\er 
It w c>ih 1 still I'c ne< essar\ to snow that these ]-aiallcL aie 
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il he (lid not write, a iin^inoir \Sur Irs pfincipc^ fojulamentnuoL 
lU' la JJ([-afi/(/ar [1760 — jJ*, jii whK'/i }u)SCE\l\ dis*^ u-.sefl 
a (jiiestioii (d uidejjendeiH e, aricdof^oiis tu that above noted 
lor Spherical I'n^ononietry. Jn fact, Toncjmx sliows that 
the anaUtical law ot tiie t uinjiosition ol forces acting at a 
point does not depend on ihn i'lftii IVotniate, nor upon any 
other wdiirh is e'jinvaient to it.^ 

§ 25, d'* r }>i n« .p'a* wf .nnaot;.. n. a fnndainenLai 

noti'jn, ini'l laen alreafl\ en]<.<)\'d l>y^^'AIJI' ui j 6^>3 cf. 
^ o '. "Il re. ppeai- at the hej nn ne <-! tli" le’'' ( ’ent :r}', su[i- 
j.urted h; the aoiian'it} u! isV'i f.anon' ge' -ineteis : K. X. M. 
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11. The Forerunners of Non-Kuclidean (jcometrv. 


astronomical conception of space, he adds in a Note: ‘The 
attempts of geometers to prove Euclid's Postulate on Parallels 
have been up till now futile. However no one can doubt this 
postulate and the theoremswhichEucLir) deduced from iu Thus 
the notion of space includes a sjiecial ]>ro])erty, self-evident, 
without which the properties ol parallels cannot be rigorously 
established. The idea of a bounded region, e. g., the circ le, 
contains nothing which depends on lU absolute magnitude. 
But if we imagine its raiius to diminisli, ue are brought 
wdthout fail to the diminution in the same ratio cd its circum- 
ference and the sides of all th.e inscribed fjguies. d'his ]>ro- 
portionality appears to me a more natural postulate than 
that of Euclid, and it is worthy of note that it is d.^covered 
afresh in the results of the tiieorv uf univer.sal gra\;t.aion/ * 

§ 26. Along With the prece i.ng gerimt-lers, u is right 
also to mention j if Eourilr [i;u.S — 1S30', for a d.scu^sioii 
on the straight line which he cariued on u.th Mongi/ 'To 
bring this discussion into hue wrdi tiie invesligatioiis on 
parallels, we need only go back to I )'Ai lmi.c io 's idoa lliat 
the demonstration of the jiostulate can be connected with 
the definition of the straight line < f % 2^ 

Fourier, who regained the distance between twc' p-r'int^, 
as a prime 7 iotic?i. proposed to dehne fir-^t tire ^jhere, then 
the plane, as tiie locus of j>oints c ’Ui* iistanl from t;so 
gi\en points; j then the straight line, as the locu^ of tue 
points e(]U:distant from three gi\en po.nt-. d’his metliod 

’ Cf LaIIDOT, 1. Vj. ! .vrr, \ Cl. \. ] 472 

Cf Scatii " df / / ) via! Ilc.a'b, ' 1 . I ]- 2S--^3 

iI795). Tins diSLiissio’) \^.1S rej-iinte : ;u J. lA p i ',9 

— 141 flSb3 

3 Ti.is defirution of tiic y.'ane vv r.s nen !»> IiniNO/ alsout 
a century uefore. Lf. (p//.ov.V. tt ,» tciiltd ly 

Iv COUTURAT, p. 55; --5 iFaro, Alcan, 
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of presenting the problem of the foundations of geometry 
agrees with the opinions adopted at a later date by other 
geometers, who made a special study of the question of 
parallels |W. Bolyai, N. Louatschewsky, de 1 'illy]. In 
this sense the discussion between Foukier and M(a\ge hnds 
a place among the earliest documents which refer to J^on- 
Euclidcan ^^leomelry} 

Adrien Mane Legendre [1752 — 1833I. 

§ 27. d’he j)receding geometers confined themselves to 
pointing out difficulties and to stating their oj)inions upon 
the Postulate. Legendre, on the other hand, aitem]»ted to 
transform it into a theorem. Pli^ investigations, scattered 
among the different editions of his Jil/nirnts dc G 'c?nttrie 
[1704 — 1823', are brought together in his RrtJ''xions sur 
j\fh rentes juandres de d'niontu'r t/n'orie des yaraJd/cs ju 
U iJii'ofenic sur ii dc'^ irois du [Mem. 

A('. Sc., Pans, 1 . Xlll. 1S33 I 

In tiie most intere.'.rng of his attempts, Leoendri , hke 
SalCIIlRi, approache^ tlie ijUe.'-tion fi om tlie side of tue sum 
u! the angles of a triangle, wliu, n sum lie wi^hc'. to prove 
equal to right angles. 

Mdth this end m view. ai the commencement of hi^ work 
he '>uc ceed^ m ie;ectnig iiLKi’b J/vEdneMS of tJu' O tuse 
.'/cg/f', since he e^tal)hshes that the s {tn .jEu ang.o^ ofuny 
triungE :s eitnor da v' //> -vz \JJyf.tncS!SO/t\t Joute ^Ing/e] or 
e,/ua/ to //y''0t/ies:s of the Right -Ing/e] E'O right uogR. 

We rejirod\n.e a neat and simple proof winch he gives 
o{ this theorem ■ 

I -et n equal segments . M.. ^ be taken 

^ fo tlus we add that Liter mtnioi:> and iin e^tig.itions 
''ImwtM] that fniiiij' ^ 'dctinit aisu faU :o I i I’.d n]> the laicli- 
denii iheojy of Tarnllrlb, ■sMthout the help of the Fifth Tostulatt' 
or some olh^T equivalent to it 
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astronomical conception of space, he adds in a Note: ‘The 
attempts of geometers to prove Euclid’s Postulate on Parallels 
have been up till now futile. However no one can doubt this 
postulate-and the theorems which EucLindeduced from it. Thus 
the notion of space includes a special property, self-evident, 
without wEich the properties of parallels cannot be rigorously 
established. The idea of a bounded region, e. g., the circle, 
contains nothing which depends on it^ absolute magnitude. 
But if we imagine its radius to diminish, \se are brought 
without fail to the diminution in the same ratio of its circum- 
ference and the sides of all the inscribed figures. 'Phis pro- 
portionality appears to me a more natural postulate than 
that of Euclid, and it is worthy of note that it is di.scovered 
afresh in the results of the theory of univerbal gravitation.’ * 

§ 26. Along with the preceding geometers, it is right 
also to mention J. P. Fourier [1708 — 1830], for a dibCU'i^ion 
on the straight line which he earned on with Mongl.*’ To 
bring this discussion into line with the mvesligationb on 
parallels, w^e need only go back to D’Ai.KMimnrs idea that 
the demonstration of the postulate can be connected wah 
the definition of the straight line cf % 2 V 

Fourier, who regarded the distance between two ])Omt^ 
as a prime notion^ proposed to define first the sphere, then 
the plane, as the locus of j^oints e^juidistant from two 
given points;^ then the straight line, as the locus of the 
points equidistant from three given points. This method 

^ Cf. Laplace, , J. VJ. J ivie, V Ch. \. ]) . 17 ^' 

2 Cf. Seanrrs de I' J cole lJe,a’s, T T. ]> 2S — 33 

(1795^ This ctiscussioii vas reprinted m Maihes s. 'I. J\ p i tc^ 
— 141 (18831. 

3 This definition of tlic j/iane vvas ^^^ivcn ])> f LliiMl/ about 

a century before. Lf. 0 /‘}i\cult . rt ? 1 edilcd by 
L CouTCRAT, p. 554 — 5 .'Pari‘>, Alcan, i'jo3 . 
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of presenting the problem of the foundations of geometry 
agrees with the opinions adopted at a later date by other 
geometers, who made a special study of the question of 
parallels [W. Bolyai, N. Lobalschewsky, de Tilly]. In 
this sense the discussion between Fourier and Monge finds 
a place among the earliest documents which refer to Nori- 
Euclidean i^cometry . ' 

Adrien Mane Legendre [1752 — 1833]. 

§ 27. The preceding geometers confined themselves to 
pointing out difficulties and to stating their opinions upon 
the Postulate. Legendre, on the other hand, attempted to 
transform it into a theorem. His investigations, scattered 
among the diflerent editions of his ELhnents de GtOjfietrie 
[1794 — 1823^, are brouglit together in his Rcfit'xions sur 
dj/trrefiies niameres de d'montfcr Li ih-'orie des paraHeles ou 
It' thcoref}ic sur la somme des inns aiigles du triangle, [Mem. 
A('. Sc., Pans, T. Xlll. 1833 ] 

In tlie most interesting of his attempts, Legendrl, like 
Sacciilri, ajiproaches the (juestion from the side of the sum 
of the angle.-i of a triangle, which sum he wi^he^ to prove 
equal to two right angle.^. 

With this end in Mew, at the commencement of his work 
he siK'ceeds m rejecting SwaiiLRi's Hypothesis of the Obtuse 
Angle, since he establishes that the Siim , f the angle.^ ej any 
triangle is either less than \H\p. thesis 0/ the Acute Angle] or 
Ci/ual to \Hy/ I’thesis of the Right ^lngle\ tieo right angles. 

We ref)rodiice a neat and simple proof which he gives 
of this theorem ; 

Let n equal segments , A . ! , . . . A,: be taken 

I To tills v,c add that Liter memoirs and investigations 
.'■hr)wrd that Foiuj^r's derinilicn also fails to build up tlic l.uch- 
dcan theory of ])ar."’llels, without the help of the Fifth I'ostulate 
or some other equivalent to it 
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one after the other on a straight line [Fig. 28]. On the same 
side of the line let « equal triangles be constructed, having 
for their third angular points . ,B», The segments 

B^B^y B.B^y.. .B„^yBr,y which join tliese vertices, are equal 
and can be taken as the bases of n equal triangles, B^A, 

B, B, Sj 

AmB,,. The figure 
IS completed by 
adding the triangle 

^ W-J- 1 A ffi • J 1 

which IS equal to 
the enhers. 

Let the angle B^^ of the triangle be denoted by 

and the angle . 4 ^ of the conseciitue triangle l)\ u. 

Then P < a. 

In fact, if p ^ a. by comparing the two triangles .-L/'L b 
and B^A^B^y which have two equal snies, we would dediire 
A,A, > B,B, 

Further, since the broken line AJ)\B^ . . . /n., i A, . i 
IS greater than the segment A^A„., x, 

A^B^ -r n B^ B^ -r A,t., i B n A^A ^ , 

1. e . 2 A^/\ ?i[A,A2 — 

But if « is taken sufiiciently great, thi.s inequality f on- 
tradicts the Postulate of ArchunCAics 

Therefore A.^A. is not greater than Bf >^ , 
and it follows that it is impossible that p a. 

Thus v\e hav e P < a. 

PTom this it readily follows that tlie sum of the angles ot 
the triangle A,B^A^ is less tiian or equal to two right angles. 

I'his theorem is usually, but misL'kenl} , called J^co^cfulrc' s 
First Theo?c 7 ?i. We say inistakenl\, because iSal^hli'I had 
already established this theorem almost a : enlury earlier (cf 
p. 38J when he proved that the Hypothesis oj the Obtuse 
An^le w'as false. 
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'I'he theorem usually called Legendre s Second Theorem 
was also given l)y Sacchlri, and in a more general form 
[cf. p. 29]. It is as follows: 

If the sum of the angles of a triangle is less than or 
equal to tivo right afjgles tn o?ily one triangle^ it is respectively 
less than or equal to t 7 uo iflit ambits tn ez’ery other triangle. 

AVe do not repeat the demonstration of this theorem, as 
It does not differ materially from that of Sacchlri. 

We shall rather show how Llcjendre proves that the 
sum of the ih?ec a regies if a triangle is equal to turn right 
angles. 

Suppose that in tlie triangle ABC \cA. Pig. 29] 

A : B ‘ C<i 2 r.ght angles. 

A jioint /) being taken on ylB, the transversal D£ is 
drawn, making the angle ADL 
e'jual to the angle B In the (|uadri- 
l.ateial I BCE the sum of th.e aligle^ 

].s less tlcm 4 right angles. 

Therefore ' AEl)'f> ' olC 7 > 

The angle I' of the triangle A/Jl 
ts then a jierfeclly definite [decreas- 
ing’ funclion of the side A/^- 01. D B 

what auHEuntsto the same thing, the ^ 

length of the side AD is fully deteimined wiien ^ve know the 
Si7e Mn right angles) of the .ingle A, and ol the two ii\ed 
angles eh B. 

Tut th'S result Legendre holds to he absurd, since the 
kngth of a hne has not a meanmg, unless one knows the unit 
of Umgth to w hich it is referred, and the nature of the question 
does not indicate tins unit in an\ way 

In this way the Iqpolhesis 

'1.1+ : 7 )’ -f ' C<f 2 right angles 

IS rejected, and runseqiiently w'e lia\e 

A A -f f'=-- 2 right angles. 
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Also from this equality the proof of Euclid's Postulate 
follows easily. 

Legendre’s method is thus based upon Lame fort’s postu- 
late, which denies the existence of an absolute unit segment. 

§ 28. In another demonstration Legendre makes use of 
the hypothesis: 

Frc/yi any point 7 cil!atc 7 rr, taken luithin an an^t^le, we can 
always draw a siiaighi line iclnch zvill cut the two arms of 
the angled 

He proceeds as follows: 

Let ABC be a triangle, in which, ifpossil)le, the sum of 
the angles is less than two right angles. 

Let 2 right angles — ' A -• B— : (''=a [the defect]. 

Lind the point A' s\ mmelrical \o A, with respect to the 
side /)’(". jcf. F'lg. 30.] 

The defect of the new tri- 
angle /)CVf is al>o a. In virtue 
of the hypothesis enunciated 
above, draw' iiiroiigh A' a 
transveisal meeting the arms 
of tlie angle A in />’. and 6’,. 
Jt can easily be shown tliat the 
defect of the triangle AB.Ci i'^ 
the sum of the defects of tlie 
four tr .mgleN of wlncli it Ur. 
composed, cf aho Lamm in 46.1 

Thus defect is greater than 2 a. 

Stait.ng now witii the triangle AJ>f'^ and repeating the 
same con-^truction . we get a new tripmgle wliose defect is 
greater than 4 a 

1 J F Fopl>/ ha-'’ alrea'] . used tsi-' Inuollusis for the same 
purpose. Cf, Cjjuridnfi der 'und o-.v ludo >: M(ah,nia:i.. 
('Helmstedt, 1791,). 
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After n opeiations of this kind a triangle will have been 
constructed whose defect is greater than 2“ a 

But for n sufficiently great, this defect, 2“ a, must be 
greater than 2 right angles \^Posiuiaic of Archimedes\ which 
is absurd. 

It follows that a = and * r A ^ < B A <f C 2 
right angles. 

d'hii, demonstration is founded upon the Postulate of 
Archimetles, We shall now .show how we could avoid using 
thi^ jKistui.ite jcf. Big 31 

I.et . 7 />’ and II K be two straight lines, of which AB 
makes an rn.ute angle, and HK a right angle, with AH. 



\ .. 


1 naw tile ^ira.ght line Al'' ^Mnmetra.al to AB with re- 
garii to' AIL dliroin:]! t^ie j’omt II liiere pa^^es, in virtue of 
1 ] 1.1 M'l i ]i\ j icuheM--, a hnc r which cut'^ the two arm> of 
the anele />' //>’. It iliis line ti/iere’ l trom IIK, then also 
til- inie / , ininelrK'a] to it wath respect to AH enjoys the 
saiiie piu['e:iv of inteiNetrng tiic arms c;f the angle. It fol* 
hnvs ilKLt th:' lire //A^ aBo meets them 

d’lins t!ie line perpeii^l.cnlar tu AH and a line making 
an acute ingle wuth Ail a!w.:\. meet 

loom th •> leaaii liie or-iinayv tiieriv of ])arallels follows, 
and Ai B *1- ( - 2 light angle'' 

In other demon.'>liatiun.> Lioiadki: adoj^ts the methods 
ol ana'v-i- and a’No makes an erioneoirs u^e ol infinity 
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By these very varied investigations Legendre believed 
that he had finally removed the serious difficulties surrounding 
the foundations of geometry. In substance, however, fie 
added nothing new to the material and to the lesults ob- 
tained by his predecessors. His greatest merit lies in the 
elegant and simple form which he was able to give to all his 
wiitings. For this reason they gained a wide circle of readers 
and helped greatl\' to increase the number of disciples of the 
new ideas, which at that time were beginning to be formed. 

Wolfgang Bolyai 1775--1S56!. 

§ 2g. In this article we come to the work of the Hungarian 
geometer W. Bolyai. PIis interest in the theory of ])aralleK 
dates back to the time when he was a student at (lottingen 
[1796 — 90 ', and is nrobably due to the advice of Kastnlk 
and of li.s fnend, tiie young Broles-^or of Astronomy, K. F. 
SEvn LR 1 1762 — 1S22 

In 1S04 he sent former]) one of his student 

friends at Guttingen, a 7 ir. ruj ParaHtUirum^ which ^ ontained 
an attemjit at a jiroof the existence oi eqiLdiStant straight 
lines. ^ Gai's^ show'cd that this { icT was fallacious. Hoi \ \i 
however, did not on this ar count g.\e up his study of Axiom 
XL. though he on]\ suc' ceded in su'ostitulmg lor it others, 
njore or less evident. In tins way lie came to doubt tlie i*ossib- 
ifity of a deinonsliation and to conceive tl.e iinpossibilit) 
01 tiling aii'ay zuith ihe Pucliiicafi /iypothcs:s. lie asserted 
dial the results derived from the denial of Axiom XI 
could not contradict the ]>rincijdes 01 gcometr), since the 
law' of the mterseoLon ol two straight lines, in Us usual 


^ The y/i(i'riu Fa) aili'lay urn was wrOvtcii in I atm. A Ge'^inan 
translation by Lngi L and ‘-lArii; appears in Math. Ann r»d. 
XLTX. p. 1 68— 205 ^1897. 
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form, represents a new datum, independent of those which 
precede 

WoLi'GANG brought together his writings on the principles 
of mathematics in the work: Tentamcn jm'entuiem studiosam 
in elcmerda Matfiescos [1^32 — 33]; and in particular his in- 
vestigations on Axiom XJ., while in each attempt lie pointed 
out the new hypothesis necessary to render the demon- 
stration iigorous. 

A remarkable pcstulaie to which Wolfgang reduces 
ErCLio’s is the following: 

Font points^ not on a p/af:<\ always he apoit a sphere; 
CT, what amounts to the same tiling. A Circle can ahvays be 
drawn ihroidgh three points tut on a stran^ht lined 

ddie h.uclidean Postulate can be deduced from this as 
idllows [cf. log. 32I: 

Let AA\ FB be two straight lines, one of them being 
jierjiendiciilar to A/\ and the other inclined to it at an acute 
angle. 

If we take a jioint M on the '-eg- 
ment A/^ between yl and />’, and 
tlie pomts M' M symmetr.cal to M 
Miili respect to the line^ />’/*’ anti 
A. 1 , WL obtain two points J/ . Jf 
not in the same straight line with 
d'hese three pomts d/, J/ , M lie 
on tile circumference of a circle Also 
the lines Ayl , FA must intersect, 

.since the) both ] cass throiigii the cen- p.t 3^ 

tre or thm rlrcle. 

Put from the fact that a line whiidi n ])erpeiidicular to 

I Cf si /’ i Ff: J F-.if; » r. -ul . ::u O. 

r'u^ch 7 /C/, j , Math. 11 NaUirw. Ber i is Cn.aiMi. l«cl XVII. (IQOI' 

- Cf. AV. ] 3 um Al ^ • r' , p. 46. 

M.uns \ as.irhely, ^ 5! 
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another straight line and a line which cuts it at an acute angle 
intersect, it follows immediately that there can be only one 
parallel. 

Friedrich Ludwig Wachter [1792 — 

§ 30. \A'hen it had been seen that the Kuclidean Postulate 
depends on the possibility of a circle being drawn through 
any three points not on a straight line, tlie ulea at once sug- 
gested Itself that the existence of sucli a circle should be 
established as a preliminary to any imestigation of parallels. 

An attempt in this direction was made by F. L. 1 1 r. 

Wachter. a stmlent under Gauss in Gottingen [1S09], 
and Professor of Mathematics in the G}'mnasmm of Dantzig, 
had made several attemjits at the demonstration of the J'estu- 
late. He believed that he had been successful, fir.st in a letter 
to Gauss [Dec., 1816], and later, in a tract, printed at Dantzig 
in 1817.' 

In this pamphlet he seekb to establish that given any foui 
points in space, ^not on a plane), a spheie will pass through 
them. He makes use of the following ]^ostulate : 

An\ four /otnis of space fully determire a surface \thc 
surface of four feints and tioo of these surfaces intefsect in a 
single hne^ completely determi?icd by three points. 

There is no advantage in following the argument b) 
means of which Wach'ilr seeks to }>rove that the surface of 
four points is a sphere, since he faiF to give a precise defini- 
tion of that surface in his tract His deductions ha\e thus 
only an intuitive character. 

On the othei hand a passage in his letter of 1816 de- 
serves special notice. It was written after a conversation with 
Gaus.s, ^^hen they had s])oken of an Anti-fuc/idean Gcometty. 
In this letter he speaks of the surface to winch a sphere tends 


I Demonstratin ojcwmahs com etna tv liu elide t\ undieinit 
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as its radius approaches infinity, a surface on the Euclidean 
hypothesis identical with a plane. He affirms that eve?i in the 
case of the Fifth Postulate being false^ there would be a geo- 
metry on this surface identical with that of the ordinary plane. 

This statement is of the greatest importance as it con- 
tains one of the most remarkable results which hold in the 
system of geometry, corresponding to Saccheri’s Hypo- 
thesis of the Acute Angle [cf. Louatschlwskv, S ^o] * 

Bernhard Friedrich Thibaut [1775 — 1^32]. 

§ 30 (his\ One other erroneous proof of tlie theorem that the 
sum of the an^^les of a triangle is equal to two right angles should 
be mentioned, since it has recently ])etn revived in English textbooks, 
and to some extent received olficial sanction. It depends upon 
the idea of difccliov,^ and assumes that translation and rotation are 
independent operations. It is due to Thibaut Xijiinani: do ' cinen 
Maihcmatii^ 2. .\ufl., Gottingen, 1 800) GaU‘-s refers to thii “proof” 
in his correspondence with SCHUMACUi.R, and shovs that it involves 
a proposition which not only needs proof, but ns, in essence, the 
very proposition to be proved. Thibiut argued as follows 2 — 

“Let.//>C' be any triangle wl.osc ‘•ides are traversed in order 
from A along (A. While going from A to />’ we always 

ga/e in the direction A/-> 7 > {AB being produced to /> , but do not 
turn round. Dn arriving at /■' w’C turn from tlie direction B/> by a 
rotation through the angle until vs e gaze in the direction ACV. 

Then wc j)rocced in the direction J>C ' as far as (\ v\here again 
v\e turn from ('r to (. 'Aii through the angle rCA , and at last arriving 
at A, w'C tuin from tlie direction ./••’ to the hrst direction AB 
through the external angle aAB. This done, we have made a 
complete revolution, — just as if, standing at some point, we had 
turned completely round, ami the measure of this rotation is 2 rr. 
Hence the external angles of the triangle add up to 2 Ti, and the 
internal angle.s A G = tt Q I*.. D.” 

1 With regard IoWachtir, cf. P. S iVckll: J-i wd) .ck Ludimg 

lidr/a^r^ on Bettrag zur do ijfnnt’trie. 

Math. Ann. lid LTV p. 49—85. tigoT). In this article arc reprinted 
Wachter’s letters upon the subject and the tract of 1817 referred 
to above. 

2 [For further discussion of this “proof' see W B. FrvNK- 
LANd's TheiUio of Pa? allt'Lun, {( amb Tniv. Press, l9lo\ from which 
this version is taken, and Hr vth’s Lucho^ Vol. I., p. 321.J 
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The Founders of Non-Euclidean Geometry. 

Carl Friederich Gauss [1777—1855]. 

§ 31. Twenty centuries of useless efibrt, anti in particular 
the last unsuccessful investigations on the Fifth rostulate, con- 
vinced many of the ^eometer:>, ^^ho llourisheJ about the be- 
ginning of last century, that the final settlement of tlie theor\ 
of parallels invoheJaproblem whobC solution was impossible. 
The Gottingen school had officially declared the neces^it) 
of admitting the Euclidean hyj'Othesis. This Mew, exjiressetl 
by Klugel in his Ccriatuum [cf. p. 44] was accepted and suit- 
ported by his teacher, A. G. K then Professor in the 

University of Gottingen.* 

Nevertheless keen interest always taken m the 
subject; an interest which still continued to jirovide those 
w'ho sought for a proof of the postulate with fruitless labour, 
and led finally to the discovery of new systems of geometry. 
These, founded like ordinary geomctr\ on intuition, extend 
into a far wdder field, freed from the ] nnciple embodied in 
the Euclidean Postulate. 

Flow difficult was this ad\ance towards the new' order 
of ideas w'lll be clear to any one who carrie:^ himself back to 
that period, and remembers the trend of the Kantian Philo- 
sophy, then predominant. 

§ 32. Gauss w'a^ the first to have a clear view of a 
geometry independent of the Fifth Postulate, but thi-^ le- 

I Cf. Enuel u ‘^t\ckfl 7 ’v de } /’ p 130—143. 
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mained for quite fifty" years concealed in the mind of the 
great geometer, and was only revealed after the works of 
Lobatschewsky [1829 — 30] and J. Bolyai [1832] appeared. 

The documents which allow an approximate reconstruct- 
ion of the lines of research followed by Gauss in his work 
on parallels, are his correspondence with W. Bolyai, Olbers, 
Schumacher, Gerling, Taurinus and Bessel [1799 — 1844]; 
two short articles in the Gbtt.gelehrten Afizeigen[i?ii(i^ 1822]; 
and some notes found among his papers, [1831].® 

Comparing the various passages in Gauss’s letters, we 
c,an fix the year 1792 as the date at which he began his ^Med- 
itations'. 

The following portion of a letter to W. Bolyai [Dec. 17, 
1799I proves that Gauss, like Saccheri and Lambert before 
him, had attempted to prove the truth of Postulate V. by as- 
suming it to be false. 

‘As for me, 1 have already made some progress in my 
work. However the path 1 have chosen does not lead at 
all to the goal which we seek, and which you assure me you 
have reached.'' It seems rather to compel me to doubt the 
truth of geometry itself. 

‘It IS true that I have come upon much which by most 
people would be held to constitute a proof: but in my eyes 
It proves as good as nothing. For example, if one could 
^how that a rectilinear triangle is possible, whose area would 
be greater than any given area, then 1 w'ould be ready to 
prove the w hole of geometry absolutely rigorously. 

‘Most people w^ould certainly let this stand as an Axiom; 
but I, no! It w^ould, indeed, be possible that the area might 

^ [It uoulcl be more correct to say over thirty.] 

Cf. Gauss, IM VIII. p. 157-26S. 

1 It is to be remembered that W. BtiLYAi was working at 
this subject in Gottingen and thought he had overcome his diffi- 
culties. Cf S - 9 - 
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always remain below a certain limit, however far apart the 
three angular points of the triangle were taken.’ 

In 1 804, replying to W. Bolyai on his Theoria parall- 
damm^ he expresses the hope that the obstacles by which 
their investigations had been brought to a standstill would 
finally leave a way of advance open.' 

From all this, Stackel and Engel, who collected and 
verified Gauss’s correspondence on this subject, come to the 
conclusion that the great geometer did not recognize the 
existence of a logically sound Non-Euclidean geometry by 
intuition or by a flash of genius : that, on the contrary, he 
had spent upon this subject many laborious hours before he 
had overcome the inherited prejudice against it. 

Did Gauss, when he began his investigations, know the 
writings of Saccheri and Lambert? What influence did they 
exert upon his work? Segre, in his Congctture^ already re- 
ferred to [p. 44 note 2], remarks that both Gauss and W. 
Bolyai, while students at Gottingen, the former from 1795 
— 98, the later from 1796 — 99, were interested m the theory 
of parallels. It is therefore possible that, through Kastner 
and Seyffer, who were both deeply versed in this subject 
they had obtained knowledge both of the Ei/clides ab omni 
naevo vindicatus and of the Thcorie der ParalUllinien. But 
the dates of which we are certain, although they do not con- 
tradict this view, fail to confirm it absolutely. 

§ 33 * To this first period of Gauss’s work, after 1813 
there follows a second. Of it we obtain some knowledge 
chiefly from a few letters, one written by W a cuter to Gauss 
[1816]; others sent by Gauss to Gertjnc, [1819], Tai rinus 
[1824] and Schumacher [1831]; and also from some notes 
found among Gauss’s papers. 

I [It should be noticed that tht.^e efTorl.s were still directed 
towards proving the truth of Euclid’s postulate | 
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These documents show us that Gauss, in this second 
period, had overcome his doubts, and proceeded with his de- 
velopment of the fundamental theorems of a new geometry, 
which he first Anti- Euclidean fcf.WACHTER’s letter quoted 
on p. 62]; then Astral Geometry [following Schweikart, cf. 
p. 76]; Non- Euclidean [cf. letter to Schumacher]. 

Thus he became convinced that the Non-Euclidean Geometry 
did not in itself involve any contradiction, though at first 
sight some of its results had the appearance of paradoxes 
[letter to Schumacher, July 12, 1831]. 

However Gauss did not let any rumour of his opinions 
get abroad, being certain that he would be misunderstood. 
[He was afraid of the clamour of the Boeotians ^ letter to Bessel, 
Ian. 27, 1829I. Only to a few trusted friends did he reveal 
something of his work. When circumstances compel him to 
write to Taurtnus [1824] on the subject, he begs him to 
keep silence as to the information which he imparted to him. 

The notes found among Gauss’s papers contain two 
brief synopses of the new theory of j<arallels, and probably 
belong to the projected exposition of the Non-Euclidean Geo 
metry^ with regard to which he wTote to Schumacher [on 
May 17, 1S31]; ‘In the last few weeks 1 have begun to put 
down a few of my own Meditations^ which are already to 
some extent nearly 40 years old. These 1 had never put in 
writing, so tlial 1 have been compelled three or four times 
to go over the whole matter afresh in my head. Also I wished 
that it should not perish with me.’ 

§ 34. Gauss defines parallels as follows:* 

Jf the cop Linar straight lines AAf, BN, do not intersect 
each other, while, on the ot/ier hand, ei'cry straight line through 

I fin tins section iij»on G\uss’s work on Parallels fuller use 
has been made of the material in his Collected Works ^Gauss, 
IVerke, Bd. VllI, p. 202 — 9lj. 
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A betwem AM and AB cuts BNj then AM is said to be par al- 
lel to BN [fig. 33]. 

He supposes a straight 
line passing through A, to 
start from the position AB^ 
and then to rotate continu- 
ously on the side towards 
which BA^ is drawn, till it 
reaches the position AC, in 
BA produced. This line be- 
gins by cutting BjV and in the 
end It does not cut it. Thus 
there can be one and only 
one position, separating the lines which intersect BJV from 
those which do not intersect it. This must be the Jirst of the 
lines, which do not cat BA^: and thus from our definition it 
IS the parallel AM; since there can obviously be no /ast line 
of the set of lines which intersect BA^. 

It will be seen in what way this definition differs from 
Euclid’s. If Euclid's Postulate is rejected, there could be dif- 
ferent lines through A, on the side towards which BA^ is 
drawn, which would not cut BA/^, These lines would all be 
parallels to BA' according to Euclid’s Definition. In Gauss’s 
definition only the first of these is said to be parallel 
to BA. 

Proceeding with his argument Gauss now points out 
that in his definition the starting points of the lines AAf and 
BA^ are assumed, though the lines are supposed to be pro- 
duced indefinitely in the directions of AAf and BA\ 

L He proceeds to show that the parallelism of the line 
AM to the line BN is independent of the points A afid B, pro- 
7 ’ided the sense in which the lines are to be produced indefinitely 
remaifi the same. 

It IS obvious that we would obtain the same parallel AM 
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if we kept A fixed and took instead of B another point B' 
on the line BN^ or on that line produced backwards. 

It remains to prove that if AM is parallel to BNior the 
point Ay it is also the parallel to BNioi any point upon AM^ 
or upon AM produced backwards. 

Instead of A [Fig. 34] take another starting point A' upon 
AM. Through A\ between 
A B and A’ M, draw the line 
A'F in any direction. B 

Through Q, any point on 
Al\ between A and Py draw 
the line AQ. 

T'hen, from the definition, A 
A Q must cut BNy so that it 
IS clear QP must also cut 
BN. 

Thus AA M IS the first of 
the lines which do not cut BN’y and A M \s parallel to BN 
Again take the point A upon AM produced backwards 
[Fig- 35]- 

1 > 


Q 


Draw through Ay between A B and A My the line A P 
in any direction. 

Produce A P backwards and upon it take any point Q, 
T'hen, by the definition, QA must cut BN, for example, 





70 


III. The Founders of Non-Euclidean Geometry. 


in R. Therefore A F lies within the closed figure A' ARB, 
and must cut one of the four sides A' A, AR, RB, and BA\ 

Obviously this must be the third side RB, and therefore 
A' Mis parallel to BN. 

n. The Reciprocity of the Parallelism can also be estab- 
lished. 

In other words, if AM is parallel to BN^ then BN is 
also parallel to AM. 

Gauss proves this result as follows: 

From any point B upon AVdraw BA perpendicular to 
AM. Through B draw any line BN' between BA and BN. 

At on the same side of AB as BN^., make 
<: ABC= V2 <1 N'BN. 

There are two possible cases: 

Case (1), when BC cuts AM [cf. Fig. 36]. 

Case (11), when BC does not cut AM [cf. F'lg. 37]. 


B 



Case (\). Let BC cut AMiu D. Take AE = AD^ and 
join BE. Make <; BDF=^ < BED. 

Since AM is parallel to BN., DE must cut BM, for 
example, in G. 

From EM cut off EH equal to DG. 

Then, m the triangles BEH 2a\6. B 7 JG, it follows that 
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Therefore ^ EBD = HBG. 

But EBD = N'BN, 

Therefore BN* and BH coincide, and BN’ must cut 

AM, 

But BN* is any line through B^ between BA and BN, 
Therefore BN \% parallel to AM. 

B 



Case (11). In this case let D be any arbitrary point upon 
A^T. Then with the same argument as above, 

EBD=^ r GBH. 

But - : ABD < : ABC. 

Therefore -r EBD < • N’BN. 

Therefore 'V GBH " N' BN. 

'rherefore BN' must cut AAf. 

But BN is any line through B, between BA and BN. 

Therefore BA^ is parallel to AM. 

Thus in both cases we have j)roved that if AAf 'is parallel 
to /CV, then BN is parallel to AM. ' 

The next theorem proved by Gauss in this synopsis is 
as follows: 

Gauss’s second proof of this theorem is given in the German 
translation. However it will be found that in it he assumes that BC 
cuts and to prove this the argument used above is necessary.] 
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III. If the line (i) is parallel to the line (2) and to the 
line (3), then (2) and (3) are parallel to each other. 

Case (i). Let the line (i) lie between (2) and (3) [cf. 

Fig. 38]. 

Let A and B be two points on (2) and (3), and let AB 
cut (i) in C. 

Through A let an arbitrary line AD he drawn between 
1 AB and (2). Then it must 

— ^ cut (i), and on being pro- 

l\ ■ — ^ duced must also cut (3). 

Vd ^ Since this holds for every 

V ^ line such as AD^ ( 2 ) is 

\ parallel to (3). 

W \ Case (li). Let the line 

’ \ (i ) be outside both (2) and 

„ „ (3 and let (2) lie between 

(t. ) and (3) [cf. Fig. 39I. 
If (2) is not parallel to (3), through any point chosen at 
random upon (3)^ a line different from (3) cm be dra\Mi 
which is paraUel to (2), 

This, by Case (i), is also par- 
— i allel to (i), which is absurd. 

This short Note on Parall- 
els closes w'ith the theorem 

that if tii'O lines AM and BN 

are parallel ^ these lifies produced 

Fig 39 

backivards cannot meet. 


From all this it is evident that the parallelism of Gai'ss 
means parallelism in a given ^ense Indeed his definition of 
parallels deals with a line drawn from A on a definite side of 
the transversal AB\ e. g., the ray drawn to the right, so that 
we might speak of AM as the parallel to BA" towards the right. 
The parallel from A to BN towards the left is not nec essan- 
ly AM. If it were, we would obtain the Euclidean hypothesis. 



Corresponding Points. 


73 


The two lines, in the third theorem, which are each pa- 
rallel to a third line, are thus both parallels in the same sense 
(both left-hand, or both right-hand parallels). 

In a second memorandum on parallels, Gauss goes over 
the same ground, but adds the idea of Corresponding Points 
on two parallels AA\ BB\ Two points A^ B are said to corre- 
spofid^ 7 vhen AB makes equal internal angles with the parallels 
cn the same side [cf. Fig. 40I. 




With regard to these Corresponding Points he states the 
following theorems: 

(1) Jf A, B are two iorrespondi?ig points upon hvo paral- 
lels, and M is the middle point 0/ AB, the line MN, perpen- 
dicular to AB, IS parallel to the two given lines, and eztery 
point on the same side of MN as A is nearer A tha?i B. 

(ii) If A, B are two corresponding points upon the 
parallels {i) and {2), and A', B' two other corresponding points 
cn the same lines, then AA' = BB\ and conversely, 

(hi) If A, B, C are three points on the parallels (i), (2) 
and (3), such that A and B, B and C, correspond, then A and 
C also correspond. 
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The idea of Corresponding Points, when taken in con- 
nection with three lines of a pencil (that is, three concurrent 
lines [cf. Fig. 41] allows us to define the circle as ///^ locus of 
the points on the lines of a pencil which correspond to a given 
point But this locus can also be constructed when the lines 
of the pencil are parallel. In the Euclidean case the locus 
is a straight line : but putting aside the Euclidean hypothesis, 
the locus in question is a line, having many properties in 
common with the circle, but yet not itself a circle. Indeed if 
any three points are taken upon it^ a circle cannot be drawn 
through them. This line can be regarded as the limiting case 
of a circle, when its radius becomes infinite. In the Non- 
Euclidean geometry of Lobatschewsky and Bolyai, this locus 
plays a most important part, and we shall meet it there under 
the name of the Horocycle.^ 

This work Gauss did not need to complete, for in 1832 
he received from Wolfgang Bolyai a copy of the work of 
his son Johann on Absolute Geometry. 

From letters before and after the date at which he 
interrupted his work, we know that Gauss had discovered in 
his geometry an Absolute Unit of Length [cf. Lambert and 
Legendre], and that a constant k appeared in his formulae, 
by means of which all the problems of the Non-Euchdean 
Geometry could be solved [letter to Taunnus, Nov. 8, 
1824]. 

Speaking more fully of these matters in 1831 [letter to 

1 [Lobatschew’SKV : GtenzkreiSy Courbe-limiie or Iloncyde. Bol- 
yai ; Parazykl^ L-luiu\ 

It is interesting to notice that Gai’SS, even at this date, 
seems to have anticipated the importance of the ilorocycle. The 
definition of Corresponding Points and the statement of their 
properties is evidently meant to form an introduction to the dis- 
cussion of the properties of this curve, to which he seems to ha^ e 
given the name Trope ] 
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Schumacher], he gave the length of the circumference of a 
circle of radius r in the form 



With regard to he says that, if we wish to make the new 
geometry agree with the facts of experience, we must suppose 
k infinitely great in comparison with all known measurements. 

For = 00 , Gaus.s*s expression takes the usual form 
for the perimeter of a circle. * The same remark holds for the 
whole of Gauss’s system of geometry. It contains Euclid’s 
system, as the limiting case, when = oo . ^ 

Ferdinand Karl Schweikart [1780 — 1859]. 

§ 35. The inve.stigations of the Professor of Jurispru- 
dence, F. K. SciiwEiKAR'i.J date from the same period as 
those of Gm’ss, but are indei)endent of them. In 1807 he 
jniblished Die der Pa?-alldli men nebst dem Vorscklage 

ihrer Verbannung aus tier Geemetne. Contrary to what one 
might expect from its title, this work does not contain a 
treatment of parallels independent of the Fifth Postulate^ 
but one based on the idea of the parallelogram. 

Put -at a later date, Schweikari, having discovered a 
new order of ideas, develoj^ed a geometry independent of 
Fuclufs hypothesis. \Vhen in Marburg m December, 181S, 
lie handed the following memorandum to his colleague Ger- 
! iNo, asking him to communicate it to Gauss and obtain his 
opinion ujion it: 


.how this \NC need only use the exponential senes. 

- Tor otlier investigations hy (lAL'^s, cf. Note on p. 90. 
lie .‘studied law at Marhurg and from 179^ — 9 S attended the 
lectio cs on Mathcmal cs gi\en in that Ihiiversity by Professor J K, 
V. llAiir, the author of vaxious memoirs on j^a:.ille!s, cf. 7/h cter 
P. p. 243- 
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Memorandum. 

‘There are two kinds of geometry—a geometry in the 
strict sense — the Euclidean; and an astral geometry [astra- 
lische Grdllenlehre]. 

Triangles in the latter have the property that the sum 
of their three angles is not equal to two right angles.’ 

This being assumed, we can prove rigorously: 

a) That the sum of the three angles of a triangle is less 
than two right angles; 

b) that the sum becomes ever less, the greater the area 
of the triangle, 

c) that the altitude of an isosceles right-angled triangle 
continually grows, as the sides increase, but it can 
never become greater than a certain length, ^\ hich 
I call the Const a fit. 

Squares have, therefore, the following form [Fig 42]. 
If this Constant were for us the Radius of the Eartli, 
(so that every line drawn in tlie 
universe from one fixed stdr 
to another, distant 90" from tlie 
first, would be a tangent to the 
surface of tlie earthy it voiild be 
infinitely great in comparison \Mtfi 
the spaces which occur in daily 
life. 

‘The Euclidean geometry holds 
only on the assumption that the 
Constant is infinite. Only in this 
case is it true that the three angles of every triangle arc e((ual 
to two right angles: and this can easih be pro\ed, as soon 
as we admit that the Constant is mfinite. ^ 

SCHWLiKARi’s Astral Geometry and Gates’s Non-Euclid- 
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ean Geometry exactly correspond to the systems of Sac- 
cnj:Ri and Lambert for the Hypothesis of the Acute Angle. 
indeed the contents of the above memorandum can be ob- 
tained directly from the theorems of Sacchlri, stated in 
KlOgel’s Co 7 iatuum, and from Lambert’s Theorem on the 
area of a triangle. Also since Schweikart in his Theorie ot 
1807 mentions the works of the two latter authors^ the direct 
influence of Lambert, and, at least, the indirect influence of 
S*\ccHERi upon his investigations are established.^ 

In March, 1819 Galss replied to Gerling with regard 
lu the Astral Geometry. He compliments Schweikart, and 
declares his agreement with all that the sheet of paper sent 
to him contained He adds that he had extended the Astral 
Geometry so far that he could completely solve all its pro- 
blems, if only Schweikart’s Constant were given. In con- 
clusion, he gives the upper limit for the area of a triangle 
in the form^' 

Tl CL 

h>p [I . I 2 

S('HWiiK\R'i did not publish h\s investigations. 

Franz Adolf Taurinus [1794 — 1874] 

§ 36. In addition to carrying on his own investigations 
on I parallels. Sc'hweikaki had peisuaded [1S20] his nephew 
Tai’rim ^ to devote himself to the subject, calling his atten- 

1 Cf. (lAUSS, llnAt', liki. VIll, p iSo — iSi. 

‘ Cf. Seokl’s C.'Ti^eitu> t. cited above on p 44. 

' ri.e constant which aj^pCcirs in this formula is Schweik^RT’s 
C onstant ( , not ( Iai ss's constant m terms of which he expressed 
li^e length of tlie circumference of a circle, (cf. p 75^- 
constants are conneettd by the following equation' 

C 
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tion to the Astral Geometry ^ and to Gauss’s favourable ver- 
dict upon it. 

Taurinus appears to have taken up the subject seriously 
for the first time in 1824, but with views very different from 
his uncle’s. He was then convinced of the absolute truth of 
the Fifth Postulate, and always remained so, and he cherish- 
ed the hope of being able to prove it. Failing in his first at- 
tempts, under the influence of Gauss and Schweikart, he 
again began the study of the question. In 1825 he publish- 
ed a Theorie der Parallellinien^ containing a treatment of the 
subject on Non-Euclidean lines, the rejection of the JJypothesis 
0/ the Obtuse and some investigations resembling those 

of Saccheri and Lambert on the Hypothesis of the Acute 
Angle. He found in this way Schweikari's Constant, which 
he called a Parameter. He thought an absolute unit of 
length impossible, and concluded that all the systems, corre- 
sponding to the infinite number of values of the parameter, 
ought to hold simultaneously. But this, in its turn, led to con- 
siderations incompatible with his conception of space, and 
thus Faurinus was led to reject the Hypothesis of the Acute 
Angle while recognising the logical compatibility of the propo- 
sitions which followed from it. 

In the next year Taurinus published his Geometnae Pri- 
ma Elementa [Cologne, 1826], in which he gave an imjTOved 
version of his researches of 1825. This work concludes with 
a most important appendix, in which the author shows liow 
a system of analytical geometry could be actually constructed 
on the Hypothesis of the Acute Angle. * 

With this aim TAURinus starts from the fundamental for- 
mula of Spherical Trigonometry— 


I For the final influence of Sacchi.ri and T.amiiert upon Tau- 
RI.VUS, cf. SeGEJE’s Congetturcy quoted above c n p. 44. 
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a b c . b . c 

COS ^ COS COS — + Sin ^ sin ^ cos 

In it he transforms the real radius k into the imaginary radius 
ik. Using the notation of the hyperbolic functions, we thus 
have 

(i) cosh ^ cosh — cosh sinh — sinh “ cos A. 

Thic is the fundamental formula of the Logarithmic- 
Spherical Geometry \logarithmisch-spharischen Geometric^ of 

1 AURINUS. 

It is easy to show that in this geometry the sum of the 
angles of a triangle is less than 180°. For simplicity we take 
the case of an equilateral triangle, putting a=b=^c in (i). 
Solving, for cos A, we obtain 
cosh 

(i*) cos A = -- -- 

cosh — 

But sech ^ <C I- 
Therefore cos A^ */2. 

Thus A is less than 60^, and the sum of the angles of 
the tnangle is less than 180®. 

It is instructive to note, that, from {i*}. 

Lt. (cos A) = Va- 

a - o 

So that in the limit when a becomes zero, A is equal to 60°. 
Therefore, in tlie log. -spherical geometry^ the sum of the angles 
of a triangle tends to 180° when the sides tend to zero. 

We may also note that from u*) 

Lt. (cos A) '^ 1 2; 

k OO 

SO that in the limit when k is infinite, A is equal to 60®. There- 
fore, when the constant k tends to infinity, the angles of the 
equilateral triangle are each equal to 60®, as in the ordinary 
geometry. 
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More generally, using the exponential forms for the hy- 
perbolic functions, it will be seen that in the limit when is 
infinite (i) becomes 

— 2bc cos A, 

the fundamental formula of Euclidean Plane Trigonometry. 


§ 37. The second fundamental formula of Spherical 
Trigonometry, 

cos A = — cos B cos C -f sin sin C cos , 

by simply interchanging the cosine with the hyperbolic cosine, 
gives rise to the second fundamental formula of the log. -spher- 
ical geometry; 

(2) cos A = — cos B cos C + sin B sm C cosh ^ . 

For A^ o and C = 90°, we have 


(3) 


cosh “ = .• 

/t sm b 


The triangle corresponding to this formula has one angle 
zero and the tw^o sides containing it are infinite and parallel 
[asymptotic]. [Fig. 43 ] The angle B^ between the side which 


B 



is parallel and the side which is perpendicular to CA^ is seen 
from (3) to be a function of a. From this onward we can 
call it the Angle of Parallelism for the distance a [cf. Lon at - 
SCHEWSKV, p. 87]. 

For B = 45^, the segment BC^ whicli is given by (3), is 
Schweikart’s Constant [cf. p. 76J. 'Thus, denoting it by J\ 
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cosh ^ = } 2, 

from which, solving for we have 


log (I + Vz) 

This relation connecting the two constants and was 
given by Taurinus. I'he constant is the same as that em- 
ployed by Gauss [cf. p. 7 5] in finding the length of the cir- 
cumference of a circle. 


§38. T ArkiNi's deduced other important theorems in 
the iog-spJiencal geometry by further transformations of the 
foriiiuke of Spherical Trigonometry, replacing the real radius 
1)\ an imaginary one. 

For example, that the area of a triangle is proportional 
to Its defect [Lamblri, p. 46]: 

that the superior limit of that area is 


it/'* 

[log(l-f I 


- [Gauss, p. 


77 .; 


that the length of the circumference of a circle of radius r is 


2TTX' sinh 


[Gauss, p. 75]; 


tliat the area of a circle of radius r i', 


3 7 T tcosh ^ — I j ; 

that the area of the surface of a sphere and it^ volume, are 
respectively 

4Tr/’^ sinlr \ 

^ K 


and 


> binh 


co'^n 


! ). 
k 


\N"e shall not devote more space to the different ana'yt- 
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ical developments, since a fuller discussion would cast no 
fresh light upon the method. However we note that the 
results of Taurinus confirm the prophecy of Lambert on 
the Third Hypothesis [cf. p. 50], since the formulce of the 
log,‘Spherical geometry y interpreted analytically, give the fun- 
damental relations between the elements of a triangle traced 
upon a sphere of imaginary radius.* 

To this we add thatXAURixus in common with Lamberi 
recognized that Spherical Geometry corresponds exactly to 
the system valid m the case of the Hypothesis of the Obtuse 
Angie: further that the ordinary geometry forms a link be- 
tween spherical geometry and the log -spherical geometry. 

Indeed, if the radius k passes continuously from the real 
domain to the purely imaginary one, through infinity, we pro- 
ceed from the spnerical system to the log.- spherical system, 
through the Euclidean. 

Although Taurinus, as we have already remarked, ex- 
cluded the possibility that a log.-sphertcal geometry could be 
valid on the plane, the theoretical interest, which it offers, 
did not escape his notice. Calling the attention of geo- 
meters to his formalce, he seemed to prophecy the existence 


* At this stage it should be remarked that Lambert, simul- 
taneously with his researches on parallels, vas working at the tri- 
gonometrical functions with an imaginary argument, w'hose connection 
with Non-Euclidean Geometry was brought to light by Taukinus. 
Perhaps Lamberi recognised that the formulae of Spherical Trig* 
onometry were still real, even when the real radius was changed 
in a purely imaginary one. In this case his prophecy with regard 
to tlie IJypolhesis of the Acute An^lc ('cf. p. 50,' w'ould have a firm 
foundation in his own work. Ilow'ever we have no authority for 
the view that he had ever actually compared his investigations on 
the trigonometrical functions with those on the theory of parallels. 
Cf. P. StACKZL : Bemerkun^eu zu Lamberts Theojie tier J'af all e ill men 
Biblioteca Math. p. 107 — 1 10. 11899;. 
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of some concrete case in which they would find an inter- 
j)retation.' 

1 The im])ortant service rendered by Sciiweikart and Tau- 
RINUS towards the discovery of the Non-Euclidean Geometry was 
reco^mised and made known by Engel and Stackel. In their 
Th de? they devote a w^hole chapter to those authors, and 
quote the most important passages in Taurini s' writings, besides 
some letters wdiich passed between him, Gatss and Schweikart. 

( f. Staceel; /v^7«c Adolf Taurmu^^ Abhandl. zur Geschichte der 
Math, IX, p. 397—427 ( 1 ^ 99 ''- 



Chapter IV, 

The Founders of Non-Euclidean Geometry 
(Contd.). 

Nicolai Ivanovitsch Lobatschewsky [1793—1856].' 

§ 39. Lobatschewsky studied mathematics at the Uni- 
versity of Kasan under a German J. M. C. Bartels [1769- - 
1836], who was a friend and fellow countryman of Gauss. 
He took his degree in 1813 and remained in the University, 
first as Assistant, and then as Professor. In the latter position 
he lectured upon mathematics in all its branches and also 
upon physics and astronomy. 

As early as 1815 Lobaischfwskv was working at parab 
lels, and in a copy of his notes for his lectures [1815 — 17* 
several attempts at the proof of the Fifth Postulate, and 
some investigations resembling those of Legendre have been 
found. 

However it was only after 1823 that he had thought of 
the Imaginary Geometry. This may be inferred from the 
manuscript for his book on Elementary Geometry, where he 
says that we do not possess any proof of the Fifth Postulate, 
but that such a proof may be possible-^ 

1 For historical and critical notes upon LuBAi.sf HI:^vsKy we 
refer once and for all to F. Engel’s book: N I I Dii.\ ischli'SKH 
7.1a'ci ^cometruche Abhandlunym aus dem Russinhi'n ubcnctzt mil 
Anmerkiav^en und nut einer Btographu dts lh/(Uir;s, (Leipzig, 
Teubner, 1899^. 

2 [This manuscript had been sent to St. Petersburg in 1823 
t) he published. Ilovevei it w'as not ]>rinted. and it was ilis- 
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Between 1823 and 1825 Lobatschewsky had turned 
his attention to a geometry independent of Euclid’s h5rpothe- 
sis. The first fruit of his new studies is the Exposition suc- 
cincte des principos d 6 la f^t^om^trie avec une dtlmonstration ri- 
goureuse du thhreme des par alleles^ read on 12 [24] Feb., 1826, 
to the Physical Mathematical Section of the University of 
Kasan. In this ‘Tecture”, the manuscript of which has 
not been discovered, Lobatschewsky explains the prin- 
ciples of a geometry, more general than the ordinary geo- 
metry, where two parallels to a given line can be drawn 
Liirough a point, and where the sum of the angles of a tri- 
angle is less than two right angles \ The Hypothesis of the Acute 
Angle of Sacckeri and Lambert]. 

Later, in 1829 — 30, he published a memoir On the Prin- 
ciples of Geometry containing the essential parts of the 
preceding “Lecture”, and further applications of the new 
theory in analysis. In succession appeared the Imaginary 
Geometry [1835],^ Neiv Principles of Geometry^ ivith a Com- 

covt-reti in the archives of the University of Kasan in 1898. It 
IS clear from some other remarks in this work that he had made 
further advance in the subject since 1815 — 17. He was now con- 
vinced that all the first attempts at a proof of the Parallel Postulate 
were unsuccessful, and that the assumption that the angles of a 
triangle could depend only on the ratio of the sides and not upon 
their absolute lengths was unjustifiable ;cf Engel, loc.cit. p. 369 — 70} ] 

I Kasan Bulletin, {1829 — 1830). Geoviehical Ifori’s of Lobaf- 
scfitiof'y I Kasan 1883 18S6), Vol. I p. 1 — 67. German translation 

by P. KN(;rL p 1 — 66 of the vork referred to on the previous page. 

Where the titles are given in English we refer to works pub- 
lished in Russian, d'he Goorut-inrii! ll'orks of Lobaischeiusky contain 
t\No jiarts; the fust, the memoirs originally published in Russian; 
the second, those juiMisbed in Erench or German, It will be seen 
below that of the vorks in Vol. i. several translations are now 
to be had. 

- The Scientific Publications of the University of Kasan (1835). 
Geomttrical Vol. I, p. 71 — 120. German translation by 
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plete Theory of Parallels [1835 — the Applications of the 
Imaginary Geometry to Some Integrals [1836]*, then the 
Giom^trie Imaginaire [1837]^, and in 1840, a small book 
containing a summary of his work, Geornetrische Unter- 
suchungen zur Theorie der Parallellinien^^ written in German 
and intended by Lobatschewsky to call the attention of 
mathemiaticans to his researches. Finally, in 1855, a year 
before his death, when he was already blind, he dictated and 
published in Russian and French a complete exposition of his 
system of geometry under the title: Pang/om/trie ou pr/cis 
de gdom^trie fondt'c stir uric throne gMiralc et rigoureuse dcs 
parallUes. 

§ 40. Non-Euclidean Geometry, just as it was conceived 
by Gauss and Schweikart in 1816, and studied as an ab- 

H. Liebmann, with Notes. Abhandlungen iur Geschichle der Mathe- 
matik, lid, XIX, p, 3—50 (Leipzig, Teubner, 1904) 

1 Scientific Publications of the University of Kasan (1S3; — 38 
Gcom.Wivks Vol I: p 219 — 486 German translation b> 1 F'NGri., 
p. 67 — 235 of his work referred to on p. 84 English translation 
of the Introduction by G. B. H \lsted, (Austin, I'exas, 18971. 

2 Scientific Publications of the Uni\ersity of Kasan. (183^ . 

(itom. Vol. I, p. 121 — 218. German translation b) H. I.irn- 

MANN; loc. cit: p. 5 1 — I 30 

3 Crelle's Journal, Bd. XVII, p. 295 — 320 fi837). 

Vol. II, p. 581 — 613 

4 Berlin (1840'. Ori>rr,. \ o'. IJ, }». 553 — 57S. Pren h 

translation by J. Hoiei in M^m. de Bourdeaux, T. IV. {1S66;, and 
also \n Ke'hc} t /irs i<7Ut 1 hi fht.^nr /(7; r;. 7 /‘/Vr 1 Pari'^, Her- 

mann, 1900). English translation by f>. B iiALSTLi), (Austin, 
Texas, 1891 i. F'acsimile reprint ,^Berlin, Mayer and .Muller, 18S7,. 

5 Collection of yieninu'^ by Pioif.ors of the Koval Kni? ei ^:tr o' 

A'a^an on the tinnire? ar , of fminaation Vcl I, p 279 — 3 

(1856) Also in Ceom. lio^h^, Vol. JI, p. 617 — 680 In Russian, in 
Scientific Publications of the Lniversity of Ka.san, (18551 Italian 
translation, by i Baitaglim, in Giornale di Mat 1 ' V. ]j 273 — 33b, 
(1867/. German translation, tiy H I idimann, Ostw'abbs Klassiker 
der exakten Wissenschaften, Nr, J30 1 eip/ig, 1902; 
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stract system by Taurinus in 1826, became in 1829 — 30 
a recognized part of the general scientific inheritance. 

To describe, as shortly as possible, the method followed 
by Lobatschewsky in the construction of the Imaginary Geo- 
metry OT Pangeometry, let us glance at his Geometrische Unter- 
^uchungen zur Theorie der Parallellinien of 1840. 

In this work Lobatschewsky states, first of all, a group 
of theorems independent of the theory of parallels. Then he 
considers a pencil with vertex 
and a straight line PC^ in 
the plane of the pencil, but 
not belonging to it. Let AD 
be the line of the jiencil which 
is perpendicular to BC^ and 
AE that perpendicular to 
AD In the Euclidean system 
this latter line is the only line w'hich does not intersect BC. 
In the geometry of Lobatschewsky there are other lines of the 
pencil through A ivhich do not intersect BC, The non-inter- 
secting lines are separated from the intersecting lines by the 
two lines //, k (see Fig. 44), w'hich in their turn do not meet 
BC. [cf. Sacchkki, p. 42.] These lines, which the author calls 
j)arallels, have each a definite direction of parallelism. The 
line of the figure, is the parallel to the right: to the left. 
The angle which the perpendicular AD makes with one of 
the parallels is the angle of parallelism for the length AD. 
Lobatschkw.sky uses the symbol TT (dr) to denote the angle 
of parallelism corresponding to the length a. In the ordinary 
geometry, we have TT (^7) = 9o‘' always. In the geometry of 
Lolsatschkw.sky, it is a definite function of a, tending to 
90^* as a tends to zero, and to zero as a increases without 
limit. 

From the definition of parallels the author then deduces 
their principal properties. 
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That if AZ> is the parallel to BC for the point A, it is 
the parallel to BC in that direction for every point on AD 
[permanency] 

That if AD is parallel to BC, then BC is parallel to 
AD [reciprocity] : 

That if the lines (2) and (3") are parallel to (i), then (2) 
and (3) are parallel to each other [transitivity] [cf. Gauss, 
p. 72J; and that 

If AD and BC are parallel, AD is asymptotic to BC. 

Finally, the discussion of these questions is preceded by 
the theorems on the sum of the angles of a triangle, the 
same theorems as those already given by Legendre, and 
still earlier by Saccherr There can be little doubt that Lo- 
BATSCHEWSKV was familiar with the work of Llgendri:.^ 

But the most important part of the Imaginary Geometry 
is the construction of the formulae of trigonometry. 

To obtain these, the author introduces two new figures: 
the Horocycle [circle of infinite radius, cf. Gauss, p. 74], and 
the Horosphere ^ [the sphere of infinite radius], which in the 
ordinary geometry are the straight line and plane, respect- 
ively. Now on the Horosphere, which is made up of 00 * 
Horocycles, there exists a geometry analogous to the 
ordinary geometry, in which Horocycles take the place of 
straight lines. Thus Lobaischewskv obtains this first re- 
markable result: 

The Euclidean Geometry [cf.^WACH'iER, p. 63], and^ in 
particular, the ordinary plane trigonometry, hold upon the Hor- 
osphere. 

I Cf. Lobatschewsky s criticism of Legendre’s attempt to 
obtain a prefof of Luclid's Postulate in his Nno 7'; /«<///' * oj (jeoTut'trv 
(Engel’s translation, p. 68). 

a [LobaI'SCHEWSKY uses the terms Grerizh) ets^ Grenzkui^cl in 
his German work: courbe-lnnitt', ho7icycle. Lot nyhhr, smjacc-hmite in 
his h'rencli w-orP 1 



The Horocycle end Ilorocyclic Surface. 


89 


This remarkable property and another relating to Co~ 
axal Horocydes [concentric circles with infinite radius] are 
employed by Lobatschewsky in deducing the formulae of 
the new Plane and Spherical Trigonometries *. The formulae 
of spherical trigonometry in the new system are found to be 
exactly the same as those of ordinary spherical trigonometry, 
when the elements of the triangle are measured in right- angles. 

§ 41. It is well to note the form m which Lobaischewsky 
expresses these results. In the plane triangle ABC^ let the 
sides be denoted by b, r, the angles by B, C; and let 
TT (a), TT (b), TT (c) be the angles of parallelism corresponding 
to the sides a, b^ c. Then Lob \tschewsivv’s fundamental 
formula is 

V / TT /7\ TT . V , Til TT i/' Sin TT ir) 

(4) cos A cos II ib) cos W (c) ^ = i. 

It is easy to see that this formula and that of Taurinus 
[(i), p. 79] can be transformed into each other. 

To pass from that of Tal’rinus to that of Lobatschlw- 
SKV, w'e make use of (3) of p. 80, observing that the angle B^ 
which apjiears in it, fl 

For the converse step, it is sufficient to use one of Lo- 
BA'isciiKWSKv’s results, namely: 

. TT (x) , 

15) tan - ^ a 

This is the same as the equation (3) of Tavrinus, under 
another form. 

T'he constant a which appears in (5) is indeterminate, 
it represent‘d the constant ratio of the aics cut off two Coaxal 

I It I'aii be proved that the formulae of Non-Kuclidean Plane 
Trigonometry can be obtained witlu'ut the introduction of the 
lIo7 osyhete The only result lequired is the relation between the 
arcs cut off two h' oiycU:, by two of their axes ;cf. p. go). Cf. 
11. LiebmaNN, hlenienUu e Ahlnuiuy dcf TiiJiteukhdisch. n Tngonometrie. 
Ler. cl. kon. Sach. Ges. d. Wiss , Math. Phys. Klassc, (1907). 
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Horocycles by a pair of axes, when the distance between 

these arcs is the unit of length. 
[Fig. 45-] 

If we choose, with Lobatschew- 
SKY, a convenient unit, we are able 
to take a equal to the base of 
Natural Logarithms. If we wish, 
on the other hand, to bring Lo- 
batschewsky’s results into accord 
with the log. 'Spherical geometry of Taurinus, or the Non- Eu- 
clidean geometry of Gauss, we take 



Then ( 5 ) becomes 


TT (x) 
2 


(5) ^an' 

which is the same as 

(6) cosh 

^ k sin n (jr) 

This result at once transforms Lobatschewsky’s equa- 
tion (4) into the equation (i) of Taurinxts. 

It follows that; 

The log.-spherical geometry of Taurinus is identical with 
the imaginary geotnetry \^pangeometTy] of Lobatscheufsky. 


§ 42. We add the most remarkable of the results which 
Lobaischewsky deduces from his formuhe: 

(a) In the case of triangles whose sides are very small 
[infinitesimal] we can use the ordinary trigonometrical for- 
mulae as the formula: oi Imaginary Irigonometry ^ infinitesi- 
mals of a higher order being neglected b 

I Conversely, the assumption that the KLicIidean Geometry 
holds for the infinitesimally small can be taken as the starting 
point for the development of Non-P,uclidean Geometry. It is one 
of the most interesting discoveries from the recent examination of 
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(b) If for bj c are substituted ia^ ib^ ic, the formulae 
of Imaginary Trigonometry are transformed into those of or- 
dinary Spherical Trigonometry.* 

(c) If we introduce a system of coordinates in two and 
lliree dimensions similar to the ordinary Cartesian coordinates, 
we can find the lengths of curves, the areas of surfaces, and 
the volumes of solids by the methods of analytical geometry. 

§ 43. How was Lobatschewsky led to investigate the 
theory of parallels and to discover the Imaginary Geometry? 

We have already remarked that Bartels, Lobatsciiew- 
-ky’s teacher at Kasan, was a friend of Gauss [p. 84]. If we 
now add that he and Gauss were at Brunswick together dur- 
ing the two years which preceded his call to Kasan [1807], 
and that later he kept up a correspondence with Gauss, the 
hypothesis at once presents itself that they were not without 
their mhuence upon Loba'ischlwsky’s work. 

We have also seen that before 1807 Gauss had attempted 
to solve the problem of parallels, and that his efforts up till 
that date had not borne other fruit than the hope of overcom- 
ing the obstacles to which his researches had led him. Thus 
anything that Bartels could have learned from Gauss before 
1807 would be of a negative character. As regards Gauss’s 

(lAiss’s that the via^hematicorum had alieady fol- 
lowed Ihi.s ])a!h < f. Bd. VIII, p. 255 — 264. 

Doth the works of 1m \i: St. Marie, javz.V/. ///c j.vr Az 

ihn'rtf iz/ V’.Vi, (Pans, 1871J, ar.d of KiilMNc; [/),c :hteukl:d- 

is.JiiJ! Kauni 10} ffit'fi tn dfiahtn^ihcr I eipzij, iSSl], are 

founded upon this principle. In addition, tiie formulae of tngono- 
nietr> have been obtained in a sini])le manner h) the a]'>plication 
of ihe same pniKiplt, and the U'^e of a fe^^ f lulainental ideas, by 
M. 8 imuN. [» f ]\I MMON, ‘ . ^ofio^netr.t' /" o o’ ' ' .(ft'fi oVowvzzt’, 
Ci.elll’s Journal, Bd. 109, j). 1S7 — ly8 ^i892i_]. 

1 This result justifies the inctht»d followed by Tm’RIMS in 
the v^onstiiiction of his 10^ -s'-/' ^na! 
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later views, it appears quite certain that Bartels had no news 
of them, so that we can be sure that Lobatschewsky created 
his geometry quite independently of any influence.from Gauss.* 
Other influences might be mentioned: e. g., besides Legendre, 
the works of Saccheri and Lambert, which the Russian geo- 
meter might have known, either directly or through Klugel 
and Montucla. But we can come to no definite decision 
upon this question ^ In any case, the failure of the demon- 
strations of his predecessors, or the uselessness of his own 
earlier researches [1815 — 17], induced Lobatschewsky, as 
formerly Gauss, to believe that the difficulties which had 
to be overcome were due to other causes than those to 
which until then they had been attributed. Lobatschewsky 
expresses this thought clearly in the Neitf Frmciples of 
Geometry of 1825, where he says: 

‘The fruitlessness of the attempts made, since Euclid’s 
time, for the space of 2000 years, aroused in me the suspicion 
that the truth, which it was desired to prove, was not contained 
in the data themselves; that to establish it the aid of experi- 
ment would be needed, for example, of astronomical obser- 
vations, as in the case of other laws of nature. When I had 
finally convinced myself of the justice of my conjecture and 
believed that I had completely solved this difficult question, 
I wrote, in 1826, a memoir on this subject ^Exposition suc- 
cincte des principes de la GSomi.’tri€\! ^ 

The words of Lobatschewsky afford evidence of a phil- 
osophical conception of space, opposed to that of Kant, 
which was then generally accepted. The Kantian doctrine 
considered space as a subjective intuition, a necessary presup- 
position of every experience. Lobatschewskv’s doctrine was 

* Cf. the work of F. Engel, quoted on j). 84. Zive:tcr Teil; 
LobaXschefskijs Leben und Schriften. Cap. VJ, p. 373 — 383. 

2 Cf. Segre's work, quoted on p. 44. 

3 Cf. p. 67 of Engel's work named above. 
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rather allied to sensualism and the current empiricism, and 
compelled geometry to take its place again among the ex- 
perimental sciences.* 

§ 44. It now remains to describe the relation of Lobat- 
schewsky’s Pa 7 igeometry to the debated question of the Eu- 
clidean Postulate. This discussion, as we have seen, aimed 
at constructing the Theory of Parallels with the help of the 
first 28 propositions of Euclid. 

So far as regards this problem, Lobatschewsky, having 
defined parallelism, assigns to it the distinguishing features 
of reciprocity and transitivity. The property of equidistance 
then presents itself to Lobatschewsky in its true light. Far 
from being indissolubly bound up with the first 28 proposit- 
ions of Euclid, it contains an element entirely new. 

The truth of this statement follows directly from the ex- 
istence of tlie Pangeometry [a logical deductive science founded 
uj)on the said 28 propositions and on the negation of the 
Fifth Postulate], in which parallels are not equidista?it^ but are 
asymptotic. Further, \ve can be sure that the Pangeometry 
is a science in which the lesults follow logically one from the 
other, i. e., are free from internal contradictions. To prove 
this we need only consider, w'ith Lobatschewsky, the analyt- 
ical form in which it can be expressed. 

This point is put by Lobmschewsky toward the end of 
his work in the following way: 

^Now that we have shown, in what precedes, the way in 
which the lengths of curves, and the surfaces and volumes of 
solids can be calculated, we are able to assert that the Pan- 
geometry is a complete system of geometry. A single glance 

1 Cf. I he discourse on Lobatschewsky by A. Vasiliev, 
l^Kasan, 1893). Geiman translation by Engel in Schl6milch’s Zeit- 
schrift, Bd. XI, p. 205 — 244 (1S95). English translation by Halsted, 
(Austin, Texas, 189^)- 
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at the equations which express the relations existing between 
the sides and angles of plane triangles, is sufficient to show 
that, setting out from them, Pangeometry becomes a branch of 
analysis, including and extending the analytical methods of 
ordinary geometry. We could begin the exposition of Pan- 
geometry with these equations. We could then attempt to 
substitute for these equations others which would express the 
relations between the sides and angles of every plane triangle. 
Plowever, in this last case, it would be necessary to show 
that these new equations were in accord with the fundamental 
notions of geometry. The standard equations, having been 
deduced from these fundamental notions, must necessarily be 
in accord with them, and all the equations which we would 
substitute for them, if they cannot be deduced from the equa- 
tions, would lead to results contradicting these notions. Our 
equations are, therefore, the foundation of the most general 
geometry, since they do not depend on the assumption that 
the sum of the angles of a plane triangle is equal to two right 
angles.’ ' 

§ 45. To obtain fuller knowledge of 
the nature of the constant contained im- 
/. plicity in Lobatschewsky’s formulae, and 
explicitly in those of Taurinus, we must 
apply the new trigonometry to some actual 
case. To this end Lobatschewsky used a 
triangle ABC^ in which the side BC (a) is 
equal to the radius of the earth’s orbit, 
and A \s fixed star, whose direction is 
perpendicular to BC (Fig. 46). Denote 
a jj by 2 ^ the maximum parallax of the star 
r>g 46 ^ Then we have 

1 Cf. the Italian translation of the Fanghmetne^ Giornale di 
Mat., T. V. p. 334; or p. 75 of the German translation referred to 
on p. 86. 
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rr («)><): ^p. 

Therefore 

tan } n(a) > tan " -/) = | 

a 

But tan Y TT {a) = c k [cf. p. 90]. 

a 

Therefore <C . 

I — tan p 

But on the hypothesis / <C ^ have 

^ < ioS 7 1 “^ = 2 (tan/ + tan^/ + tanS/ +...)• 

Also, tan 2/ = 

1 — tan^ / 

= 2 (tan p + tan^ p + tan*^ / + ...). 

Therefore we have 

“ <<! tan 2 /. 

Take now, with Lobatschewsky, the parallax of Sirius 
as 1^,24. 

From the value of tan 2 /, we have 

0,000006012. 

This result does not allow us to assign a value to 
but it tells us that it is very great compared with the diam- 
eter of the earth’s orbit. We could repeat the calculation 
for much smaller parallaxes, for example o",i, and we 
would hnd k to be greater than a million times the diameter 
of the earth’s orbit. 

Thus, if the Euclidean Geometry and the Fifth Postul- 
ate are to hold in actual space, k must be infinitely great. 
That is to say, there must be stars whose parallaxes are in- 
definitely small. 

However it is evident that we can never state whether 
this is the case or not, since astronomical observations will 
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always be true only within certain limits. Yet, knowing the 
enormous size of k in comparison with measurable lengths, 
we must, witii Lobatschewsky, admit that the Euclidean 
hypothesis is valid for all practical purj)Oses. 

We would reach the same conclusion if we regarded 
the question from the standpoint of the sum of the angles of 
a triangle. The results of astronomical observations show that 
the defect of a triangle, w'hose sides approach the distance 
of the earth from the sun, cannot be more than o ",0003. 
Let us now consider, instead of an astronomical triangle, one 
drawn on the Earth’s surface, the angles of winch can be 
directly measured. In consequence of the fundamental tlieorem 
that the area of a triangle is proportional to its defect, the 
possible defect would fall within the limits of experimental 
error. Thus we can regard the defect as zero in experimental 
work, and Euclid’s Postulate will hold in the domain of ex- 
perience.' 

Johann Bolyai [1802 — 1860]. 

§ 46. J. Bolyai a Hungarian officer in the Austrian 
army, and son of Wolfgang Bolyai, shares with Lobai- 
SCHEWSKY the honour of the discovery of Non-Euclidean geo- 
metry. Fiom boyhood he showed a remarkable aptitude for 
mathematics, in which ins father himself instructed him. The 
teaching of Wolfgang quickly drew Johann’s attention to 
Axiom XL To its demonstration he set himself, in spite of 
the advice of his father, who sought to dissuade him from 
the attempt. In this way the theory of parallels formed the 
favourite occupation of the young mathematician, during his 
course [1817 — 22] in the Royal College for Engineers at 
Vienna. 

I For the contents of this section, cf. Lobatschewsky, On 
the Principles of Geometry, See p. 22 — 24. of Engel’s work named 
on p. 84. Also Engel’s remarks on p. 24S — 252 of the same work. 
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At this time Johann was an intimate frieiud of Carl 
S zASZ [i 798 “I^ 53 ] and the seeds of some of the ideas, which 
led Bolyai to create the Absolute Science of Space, were sown 
in the conversations of the two eager students. 

It appears that to Szasz is due the distinct idea of con- 
sidering the parallel through B to the line AM as the limit- 
ing position of a secant BC turning in a definite direction 
about B\ that is, the idea of consid- 
ering BC as parallel to AM, when 
BC, in the language of Szasz, de- 
taches itself (springs away) from AM 
(Tig. 47). To this parallel Bolyai 
gave the name of asymptotic parallel 
or asymptote, [cf. S\ccheri]. From 
the conversations of the two friends 
were also derived the conception of 
the liJie equidistant from a straight line, 
and the other most important idea of 
the Baracycle (limiting curve or horo- 
cyc le of Lolatschlwsk v). Further they 
recognised that the proof of Axiom XI would be obtained 
if It could be shown that the Baracycle is a straight line. 

When Szasz left Vienna in the beginning of 1821 to 
undertake the teaching of Law at the College of Nagy-Enyed 
(Hungary), Johann remained to carry on his speculations 
alone. U]j till 1820 he was filled with the idea of finding 
a proof of Axiom XI, following a path similar to that of 
Salcheki and LAMur.RT. Indeed his correspondence with 
his father shows that he thought he had been successful in 
his aim. 

The recognition of the mistakes he had made was the 
cause of Johann’s decisive step towards his future discoveries, 
since he realised ‘that one must do no violence to nature, 
nor model it in conformity to any blindly formed chimaira; 
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that, on the other hand, one must reguard nature reasonably 
and naturally, as one would the truth, and be contented only 
with a representation of it which errs to the smallest possible 
extent.’ 

JOHA-NN Bolyai, then, set himself to construct an abso- 
lute theory of space, following the classical methods of the 
Greeks: that is, keeping the deductive method, but without 
deciding a priori on the truth or error of the FifthPostulate. 

§ 47. As early as 1823 Bolyai had grasped the real 
nature of his problem. His later additions only concerned 
the material and its formal expression. At that date he had 
discovered the formula: 



connecting the angle of parallelism with the line to which it 
corresponds [cf. Lobatschewsky, p. 89] Tliis equation is 
the key to all Non-Euclidean Trigonometry. To illustrate the 
discoveries which Johaxn made in this period, we quote the 
following extract from a letter which he wrote from Temesvar 
to his father, on Nov. 3, 1823: ‘1 have now resolved to pub- 
lish a work on the theory of parallels, as soon as I shall have 
put the material in order, and my circumstances allow it. 1 
have not yet completed this work, but the road which I have 
followed has made it almost certain that the goal will be 
attained, if that is at all possible: the goal is not yet reached, 
but I have made such wonderful discoveries that 1 have been 
almost overwhelmed by them, and it would be the cause of 
continual regret if they were lost. When you will see them, 
you too will recognize it. In the meantime 1 can say only 
this: / have created a new universe from nothing. All that I 
have sent {you till now is but a house of cards compared to 
the tower. I am as fully persuaded that it will bring me 
honour, as if I had already completed the discovery.’ 
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Wolfgang expressed the wish at once to add his son’s 
theory to the Tentamen since ‘if you have really succeeded 
in the question, it is right that no time be lost in making it 
public, for two reasons: first, because ideas pass easily from 
one to another, who can anticipate its publication; and se- 
condly, there is some truth m this, that many things have an 
epoch, in which they are found at the same time in several 
places, just as the violets appear on every side in spring. 
Also every scientific struggle is just a serious war, in which 
I cannot say when peace will arrive. Thus we ought to 
conquer when we are able, since the advantage is always to 
the first comer.’ 

Little did Wolfgang Bolvai think that his presentiment 
would correspond to an actual fact (that is, to the simulta- 
neous discovery of Non-Euclidean Geometry by the work of 
Gauss, Taurinus, and Lobatschlwsky). 

In 1825 Johann sent an abstract of his work, among 
others, to his father and to J. Walter von Eckwlhr [1789 — 
1857], his old Professor at the Military School. Also in 1829 
he sent his manuscript to his father. Wolfgang was not 
completely satisfied with it, chiefly because he could not see 
why an indeterminate constant should enter into Johann’s 
formulae. None the less father and son were agreed in 
publishing the new theory of space as an appendix to the 
first volume of the Tentamen\ 

The title of Johann Bolyai’s work is as follows. 

Appendix scietitiam spatii absolute vera?n exhibens: a 
veritate aut fulsitate Axiomatis XI. Euclidei^ a prion kaud 
unquam decidenda^ independentem : adjecta ad casum falsitaiis 
quadratura circuli geometrical 


I A reprint — Ldition de Luxe — was issued by the Hungarian 
Academy of Sciences, on the occasion of the first centenary of 
the birth of the author (Budapest, 1902). See also the English 
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The Appendix was sent for the first time [June, 1831] 
to Gauss, but did not reach its destination; and a second 
time, in January, 1S32. Seven weeks later (March 6, 1832), 
Gauss replied to Wolfgang thus: 

“If I commenced by saying that I am unable to praise 
this work (by Johann), you would certainly be surprised 
for a moment. But I cannot say otherwise. To praise it, 
would be to praise myself. Indeed the whole contents of 
the work, the path taken by your son, the results to which he 
IS led, coincide almost entirely with my meditations, which 
have occupied my mind partly for the last thirty or thirty- 
five years. So I remained quite stupefied. So far as my 
own w’ork is concerned, of which up till now 1 have put little 
on paper, my intention was not to let it be published during 
my lifetime. Indeed the majority of people have not clear 
ideas upon the questions of which we are speaking, and I 
have found very few people who could regard with any special 
interest what I communicated to them on this subject. To 
be able to take such an interest it is first of all necessary 
to have devoted careful thought to the real nature of what is 
wanted and upon this matter almost all are most uncertain. 
On the other hand it was my idea to write down all this later 
so that at least it should not perish with me. It is therefore a 
pleasant surprise for me that I am spared this trouble, and I 
am very glad that it is just the son of my old friend, who 
takes the precedence of me in such a remarkable manner.” 

Wolfgang communicated this letter to his son, adding: 
“Gauss’s answer with regard to your work is very satis- 


translation by Halsted, The Saence Absolute of Space, (Austin, I'exas^ 
1896). An Italian translation by G. B Battaglini appeared in the 
Giornale di Mat., T. VI, p 97 — 115 (i868) Also a French trans- 
lation by Houel, in Mem. de la Soc. des Sc. de Bordeaux, T. V. 
p 189 — 248 (1867]. Cf also Frischauf, Absolute Geometfie uach 
fohann Bolyai, (Leipzig, Tcubner, 1872) 
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factory and redounds to the honour of our country and of 
our nation.” 

Altogether different was the effect Gauss’s letter pro- 
duced on Johann. He was both unable and unwilling to 
convince himself that others, earlier than and independent of 
him, had arrived at the N^on-Kuciidean Geometry. Further he 
suspected that his father had communicated his discoveries 
to Gauss before sending him the Appendix and that the latter 
wished to claim for himself the priority of the discovery. 
And although later he had to let himself be convinced that 
such a suspicion was unfounded, Johann always regarded 
the “Prince of Geometers” with an unjustifiable aversion.* 

§48. We now give a short description of the most 
important results contained in Johann Bolyai’s work: 

a) The definition of parallels and their properties in- 
dependent of the Euclidean postulate. 

b) The circle and sphere of infinite radius. The geo- 
metry on the sphere of infinite radius is identical with ordi- 
nary plane geometry. 

c) Spherical dVigonometry is independent of Euclid’s 
Postulate. Direct demonstration of the formulx. 

d) - Plane Trigonometry in Non-Euclidean Geometry. 
Applications to the calculation of areas and volumes. 

e) Problems which can be solved by elementary me- 
thods. Squaring the circle, on the h} pothesis that the Fifth 
Postulate is false. 

While Loratschewsky has given the Imaginary Geo- 
metry a fuller development especially on its analytical side, 

^ For the contents of this and the preceding article seeSTAcKXL, 
Die Entdeckuni^ mihtcukhdi^ifu u durck yohanti Bolyai 

Math. u. Naturw. lierichte aus Ungarn. Ed. XVII, [1901J. 

Also StAckel u. Engel. Gauss^ die beidcn Bolyai und die 
nichleuklidisihe Geometiie. Math. Ann. Bd. XLIX, p. 149 — 167 [18971- 
Bull. Sc. Math. (2) T. XXI, pp. 206 — 228 [1897]. 
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Bolyai entered more fully into the question of the depen- 
dence or independence of the theorems of geometry upon 
Euclid’s Postulate. Also while Lobatschewkv chiefly sought 
to construct a system of geometry on the negation of the 
said postulate, Johann Bolyai brought to light the pro- 
positions and constructions in ordinary geometry which are 
independent of it. Such propositions, which he calls ab- 
solutely true, pertain to the absolute science of space. We 
could find the propositions of this science by comparing 
Euclid’s Geometry with that of Lobatschewsky. Whatever 
they have in common, e. g. the formulae of Spherical Trigon- 
ometry, pertains to the Absolute Geometry. Johann Bolyai, 
however, does not follow this path. He shows directly, that 
is independently of the Euclidean Postulate, that his propos- 
itions are absolutely true. 

§ 49- One of Bolyai’s absolute theorems, remarkable 
for its simplicity and neatness, is the following: 

The sines of the angles of a rectilinear triangle are to one 
another as the circumferences of the circles whose radii are 
equal to the opposite sides. 


A 



Fig 48 


Let ABC be a triangle in which C is a right angle, and 
BB' the perpendicular through B to the plane of the triangle. 

Draw the parallels through A and C to BB' in the 
same sense. 

Then let the Horosphere be drawn through A (eventually 
the plane) cutting the lines AA' , BB' and CC ^ respectively, 
in the points A^ M, and N. 
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If we denote by a\ h\ c the sides of the rectangular 
triangle AMN on the Horosphere, it follows from what has 
been said above [cf. S 48 (b)] that 

sin AMN = 4 . 


But two arcs of Horocycles on the Horosphere are pro- 
portional to the circumferences of the circles which have 
these arcs for their (horocyclic) radi'. 

If we denote by circumf. x the circumference of the 
circle whose (horocyclic) radius is x\ we can write: 


sin AMxV = 


circumf. // 
circumf. 


On the other hand, the circle traced on the Horosphere 
with horocyclic radius of length x\ can be regarded as the 
circumference of an odinary circle whose radius (rectilinear) 
is half of the chord of the arc 2 x' of the Horocycle. 

Denoting by O circumference of the circle whose 
(rectilinear) radius is x^ and observing that the angles ABC 
and AMN are equal, the preceding equation taken from 

sin AJyC =- — . 

From the property of the right angled triangle ABC 
expressed by this equation, we can deduce Boi.vai’s theorem 
enunciated above, just as from the Euclidean equation 

sin ABC — ^ 

r 


we can deduce that the sines of the angles of a triangle are 
proportional to the opposite sides. [Appendix S 25.] 
Bolyai’s Theorem may be put shortly thus; 

( i) Q^a : = sin ^ : sin B : sin C 

If we wish to discuss the geometrical systems separately 
we will have 

(i) In the case of the Faichdean Hypothesis, 

Q.r ^ 2 TTx. 
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Thus, substituting in (i), we have 
( T) ^ : r : *= sin ^ : sin : sin C 

(ii) In the case of the Non-Euclidean Hypothesis, 

_g t) = 2 ^-^ Sinh ^ • 

Then substituting in (i) we have 
( I ") sinh : sinh ^ : sinh sin ^ : sin ^ : sin C. 

This last relation may be called the Sine Theorem of the 
Bolyai-Lobais chew sky Geometry. 

From the formula (i) Bolyai deduces, in much the 
same way as the usual relations are obtained from ( i ') , the 
proportionality of the sines cf the a?igles and the opposite sides 
in a spherical triangle. From this it follows that Spherical 
Trigonometry is independent of the Euclidean Postulate 
[Appendix S 26]. 

This fact makes the importance of Bolyai's 7'heorem 
still clearer. 

§ 50. The following construction for a parallel through 
the point I? to the straight line AiV belongs also to the Ab- 
solute Geometry [Appendix S 34]- 

Draw the perpendiculars BB and A£ to AjV [Fig 49J. 


fi D 



Also the perpendicular DE to the line AE. The angle 
EDB of the quadrilateral ABBE, in which three angles 
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are right angles, is a right angle or an acute angle, according 
as ED is equal to or greater than AB, 

With centre A describe a circle whose radius is equal 
to ED. 

It will intersect DB at a point (9, coincident with B or 
situated between B and D. 

The angle which the line AO makes with DB is the 
angle of parallelism correspojiding to the segment BD.^ 
[Appendix §27.] 

Therefore a parallel to AN through D can be con- 
structed b> drawing the line DM so that BDM is 
equal to AOB.^ 

1 We give a sketch of Bolyai’s proof of this theorem: The 
circumferences of the circles with radii AB and ED, traced out 
bv the points B and D in their rotation about the line AE, can 
be considered as belonging, the first to the plane through A per- 
pendicular to the axis AE, the second to an Equidistant Surface 
for this jdane. The constant distance between the surface and 
the plane is the segment BD — d. The ratio between these two 
circumferences is thus a function of d onl>. Using BuLYai's 
Pheoiem, S a-i^d apjdying it to the two rightangled triangles 
\DI' and ADB, this ratio can be expressed as 
r Ar> -sin u : ^in 

From this it is clear that the ratio sin // : sin v does not var\ if 
llic line AK changes its position, leinaining always perpendicular 
to AB^ while d remains fixed In particular, if the foot of AE 
lends to infinity along AX, 24 tends to TT [d) and r' to a right angle. 
tJonscqiientlv, 

Q AB : 3 TT : I. 

''♦n the other hand in the right-angled triangle AOB^ we have 
Ifie equation 

C AB : O AO = sm AOB : i. 

This, with the preceding equation, is sufficient to establish the 
equalitv of the angles TT {d) und AOB. 

^ Cf. Appendix IJI to this volume. 
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§ 51. 'Fhe most interesting of the Non-Euclidean con- 
structions given by Bolyai is that for the squaring of the 
circle. Without keeping strictly to Bolyai’s method, we shall 
explain the principal features of his construction. 

But we first insert the converse of the construction of 
S 50, which IS necessary for our purpose. 

On the Non- Eli dill can Ilyfothcsis to dram the segment 
which corresponds to a giren {acute) angle of parallelism. 

Assuming that the theorem, that the three perpendiculars 
from the angular points of a triangle on the opposite sides 
intersect ereniually^ is also true in the Geometry of Bolyai- 
Lobatschey’sky, on the line AB bounding the acute angle 
baa' take a point -Z?, such that the ]^arallel BN to AA 
through B makes an acute angle (ABB') with AB. [Fig. 50.] 



r 


The two rays AA\ BB\ and the line A.B may be 
regarded as the three sides of a triangle of which one angular 
yioint IS Cqo; common to the two parallels AA ^ . Then 

the perpendiculars fiom A, B^ to the ojiposite sides, meet m 
he point O inside the triangle, and the ] perpendicular from 
^ 00 passes through O. 

Thus, if the perj^endicular OL is drawn from O to . //>*, 
the segment AL will have been found which corresponds to 
the angle of parallelism BAA . 
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As a particular case the angle BAA could be 45°. 
Then AL would be Schweikarf s Constant fcf. p. 76]. 

We note that the problem which we have just solved 
could be enunciated thus: 

To draw a line which shall be parallel to one of the lines 
bounding an acute angle and perpendicular to the other. * 


§ 52. We now show how the preceding result is used 
to construct a square equal in area to the maximum triangle. 
The area of a triangle being 

A—<r B — <f C), 

the maximum triangle, i. e. that for which the three angular 
points are al infinity, will have for area 
A = 71 


To find the angle uj of a square whose area is we need 
only remember (Lambert, p. 46) that the area of a polygon, 
as well as of a triangle, is proportional to its defect. Thus 
we have the equation 

TT (2 TC — 4 oi), 

from which it follows that 


m tt 45^ 

Assuming this, let us consider the 
right-angled triangle OAM (Fig. 51), 
which is the eighth part of the required 
sciuare. Tutting OM a^ and ap- 

plying the formuhi (2) of ]). 80 we 
obtain 




0 

Ab 

-15 

1 

i 

a 


Fisr SI. 


cosh 

X 


cos 22 ^'* 30 
Sin 45" 


or r jsh 


Sin 07 " 30 

Mil 45 " 


PuLVAl’s solution I’A , S 35 ] IS, however, more compli- 


cated. 
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If we now draw, as in S 51, the two segments b\ c\ 
which correspond to the angles 67® 30' and 4.5", and if we 
remember that [cf. p. 90 (6)] 

cosh , — '• ttT j 

k sinT7(jr)* 

the following relation must hold between b' and c , 
cosh ~r cosh r == cosh - 

R, k k 

Finally if we take b’ as side, and c as hypotenuse of a right- 
angled triangle, the other side of this triangle, by formula (i) 
of p. 79, is determined by the equation 

cosh cosh = cosh 
k k k 

Then comparing these two questions, we obtain 

Constructing a in this way, we can immediately find the 
square whose area is equal to that of the maximum triangle. 

§ 53- To construct a circle whose area shall be equal 
to that of this square, that is, to the area of the maximum 
triangle, we must transform the expression for the area of 
a circle of radius r 

2 TT ^cosh J — I ^ , 

given on p. 81, by the introduction of the angle of parallelism 
corresponding to half the radius. 

Then we have * for the area of this circle 

47r k- 

On the other hand if the two parallels AA and BB' 
are drawn from the ends of the segment AB^ making equal 
angles with AB^ we have 

I Using the result tan ILif^ = e~ 
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-): AAB = B'BA = TT ^ ^ 
where = r [Fig. 52]. 

Now drawee, perpendicular to BB\ and AD perpen- 
dicular to AC\ also put 

<r: CAB = a, daa = r. 


Then we have 


tan j == cot ^TT ^ ^ 


cot TT ^ cot a + I 
cot a — cot TT 


It is easy to eliminate a from this last result by means 
of the trigonometrical formulae for the triangle ABC and so 
obtain 


Substituting this in the expression found for the area of 
the circle, we obtain for that area 

TT tan^ z. 

d'hib formula, proved in an- DA 
other way by Bolyai \Appendix ^ I 1 

S 43], allows us to associate a \ I ' \ 

definite angles with every circle. \ | \ 

If j were equal to 45", then we \ - | 1 

would have \ Jr 


for the area of the correspond- ^ 

ing circle. *‘‘2- 

1 Indeed, in the rightangled triangle ABC, we have cot 



"(i) 


cot a cosh — From this, since cosh = 2 sinh2 — -j- I = 

^ 2>C- 


2 cot2 TT 


-f- 1, we deduce, first, that 
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That is: Me area of the circle^ for 2vhich the angle z is 
V-j®, is equal to the area of the maximum triangle^ and thus 
to that of the square of § 52. 

If 5 = ^A'AD (Fig. 51) is given, we can find r by 
the following construction: 

(i) Draw the line AC perpendicular to AD. 

(ii) Draw ££' parallel to AA' and perpendicular to 
AC{% 51). 

(iii) Draw the bisector of the strip between AA' and 

[By the theorem on the concurrency of the bisectors of 
the angles of a triangle with an infinite vertex.] 

(iv) Draw the perpendicular AB to this bisector. The 
segment AB bounded by AA and BB' is the required 
radius r. 

§ 54. The problem of constiucting a polygon equal to 
a circle of area tt tan* z is, as Bolyai remarked, closely 
allied with the numerical value of tan s-. Tt is resolvable 
for every integral value of tan‘ j, and for every fractional 
value, provided that the denominator of the fraction, re- 
duced to Its lowest terms, is included in the form assigned by 
Gauss for the construction of regular polygons \Appendix 

s 43]- 

The possibility of constructing a square equal to a 
circle leads Johann to the conclusion ^'habeturque aut Axi- 
oma XI Buclidis verum, aut quadratura circuli geometric a ; 

cot TT ^ ^ 

and next that 

cot a — cot TT f — ^ ^ ( l A- tan- T1 


These equations allow the expression for tan z to be written down 
m the required form. 
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etsi hucusque indecibum manserit, quodnam ex his duobus 
revera locum habeat.’* 

This dilemma seemed to him at that time [1831] im- 
possible of solution, since he closed his work with these 
words: “Superesset denique (ut res omni numero absolvatur), 
impossibilitalem (absque suppositione aliqua) decidenda, 
num Z (the Euclidean system) aut aliquod (et quodam) S (the 
Non-Euclidean systemj sit, demonstrare: quod tamen occasi- 
oni magis idoneae reservatur.” 

Johann, however, never published any demonstration 
of this kind. 

§ 55. After 1831 Bolyai continued his labours at his 
geometry, and in particular at the following problems: 

1. The connection between SphericariTigonometry and 
Non-Euclidean Trigonometry. 

2. Can one prove rigorously that Euclid’s Axiom is 
not a consequence of what precedes it ? 

3. The volume of a tetrahedron in Non-Euclidean geo- 
metry. 

As regards the first of the^^e problems, beyond estab- 
lishing the analytical relation connecting the two trigono- 
metries fcf Lobatschewsky, p. 90], Bolyai recognized that 
in the Non-Euclidean hypothesis there exist three classes of 
Uniform Surfaces* on which the Non-Euclidean trigono- 
metry, the ordinary trigonometry, and spherical trigonometry 
respectively hold. To the first class belong planes and hyper- 
spheres [surfaces equidistant from a plane]; to the second, 
the paraspheres [Lobai^chlwsky’s Horospheres] ; to the 
third, spheres. The parasplieres are the limiting case 
when we pass from the hyperspherical surfaces to the 
spherical. I'his passage is shown analytically by making a 

^ Boi YAI seems to indicate by this name the surfaces which 
behave as planes, with respect to displacement upon themselves 
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certain parameter, which appears in the formulae, vary con- 
tinuously from the real domain to the purely imaginary 
through infinity [cf. Taurinus, p. 82]. 

As to the second problem, that regarding the impos- 
sibility of demonstrating Axiom XI, Bot.yai neither succeeded 
in solving it, nor in forming any definite opinion upon it. 
For some time he believed that we could not, in any way, 
decide which was true, the Euclidean hypothesis or the 
Non-Euchdean. Like Louatsciiewskv, he relied upon the 
analytical possibility of the new trigonometry. Then we find 
Johann returning again to the old ideas, and attempting a 
new demonstration of Axiom XI. In this attempt he applies 
the Non-Euclidean formulae to a system of five coplanar 
points. There must necessarily be some relation between 
the distance of these points. Owing to a mistake in his 
calculations Johann did not find this relation, and for some 
time he believed that he had proved, in this way, the false- 
hood of the Non-Euclidean hypothesis and the absolute truth 
of Axiom XI^ 

However he discovered his mistake later, but he did 
not carry out further investigations in this direction, as the 
method, when applied to six or more points, would have in- 
volved too complicated calculations. 

The third of the problems mentioned above, that re- 
garding the tetrahedron, is of a purely geometrical nature. 
Bolyai’s solutions have been recently discovered and pub- 

* The title of the paper which contains Johann’s demon- 
stration IS as follows Je<: hii uuft auf K?-de irnmet 

noch srwsi/elhatt ^rw^sttten, lOfltberuhmtcn uud, a/s def i^eiamrntcn 
Raum- und BeiL>ejp(n^sIe/ire zu Grunae dicnrnd, auc/i in dr/ J'/iat 
alley horhstiiiichiig^sten ll E.iichd'sc/ieri Axioms von J R-ilyai von Bolya, 
k. k. Ge7iie-StabshaupiT/ia7iH tn Rinsim, Cf St^CKI l.’s j)a[)er- fditer- 
suchunspen au^ dcr Abioluten Genmetrie < 7 W? yohatin R'Oyaii .\achlafj 
Math. u. Naturw, Benchte aus Ungarn Bel XVII 1. p. 2 S 0 -307 fioo 2 j. 
We are indelHed to this paper for this section S 5 5- 
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lished by Stackel [cf. p. 112 note i]. Lobatschewsky 
had been often occupied with the same problem from 1829b 
and Gauss proposed it to Johann in his letter quoted on 
p. 100. 

Finally we add that J. Bolyat heard of Lobatschewsky’s 
Geomctrisc/ic Untersuchiwgen in 1848: that he made them 
the object of critical study and that he set himself to com- 
pose an important work on the reform of the Principles of 
Mathematics with the hope of prevailing over the Russian. 
He had planned this w^ork at the time of the publication of 
the Appendix, but he never succeeded in bringing it to a 

conclusion . 3 


The Absolute Trigonometry. 

§ 56. Although the formulae of Non-Euchdean trigono- 
metry contain the ordinary relations between the sides and 
angles of a triangle as a limiting case [cf p. Soj, yet they do 
not form a ])art of what Johann Bolyai called Absolute GeO' 
})i(try. Indeed the formulie do not apply at once to the two 
classes of geometry, and they w^ere deduced on the suppos- 
ition of the validity of the Hypothesis of the Acute Angle. 
Equations directly applicable both to the Euclidean case and 
to the Non-Euclidean case were met by us in § 49 and they 
make up Bolyai’s Theorem. They are three m number, only 
Iw'o of them being independent. Thus they furnish a first 
set of formuLe of Absolute Trigonometry. 

I Cf p. =3 et se({ , of the work quoted on p. 84. Also 
Licumxnn’S trnn-lation, referred to in Note 2, p. S5. 

- Cf P. ^T-vCKEL und J. Ki-1vSCII\’K: Johann Bolyais Be- 
r'lerkun^yn ube? X. LoOaiso/it fsiw/s Oc’omttt!\c/ie l^ntormchufiygn zur 
rhe^ris dcr Pu} aUcbhn.on Math. u. Naturw Berichte aus Ungarn, 
Bti XVjII, p 250 -279 1902). 

' Cf P. SrACKfL- Johann Bo’mjis Paufnlehre. Math. u. Naturw. 
Benchte aus Ungarn, Bd. XIX (1903I 
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Other formula" of Absolute Trigonometry were given in 
1870 by the T^elgian geometer, De Tilly, in \\\s Etudes de 
Mt^ca?iique Abstraitc, * 

The formulae given by De Tilt y refer to rectilinear tri- 
angles, and were deduced by means of kinematical con- 
siderations, requiring only those properties of a bounded 
region of a plane area, which are independent of the value 
of the sum of the angles of a triangle. 

In addition to the function which we have already 
met in Bolyai’s formula, those of De Tilly contain another 
function Ex defined in the following way: 

T.et /' be a straight line and / the equidistant cuf re^ 
distant X from r. Since t^e arcs of / are proportional to their 
projections on it is clear that the ratio between a (recti- 
fied) arc of I and its projection does not depend on the 
length of the arc, but only on its distance x from r. De 
Tilly’s function Ex is the function w^hich expresses this ratio. 

On this understanding, the Formulae of Absolute Trigon- 
ometry for the right-angled triangle AEC Txe as follows: 

(1) (O ^ ^ 

[O ^ = O ^ 

^2) |cos A = Ea. sin B 

|co.s /> Eb. sin A 
(3) Ec = Ea. Eb. 

The set (1) is equivalent to Bolyai’s 
Theorem for theRight-Angledl riangle 
All the formula of Absolute Trigono- 
metry could be derived by suitable com- 
bination of these three seL^i. In particular, for the right-angled 
triangle, we obtain the following equation: — 

^ M^moires couronnus et autres M( 5 moire&, Acad, royale de 
Belgique. T. XXI (1870^. Cf. also the work by the same author: 

sur les prtncipes fondavienlaujx de la ’doniHuc et d la Mccanigue^ 
Mem de la Soc. des Sc. de Bordeao.. T. Ill (cah. 1 ) (1878;. 
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C'a (£a + Eb. Ec) + Q^b. (Eb + Ec. Ea) 

= {Ec + Ea. Eb). 

This can be regarded as equivalent to the Theorem of 
Pythagoras in the Absolute Geometry.* 

§ 57. Let us now see how we can deduce the results 
of the Euclidean and Non-Euclidean geometries from the 
equations of the preceding article. 

Huclidean Case. 

The Equidistant Curve (/) is a straight line [that is, Ex 
==-1], and the perimeters of circles are proportional to 
their radii. 

Thus the equations (i) become 
( T) ja = c sin A 

yb c sin B. 

The equations (2) give 

(2 ) cos A *= sin B, cos B = sin A 

Therefore A -\- B 90®. 

Finally the equation (3) reduces to an identity. 

The equations (i') and (2') include the whole of ordin- 
ary trigonometry. 

Non-Euclidean Case. 

Combining the equations (i) and (2) we obtain 

(5) ___ 

E^a—l E^b—\ 

If we now apply the first of equations (2) to a right- 
angled triangle whose vertex A goes off to infinity, so that 
the angle A tends to zero, we shall have 

Lt cos A ^ Lt {Ea. sin B). 

Put Ea is independent of A\ also the angle B.^ in the 
limit, becomes the angle of parallelism corresponding to 
i. e. TT {a). 

J Cf. R Bono I l.a ifi^onovietT-ia as'ioluta secondo Giovanni 

Bolyai. Rend Istituto Lombardo (2). T. XXXV^III (1905)- 
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Therefore we ha\'e 

Jia . JLt-t ■ 

sin IT (j) 

A similar result holds for £ 3 . 


Substituting these in equation (5) we obtain 
cot^ TT cot- TT ’ 

from which 

p^ 

cot TT ) cot JT (/^ J 

This result, with the expression for Ex, allows us at 
once to obtain from the equations (i), (2), (3), the formulae 
of the Trigonometry of Bolyai-Lobatschewsky: 
fcot n (<7) = coc rr {c) sin A 
jeot TT (<^} = cot TT (c) sin J>, 

{ sin A = cos E sin TT (^>) 
sin B = cos A sin TT (a), 
sin TT (t) = sin TT (a) sin TT {/’). 

These relations between the elements of every right- 
angled triangle were given in this form by Lobatschewsky/ 
If w'e wish to introduce direct functions of the sides, instead 
of the angles of parallelism T\ (a), TT (/?) and TT (r), it is 
sufficient to remember [p. 90] that 
TTfji ) 

tan ^ ^ 

We can thus express the circular functions of TT {x) m 
terms of the hyperbolic functions of x. In this way the pre- 
ceding equations are replaced by the following relations: 


(i ') 
(2") 


u ) 


sinh 


sinh -r A 

A* 


sinh , = siiTi sin B, 


^ Cf. e. g., The Gtometrische nichun-^en of LOB \TSCHE\VSKV 

referred to cn p. 86. 
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{2") COS A = sin £ cosh ^ 

cos £= sin A cosh ^ , 
and 

(3'") cosh Y = cosh ~ cos Ji cosh j. 

§ 58. The following remark upon Absolute Trigono- 
metry is most important: // 7 ve regard the elements in its 
formulae as elements of a spherical triangle., we obtain a system 
of equations which hold also for Spherical Triangles, 

This property of Absolute Trigonometry is due to the 
fact, already noticed on p. 114, that it was obtained by the 
aid of equations which hold only for a limited region of the 
plane. Further these do not depend on the hypothesis of the 
angles of a triangle, so that they are valid also on the sphere. 

If it is desired to obtain the result directly, it is only 
necessary to note the fallowing facts: — 

(i) In Spherical Trigonometry the circumferences of 
circles are proportional to the sines of their (spherical) radii, 
so that the first formula for right-angled spherical triangles 
sin a = sm c sin A 

IS transformed at once into the first of the equations (i). 

(11) A circle of (spherical) radius — b can be con- 
sidered as a curve equidistant from the concentric great 
circle, and the ratio Eb for tliese two circles ib given by 



Thus the formuhc for right-angled spherical triangles 
cos A sin A cos a, 
cos c - cos a cos b, 
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are transformed immediately into the equations (2) and (3) 
by means of this result. 

Thus the formulae of Absolute Trigonometry also hold 
on the sphere. 

Hypotheses equivalent to Euclid’s Postulate. 

§ 59. Before leaving the elementary part of the sub- 
ject, it seems right to call the attention of the reader to the 
position occupied in the general system of geometry by certain 
propositions, which are in a certain sense hypotheses equivalent 
to the Fifth Postulate. 

That our argument nay be properly understood, we 
begin by explaining the meaning of this equivalence. 

Two hypotheses are absolutely equivalent when each of 
them can be deduced from the other without the help of any 
new hypothesis. In this sense the two following hypotheses 
are absolutely equivalent: 

a) Two straight lines parallel to a third are parallel to 
each other; 

b) Through a point outside a straight line one and only 
one parallel to it can be drawn. 

This kind of equivalence has not much interest, since 
the two hypotheses are simply two different forms of the 
same proposition. However we must consider in what way 
the idea of equivalence can be generalised. 

Let us suppose that a deductive science is founded 
upon a certain set of hypotheses, which we will denote by 
{Ay B, Cy... Zry. Let M and iV'be two new hypotheses such 
that JV can be deduced from the set [Ay By C ... Hy M [ , 
and M from the set {a^ B, C . . . Hy N[ 

We indicate this by writing 

{A, B,C..,Hy M] .) . .V, 
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and 

{A,B,C... H, iV] .)• 

We shall now extend the idea of equivalence and say that 
the two hypotheses M, N are equivalent relatively to the 
fundamental set \Aj C , , . HY 

It has to be noted that the fundamental set {.4, Bj C 
. . . has an important place in this definition. Indeed it 
might happen that by diminishing this fundamental set, leav- 
ing aside, for example, the hypothesis A, the two deductions 

{B, M) .). A' 

and 

{£, N) .). M 

could not hold simultaneously. 

In this case the hypotheses M, N are not equivalent 
with respect to the new fundamental set [B^ C . . . HY 

After these explanations of a logical kind, let us see 
what follows from the discussion in the preceding chapters 
as to the equivalence between such hypotheses and the 
Euclidean hypothesis. 

We assume in the first place as fundamental set of 
hypotheses that formed by the postulates of Association (A ), 
and of Distribution (B), which characterise in the ordinary 
way the conceptions of the straight line and the plane: also 
by the postulates of Congruence (C), and the Postulate of 
Archimedes (/?). 

Relative to this fundamental set, which we shall denote 
by [a, By C, Z?} , the following hypotheses are mutually 
equivalent, and equivalent also to that stated by Euclid in 
his Fifth Postulate; 

a) The internal angles, which two parallels make with a 
transversal on the same side, are sup])lementary [Ptolemy]. 

b) 'I'wo parallel straight lines are equidistant. 

c) If a straight line intersects one of two parallels, it 
also intersects the other (Proclus)j 
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or, 

7"\vo straight lines, which are parallel to a third, are 
parallel to each other; 
or again, 

Through a point outside a straight line there can be 
drawn one and only one parallel to that line. 

d) A triangle being given, another triangle can be con- 
stiucted similar to the given one and of any size whatever. 
[Wallis.] 

e) Through three points, not lying on a straight line, a 
S])here can always be drawn. [W. Hoi v \i j 

f ) Through a point between the lines bounding an angle 
a straight line can always be drawn n\ I nch will intersect these 
two lines. [Lorlnz.J 

a) If the straight line r is jierpendicular to the trans- 
versal ^/> and the straight line j- cuts it at an acute angles 
the perpendiculars from the ]>oinrs of j* upon r are less tlian 

on the side in which makes an acute angle witli j-. 
[Xasir-Edoin ] 

Pj The locus of the points which are equidistant from 
a straight line is a straight line. 

f) The sum of the angles of a triangle is equal to two 
right angles. [Saccheri.1 

Now let us suppose that we diminish the fundamental 
set of hypotheses, cuiiuig out the ArchinieUcan Ilyf^vtticsis. 
Then the propositions (a), (b), (cj, (d), (e; and ffi are 
mutually equivalent, and also equivalent to the Fifth J\^stu- 
latc of Eu did ^ with respect to the fundamental set [.-I, />, C|. 
With regard to the propositions («', (P), (t;, ^\hile they arc 
mutually equivalent with resj)ect to the set [A, />, b’j one 
of them is equivalent to the Euclidean rostulaie dins result 
brings out clearly the importance of the /\r tu/ate </ An hi- 
medes. It is given in the memoir of DriL\ ^ [1900J to which 

I (J. Note on p. 30. 
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reference has already been made. In that memoir it is shoMTi 
that the hypothesis (f) on the sum of the angles of a triangle 
is compatible not only with the ordinary elementary geo- 
metry, but also with a new geometry-necessarily Non-Archi- 
medean— where the Fifth Postulate does not hold, and in 
which an infinite number of lines pass through a point and 
do not intersect a given straight line. To this geometry the 
author gave the name of Semi- Faic lid can Geometry. 

The Spread of Non-Euclidean Geometry. 

§ 6o. 'J'he works of Loiiatschewsky and Polyai did 
not receive on their publication the welcome which so many 
centuries of slow and continual preparation seemed to 
promise. However this ought not to surprise us. The 
history of scientific discovery teaches that every radical change 
in itb separate (le])artments does not suddenly alter the con- 
victions and the jiresuppositions upon which investigators 
and teachers have for a considerable tune based the I'resent- 
ation of their subjects. 

In our case the acceptance of the Non-Euclidean Geo- 
metry was delayed by special reasons, such as the difficulty 
mastering I oi;a hew ’b \Norks, written they were in 
Kus'.ian, the fact tliat the names of the two discoverers were 
new the scientific wurld, and the Kantian conception of 
s])ace winch was then in the ascendant. 

Ton \ isciiLwsKv’s French and German writings helped 
to drive away the darkness in which the new theories were 
hidden in the fir.st years; more than all availed the constant 
and indefatigable labors of certain geometers, Avhose names 
aie nov\ associated ^Mth the sjiread and triumph of Xon- 
Jsuclidean Geometry. We would mention particularly: C. L. 
Gi:ki.in(; [r 7SvS--- i 864], R. Paltzlr [1818— 18S7] and Fr. 
Schmidt [1827 — r9or|, in Germany; J. Holel [1S23 — 
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1886], G. Battaglini [1826—1894], E. Beltrami [1835— 
I 900], and A. Forti, in France and Italy. 

§ 61. From 1816 Gerling kept up a correspondence 
upon parallels with Gauss % and in 1819 he sent him 
Schweikart’s memorandum on Astralgeometrie [cf. p. 75]. 
Also he had heard from Gauss himself [1832], and in terms 
which could not help exciting his natural curiosity, of a 
kleine Sc/iri/t on Non-Euclidean Geometry written by a 
young Austrian officer, son of W. Bolval* The bibliograph- 
ical notes he received later from Gauss [1844] on tbe works 
of Lobatschewsky and Bolyai ^ induced Gerling to procure 
for himself the Geornetrisch^n Untersuchungen and the Appe?i- 
and thus to rescue them from the oblivion into which 
they seemed plunged. 

§ 62. T^he correspondence between Gauss and Schu- 
macher, published between i860 and 1863,'’ l^e numerous 
references to the works of LoBATSCHEWSKy and Bolyai, and 
the attempts of Legendre to introduce even into the elemen- 
tary text books a rigorous treatment of the theory of pa- 
rallels, led Baltzer, in the second edition of his Elemcnte der 


^ Cf. G\USS, IVerke^ Bel. VIII, p. 167 — -169 
- Cf. G\U5S’s letter to Gerling (Gm'SS, llWlr, Bd. VIII, 
p. 220) In this note G\uss sa\s with reference to the contents 
of the /i/pe?ia:-x m ich tneine Idreti und Resultatr 

iDiedeffifide niit grower hle^anz entwickelty And of the author of 
the \\ork: ^Jrh halte dit\sni jungen GeoTneter Z' Ro/j-ai Jut eifi Genie 
erster (h opd\ 

Cf. Gauss, //k;/v, Bd. VIII, p. 234— 23S. 

4 IS/ lejzuecksel zTiujr/ien C. J. Gau\<: nna JI C lehu/zuK her ^ 
Bd. II, p. *268 — 431 Bd. V, p. 246 fAltona, i860 — 1863). As to 
Gauss’s opinions at tins time, see also, Sartorius vun Waltjjis" 
Hausi.n, (laup ziit/i Ge Id' ht/nsy p. 80 — 8i (Leipzig, 1856). Cf. Gauss, 
Werkcy Bd. VUI, p. 267—268. 
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Mathematj'k (i 86 y)j to substitute, for the Euclidean definition 
of parallels one derived from the new conception of space. 
Following Lobatschewsky he placed the equation A-\-B 
+ C = 180°, which characterises the Euclidean triangle, 
among the experimental results. To justify this innovation, 
Baltzer did not fail to insert a brief reference to the possi- 
bility of a more general geometry than the ordinary one, 
founded on the hypothesis of two parallels. He also gave 
suitable prominence to the names of its founders.* At the 
same time he called the attention of HoOel, whose interest 
in the question of elementary geometry was well known to 
scientific men, * to the Non-Euclidean geometry, and re- 
quested him to translate the Geometrische?i Untersuchungen 
and the Appendix into French. 

§ 63. The French translation of this little book by 
Loimtschewsky appeared in 1866 and was accompanied 
by some extracts from the correspondence between Gauss 
and Schumacher.^ That the views of Lobatschewsky, 
Bolyai, and Gau^s were thus brought together was extremely 
fortunate, since the name of Gauss and his approval of the 
discoveries of the two geometers, then obscure and unknown, 

* Cf Baltzi:r, Elemente aet Mathematik^ Bd. II (5. Auflage) 
]>. 12 14 (I eij'zig, 1S7S). Also T. 4, p 5 — 7 , of Cremona’s trans- 

lation of that work (Genoa, 1867). 

^ In 1S63 Hoi’EL liad published his wellknown Essai d'line 
cxS^^ition ?attor:('^le dt's fondavicntau-x de la ^rcomltne ele* 

nu'fitant, Archiv d. Math. u. Pnysik, Bd. XL (1863). 

3 Mem. de la Soc. des Sci de Bordeaux, T. IV, p. 88 — 120 
(iSdb) This short work was also published separately under the 
title I tudf^ iijae\ ';iir la thf'orir des paf alleles par N. I. LOBAT- 

.S'Tii wsKY, Consciller d’Ltat de I’Enipire de Russie ct Professeur 
a I’l-niversite de Kasan: traduit de I’allemand par J. Houkl, survte 
d'uji Lxlfaii de la ^ an e^pondance de Gauss el dt SJiUviaeher^^^x^x^, 
G. VlLLARS, 1866). 
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helped to bring credit and consideration to the new doctrines 
in the most efficacious and certain manner. 

The French translation of the Appaidix appeared in 
1867.* It was preceded by a Notice siir la vie et Ics travaux 
des deux 7 nath^maticie?is ho?tgrois JV, et J. Bolyai de Bolva^ 
written by the architect Fr. Schmidt at the invitation of 
Houel/ and was supplemented by some remarks by W. Bol- 
yai, taken from Vol. I of the Tentamen and from a short 
analysis, also by Wolfgang, of the Principles of Arithmetic 
and Geometry . 3 

In the same year [1867] Schmidt’s discoveries regard- 
ing the Bolyais were published in the Archiv d. Math. u. 
Phys. Also in the following year A. Forti, who had already 
written a critical and historical memoir on Loilvischewskv, ’ 


1 Mem. de la Soc. des Sc. de Bordeaux, T. V, p. 189 — 
248. This short work was also puLlished sepaiately unter the 
title: La Silence ah white de hcspace^ independantc de la vcritl on 
fausseie de 1 ' Axiom e XI d' Eu elide ujnc h on ?ie poinra jamais etablir a 
prion); suizte de la guadfatu^e jeovietngue du ee?i.lt\ dans le eas de 
la faussete de FAxwme XI, par Jean Bolyai, Capitaine au Corps 
du genie dans I’armee aulrichienne; Piecede d'une notice sur la vie 
et les travaux de JV. et de y. Bolyai, par M Fr Schmidt, (Pan'-, 
G. ViLLARS, 1868). 

2 Cf. P. StAckel, Franz Schmidt, Jahresber. d Deutschen 
Math. Ver., Bd. XI, p. 141 — 146 (1902; 

3 This litile book of W. Bolyai’s is usually referred to 
shortly by the first words of the title Kurzer Crundnss, It was pub- 
lished at Maros-Vdsdrhely in 1S51, 

^ Inter no alia geometria immajinana o non euchdmna. Consid- 
erazioni storiiO-critiche. Kivista Bolognese di science, lettere, am 
e scuole, T. II, p. 171 — 184 (1867). It was published separately 
as a pamphlet of 1 6 pages (Bologna, hava e Garagnani, i8()7). 
1 he same article, with some additions and the title, Stnd-i jjeo- 
metrici sulla ieorica delle parallele di N. J. Lobatschewky, appeared 
m the political journal La ISozincia di I\sa, Anno III, Nr. 25, 27, 
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made the name and the works of the two now celebrated 
Hungarian geometers known to the Italians.^ 

To the credit of Houei. there should also be mentioned 
his interest in the manuscripts of Johann Bolyai, then [1867] 
preserved, in terms of Wolfgang’s will, in the library of 
the Reformed College of Maros-Vasarhely. By the help of 
Prince B. Boncampagni [1821 — 1894], who in his turn in- 
terested the Hungarian Minister of Education, Baron Eorvos, 
he succeeded in having them placed [1869] in the Hungarian 
Academy of Science at Budapest.* In this way they became 
more accessible and were the subject of painstaking and 
careful research, first by Schmidt and recently by Stacked. 

In addition Hocel did not fail in his efforts, on every 
available opportunity, to secure a lasting triumpli for the Xon- 
Kuclidean Geometry. If we simply mention his Essai cri- 
iique sur Ics principcs fondamefiteaux dc la gihmictrie: ^ his ar- 
ticle, Sur r impossibiliti^ de dcmontrer par U7ie cofistruction 
plane le postulatum cT Eiulide, ^ the A^oliees sur la vie et les 
trai'aux de J. Lobatschrii*5ky , ^ and finally his translations 
of various writings upon Non-Euclidean Geometry into French,^ 

29,30(1867); and part of it was reprinted under the original title 
(Pisa, Nistn, 1867). 

> Cf, Jritorno alia vita cd sc/ itti di Uclya/aj- e Gioz'anni 

Bclyai dt Bolya, maUniaii i uni^hc/cM. Boll, di Bibliografia e di 
Storia delle Scienze Mat e 1 isiche, T. I, p. 277 — 299 (1S69). 
Many historical and bibliographical notes were added to this article 
of Forti’s b> B. Boncompacm. 

- Cf. .SlACKEl/s article on l/aiiz Schmidi referred to above. 

i I Ed., G ViLLARS, Paris, 1S07; 2 Ed., 1SS3 (cf. Note 3 

p. 52). 

4 Giornale di Mat T. YIl p. 84 — 89; Nouvelles Annales (2} 
T IX, p. 93 — 9b. 

5 Bull. des. Sc Math. T. I, p. 06 -71, 324— 32S, 3S4— 38S 
( 1870). 

In addition to the translations mentioned in the text, Houi'L 
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it will e understood how fervent an apostle this science had 
found in the famous French mathematician. 

Hof^ELs labours must have urged J. Frischauf to per- 
form the service for Germany which the former had rendered 
to France. His book — Absolute Geometric nach J, Bolyai — 
(1872)* is simply a free translation of Johann’s Appendix, to 
which were added the opinions of W. Bolyai on the Found- 
ations of Geometry. A new and revised edition of Frisch- 
auf’s work was brought out in 1876^. In that work reference 
is made to the writings of Lobatschewsky and the memoirs 
of other authors who about that time had taken up this study 
from a more advanced point of view. This volume remained 
for many years the only book in which these new doctrines 
upon space were brought together and compared. 

§ 64. With equal conviction and earnestness Giuseppe 
Battaglini introduced the new geometrical speculations into 
Italy and there spread them abroad. From 1867 the Gior- 
nale di Matematica, of which he was both founder and editor, 
became the recognized organ of Non-Euclidean Geometry. 

Battaglini’s first memoir — Sulla geometri a imniaginana 
di Lobatschewsky- — was written to establish directly the prin- 
ciple which forms the foundation of the general theory of 
parallels and the trigonometry of Lobatschewsky. It was 


translated a paper by Battaglini (cf. note 3), two by Beltrami 
( cf. note 2 p. 127 and p. 147); one, by Rifmann (cf. note p. 138). 
and one by Helmholtz (cf. note p. 152). 

* (xii 4- 96 pages) (Tcubner, Leipzig). 

a EUmente der Absoluten Geometne^ “E ^42 P^gcs) (Teubner, 
Leipzig). 

3 Giornale di Mat. T. V, p. 217 — 231 (1867). Rend. Acc. 
Science Fis. e Matem. Napoli, T. VI, p. 157 — 173 (1867). French 
translation, by HoOel, Nouvelles Annales (2) T. VII, p. 209 — 21, 
265—277 (1868). 
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followed, a few pages later, by the Italian translation of the 
Pangiomitric^ \ and this, in its turn, in 1868, by the translation 
of the Appendix. 

At the same time, in the sixth volume of the Giornak di 
Matemaiica.^ appeared E. Beltrami’s famous paper, Sa^gio di 
inierpretazione della geometria 7 ion euclidea. ^ This threw an 
unexpected light on the question then being debated regard- 
ing the fundamental principles of geometry, and the concep- 
tions of Gauss and Loiiatschi-avsky. > 

Glancing through the subsequent volumes of the Giorn- 
ale di Matematica we frequently come upon papers upon 
Non-Euclidean Geometry. There are two by Blltrami [1872] 
connected with the above named Saggio; several by Bati- 
AGLiNi [1874 — 78] and by d’OviDio [1875 — which treat 
some questions in the new geometry by the projective me- 
thods discovered by Caylfy; Houix’s paper [1870] on the 
impossibility of demonstrating Euclid’s Postulate, and others 
by Cassani [1873 — 81], Gunther [1876], De Zolt [i 877], 
Frattini [1878], Ricordi [18S0J, etc. 

§ 65. The work of spreading abroad the knowledge of 
the new geometry, begun and energetically carried forward 
hy the aforesaid geometers, received a powerful impulse from 
another set of publications, which appeared about this time 
[1868—72]. These regarded the problem of the foundations 
of geometry in a more general and less elementary way than 
that which had been adojited in the investigations of Gauss, 

I Tills wus also published separately as a small book, entitled, 

Pani^comrtria '^iinto di gt'Offictna u'/'r j una /(W //.v 

(' pi^ofosa aril: parallele (^Naples, 1S67; 2a Ed. 1S74). 

- It was translated into French by lloi'LL in the Ann. Sc. dc 
ri^cole Normale Sup., T. VI, p 251 — 288 (1869). 

.j Cf ( ommemor aziopie di /■ In’l/nivii by L. Cremona . Giornalc 
di -Mat T XXXVIII, ]>. 362 (1900). Also the AaJirw by F. 
Pascai., Math. Ann. Bd. FVIl, p. U5— 107 U 903 '- 



12?> Youivdeis ol 'ii^oiv-'E-ucVvdeaLU GeomeViy ^Cotvld.y 


L0BA7'SCH£^\^sxy, and Bolyai. In Chapter V. w e shaJJ shortly 
describe these new methods and developments, which are asso- 
ciated with the names of some of the most eminent mathe- 
maticians and philosophers of the present time. Here it is 
sufficient to remark that the old question of parallels, from 
which all interest seemed to have been taken by the in- 
vestigations of Legendre forty years earlier, once again and 
under a completely new aspect attracted the attention of geo- 
meters and jdiilosophers, and became the centre of an 
extremely whde field of labour. Some of these eft'orts were 
simply directed toward rendering the works of the founders 
of Non-Euclidean geometry more accessible to the general 
mathematical public. Others were prompted by the hope of 
extending the results, the content, and the meaning of the 
new doctrines, and at the same time contributing to the pro- 
gress of certain special branches of Higher Mathematics.* 

I Cf. e. g., K. Picard, La Sc.ence Moderne et son tHat 
actuel, p. 75 (Pans, Flammarion, 1905). 



Chapter V. 

The Later Development of Non-Euclidean 
Geometry. 

§ 66. To describe the further progress of Non-Euclidean 
Geometry in the direction of Differential Geometry and Pro- 
jective Geometry^ we must leave the field of Elementary Mathe- 
matics and speak of some of the branches of Higher Mathe- 
matics, such as the Differential Geometry of Manifolds^ the 
Theory of Continuous Transformation Groups^ Pure Projec- 
tive Geometry (the system of Staudt) and the Metrical 
Geometries which are subordinate to it. As it is not consistent 
with the plan of this work to refer, even shortly, to these 
more advanced questions, we shall confine ourselves to those 
matters without which the reader could not understand the 
motive spirit of the new researches, nor be led to that other 
geometrical system, due to Riemann, which has been alto- 
gether excluded from the previous investigations, as they 
assume that the straight line is of infinite length. 

Tliis system is known by the name of its discoverer and 
corresponds to the Hypothesis of the Obtuse An^ie of Sac- 
cHERi and Lambert.' 

^ The reader, who wishes a complete discussion of the sub- 
ject of th:s chapter, should consult Klein’s ube? die 

iiuhienklidischc Geometric^ (Gottingen, 1903', and BuNCHl’s Leziom 
'-ulla Gcomcuia differenziale, 2 Ed. T. I, Cap. XI — XIV (Risa, Spoerri, 
1903) German translation by Lckat, pi Ed iLeipzig, 1 ^ 99 ' 

I 'ht Element^ of Non-F.iiclidcan Geometry by 1. L ( OOLIDGF which 
has recently (1909; been published by the Oxford University Press 
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Differential Geometry and Non-Euclidean Geometry. 

The Geometry upon a Surface. 

§67. What follows will be more easily understood if 
we start with a few observations: 

A surface being given, let us see how far we can establish 
a geometry upon it analogous to that on the plane. 

Through two points A and B on the surface there will 
generally pass one definite line belonging to the surface, 
namely, the shortest distance on the surface between the two 
points. This line is called the geodesic joining the two points. 
In the case of the sphere, the geodesic joining two points, not 
the extremities of a diameter, is an arc of the great circle 
through the two points. 

Now if we wish to compare the geometry upon a surface 
with the geometry on a plane, it seems natural to make the 
geodesics, which measure the distances on the one surface, 
correspond to the straight lines of the other. It is also natural 
to consider two figures traced upon the surface as {geodetical- 
ly) equals when there is a point to point correspondence be- 
tween them, such that the geodesic distances between corre- 
sponding points are equal. 

We obtain a representation of this conception of ecjuality, 
if we assume that the surface is made of a flexible and inex-^ 
tensible sheet. Then by a movement of the surface, which does 
not remain rigid, but is bent as described above, those figures 
upon it, which we have called equal, are to be superposed 
the one upon the other. 

Let us take, for example, a piece of a cylindrical surface. 
By simple bending, without stretching, folding, or tearing, this 
can be applied to a plane area. It is clear that in this case 
two figures ought to be called equal on the surface, which 
coincide with equal areas on the plane, though of course two 
such figures are not in general equal in space. 
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Returning now to any surface whatsoever, the system of 
conventions, suggested above, leads to a geometry on the sur- 
face^ which we propose to consider always for suitably bounded 
or mal Region^. Two surfaces which are applicable 
the one to the other, by bending without stretching, will have 
the same geometry. Thus, for example, upon any cylindrical 
surface whatsoever^ we will have a geometry similar to that on 
any plane surface, and, in general, upon any dei'elopable surface. 

The geometry on the sphere affords an example of a 
geometry on a surface essentially different from that on the 
plane, since it is impossible to apply a portion of the sphere 
to the plane. However there is an important analogy be- 
tween the geometry on the plane and the geometry on the 
sphere. This analogy has its foundation in the fact that the 
sphere can be freely moved upon itself, so that propositions 
in every w'ay analogous to the postulates of congruence on 
the ])lane hold for equal figures on the sphere. 

Let us try to generalize this example. In order that a 
suitably bounded surface, by bending but without stretching, 
can be moved upon itself in the same way as a plane, a cer- 
tain number |A'J, invariant with respect to this bending, must 
have a constant value at all points of the surface This number 
was introduced by Gauss and called the Curvature.^ [In 
English books it is usually called Gauss's Cun aiure or the 
Measure of Curvature?^ 

1 Remembering that the curvature at any ])on t of a plane 
curve is the reciprocal of the radius of the osculating circle for 
that point, \\e shall no'*N show that the curvature at a point M of the 
surface can be defined. Having drawn the normal // to the surface 
at M, we consider the pencil of planes through and the corre- 
sjionding pencil of curves formed bv their intersections with the 
surface. In this pencil of (plane) curves, there are two, orthogonal 
to each other, \\hose curvatures, as defined above, are maximum 
and minimum The product of their curvatures is Gauss’s Curva- 
ture of the 'Surface at M This Curvature has one most marked 
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Surfaces of Constant Curvature can be actually con- 
structed. The three cases 

K=0, K'^O, K<iO, 

have to be distinguished. 

For A" = (9, we have the developable surfaces [applic- 
able to the plane]. 

For A'> Oj we have the surfaces applicable to a sphere 
of radius i : and the sphere can be taken as a model 

for these surfaces. 

For K<C^O^ we have the surfaces applicable to the 
Fseudosphere^ which can be taken as a model for the surfaces 

y 

Tractnx. 

Fig 55 

The Pseudosphere is a surface of revolution. The equat- 
ion of Its meridian curve (the tractnx *) referred to the axis 

characteristic. It is unchanged for every bending of the surface 
which does not involve stretching Thus, if t^\o surfaces are 
applicable to each other in the sense of the text, they ought to 
have the same Gaussian Curvature at corresponding points [Gauss] 

This result, the converse of which was proved by Mindinc; 
to hold for Surfaces of Constant Curvature, shows that surfaces, 
freely movable upon themselves, arc characterised by constancy of 
curvature. 

I The tractrix is the curve in which the distance from the 


of constant negative cun^aturc. 



Fig. 54- 
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of rotation and to a suitably chosen axis of x perpendicular 
to Zy is 


(I) 


k log 




where k is connected with the Curvature K by the equation 



To the pseudosphere generated by (i) can be applied 
any portion of the surface of constant curvature — 



Surface of Constant Negative Curvature ^ 
I >g. 56. 


point of contact of a tangent to the point where it cuts its 
asymptote is constant. 

1 Fig 56 is reproduced from a photograph ef a surface con- 
structed by Pei 1 RAMI. The actual model belongs to the collection 
of models in the Mathematical Institute of the University of Pavia. 
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§ 68. There is an analogy between the geometry on a 
surface of constant curvature and that of a portion of a plane, 
both taken within suitable boundaries. We can make this 
analogy clear by translating the fundamental definitions and 
properties of the one into those of the other. This is indicat- 
ed shortly by the positions w^hich the corresponding terms 
occupy in the following table: 

(a) Surface. (a) Portion of the plane. 

(b) Point. (b) Point. 

(c) Geodesic. (c) Straight line. 

(d) Arc of Geodesic. (d) Rectilinear Segment. 

(e) Linear properties of the (e) Postulates of Order for 

Geodesic. points on a Straight Line. 

(f) A Geodesic is determined (f) A Straight Line is deter- 

by two points. mined by two points. 

(g) Fundamental properties fg) Postulates of Congruence 

of the equality of Geode- for Rectilinear Segments 
sic Arcs and Angles. and Angles. 

(h) If two Geodesic triangles (h) If two Rectilinear triang- 

have their two sides and les have their two sides 

the contained angles e- and the contained angles 

qual, then the remaining equal, then the remaining 

sides and angles are equal. sides and angles are equal. 

It follows that we can retain as common to the geome- 
try of the said surfaces all those properties concerning bound- 
ed regions on a plane, which in the Euclidean system are 
independent of the Parallel Postulate, when no use is made 
of the complete plane [e. g., of the infinity of the straight 
line] in their demonstration. 

We must now proceed to compare the propositions for 
a bounded region of the plane, depending on the Euclidean 
hypothesis, with those which correspond to them in the geo- 
metry on the surface of constant curvature. We have, e. g., 
the proposition that the sum of the angles of a triangle is 
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equal to two right angles. The corresponding property does 
not generally hold for the surface. 

Indeed Gauss showed that upon a surface whose curva- 
ture K is constant or varies from point to point, the surface 
integral 


over the whole surface of a geodesic triangle ABC^ is equal 
to the excess of its three angles over two right angles, * 

i. e. II KdS •== A + B C — ir. 


Let us apply this formula to the surfaces of constant 
curvature, distinguishing the three possible cases — 

Case I. O. 

In this case we have 




that is A + B -{■ C = tt. 


Thus the sum of the angles of a geodesic triangle on sur- 
faces of zero curvature is equal to two right angles. 


Case II. K 

In this case we have 


■-i.> °- 




area of the triangle ABC == A. 


+ C-TT. 

From this equation it follows that 
A B Cf> TT, 

and that ^ {A B C — tt). 


* Cf. Bianchi's work referred to above; Chapter VI. 
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That is: 

a) The sum of the angles of a geodesic triangle on sur- 
faces of constant positive curvature is greater than tivo right 
angles. 

b) The area of a geodesic triangle is proportional to the 
excess of the sum of its angles over two right angles. 

Casein. 

In this case we have 

ABC ABC 

where we again denote the area of the triangle ABC by A. 
Then we have 
A 

^ = tt — (A A B C). 

From this it follows that 

.<4 + .5 4- C<C. tt, 

and that A = (n — A— B — C). 

That is: 

a) The sum of the angles of a geodesic triangle on sur- 
faces of constant negative curi^ature is less than tivo right angles. 

b) The area of a geodesic tn angle is proportional to the 
difference betwem the sum of its angles and two right angles. 

We bring these results together in the following table: 

Surfaces of Constant Curvature. 

Value of the Curvature I . Character of the Trianple 

! of the Surface ** 

K = O Plane c A-\- } B A C=^ii 

— Sphere yy + 'J 6’>>Tr 

K -- I Pseudosphere I :■ A^-'^ y? 4- j C‘< tt 
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With the geometry of surfaces of zero curvature and of 
surfaces of constant positive curvature we are already ac- 
quainted, since they correspond to Euclidean plane geometry 
and to spherical geometry. 

The study of the surfaces of constant negative curvature 
was begun by F. Minding [1806 — 1885] with the investiga- 
tion of the surfaces of revolution to which they could be ap- 
plied.* The following remark of Minding’s, fully proved 
by D. CoDAZZi [1824 — 1873], establishes the trigonometry 
of such surfaces. In the formulae of spherical trigonometry let 
the angles be kept fixed and the sides multiplied by i^ 

Then we obtain the equations which are satisfied by the elements 
of the geodesic triangles on the surf aces of constant negative cur- 
vature.* These equations [the pseudo spherical trigonometry^ 
evidently coincide with those found by Taurinus; in other 
words, with the formulae of the geometry of Lobatschewsky- 
Bolyai. 

§ 69. From the preceding paragraphs it will be seen that 
the theorems regarding the sum of the angles of a triangle in 
the geometry on surfaces of constant curvature, are related to 
those of plane geometry as follows: — 

For A' = O they correspond to those which hold on the 
plane in the case of the Hypothesis of the Right Angle. 

For O they correspond to those which hold on the 
plane in the case of the Hypothesis of the Obtuse Angle. 

1 Wie siih enischeidcn lasstj ob ziuei ge^^ebene kriimme Flachen 
aiijeuiajidt:) ahz.nckelba) stud oder nicht \ nebit Bemerkungen uhcr die 
FLnhefi von iinvcrando? hchem hrummungsmasse. Crelle's Journal, 
Bd. XIX. p 370-387 fi839). 

2 Mindino : Feiieage ziir Theorie der kurzcsten Ltnien auf krummen 
Idachen. Creli k’s Journal, Bd. XX, p. 323 — 327 (^1^40). D. CodazzI; 
Into no allc Mporfioie, le tjua/i hanno costante il prodotto de' due ?aggi 
di airvatii) a. Ann. di Scienre Mat. c Bis. T. VIII, p. 346 — 355 
(^857) 
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For K<ZO they correspond to those which hold on the 
plane in the case of the Hypothesis of the Acute Angle, 

The first of the results is evident a priori, since we are 
concerned with developable surfaces. 

The analogy between the geometry of the surfaces of con- 
stant negative curvature, for example, and the geometry of 
Lobatschewsky-Bolyai, could be made still more evident by 
arranging in tabular form the relations between the elements 
of the geodesic triangles traced upon those surfaces, and the 
formulae of Non-Euclidean Trigonometry. Such a comparison 
was made by E. Beltrami in his Saggio di viterpreiazione della 
geometria non-euclidea. * 

In this way it will be seen that the geometry upon a sur- 
face of constant positive or negative curvature can be con- 
sidered as a concrete interpretation of the Non-Euclidean Geo- 
metry, obtained in a bounded plane area, with the aid of the 
Hypothesis of the Obtuse Angle or that of the Acute Angle. 

The possibility of interpreting the geometry of a two- 
dimensional manifold by means of ordinary surfaces was ob- 
served by B. Riemann [1826 1866] in 1854, the year in 

which he wrote his celebrated memoir: Gber die Hypothesen 
welche der Geometrie zugrunde liegen.^ The developments of 


1 Giorn. di Mat., T. VI, p. 284 — 312 (1868). Opere Mat., 
T. I, p. 374 — 405 (Hoepli, Milan, 1902). 

2 Rieman? 2 s IVerkc, i. Aufl. (1876), p. 254 — 312: 2. Aufl. 

(1892), p. 272 — 287. It was read by Riemann to the Philosophical 
Faculty at Gottingen as his Habihtatwnsschnft, before an audience 
not composed solely of mathematicans. For this reason it does 
not contain analytical development®, and the conceptions intro- 
duced are mostly of an intuitive character. Some analytical ex- 
planations are to be found in the notes on the Memoir sent by Rir- 
MANN as a solution of a problem proposed by the Paris Academy 
{Rieman7is Werke^ I. Aufl., p. 384 — 391). The philosophical basis 
of the Hahihtatiotisschri/t is the study of the properties of things 
from their behaviour as infinitesimals. Cf. Klein’s discourse^ 
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Non-Euclidean Geometry in the direction of Differential Ge- 
ometry are directly due to this memoir. 

Beltrami’s interpretation appears as a particular case of 
Riemann’s It shows clearly, from the properties of surfaces 
of constant curvature, that the chain of deductions from the 
three hypotheses regarding the sum of the angles of a triangle 
must lead to logically consistent systems of geometry. 

This conclusion, so far as regards the Hypothesis of the 
Obtuse Afig/e^ seems to contradict the theorems of Saccheri, 
Lambert, and Legendre, which altogether exclude the possi- 
bility of a geometry founded on that hypothesis. However 
the contradiction is only apparent. It disappears if we remem- 
ber that in the demonstration of these theorems, not only 
the fundamental properties of the bounded plane are used, but 
also those of the complete plane, e. g., the property that the 
straight line is infinite. 


Principles of Plane Geometry on the Ideas of 
Riemann. 

§ 70. The preceding observations lead us to the foan- 
dation of a metrical geometry, which excludes Euclid’s Postul- 


Kiemafni und seuie BLdt'iiliiJit^ ui aer Kuii^uckelung der modctven 
Mathcmaiik. Jahresb. d. Dcutschen Math Ver , Bd IV, p. 72 — S2 
( 1894), and the Italian translation by R. Pascal in Ann. di Mat , (2), 
T. XXIII, p. 222. The Ilahihtation\sch} ift was first published in 1S67 
after the death of the author [Gott. Abh. XIIIJ under the editor- 
ship of Dkdekind. It was then translated into French by J. IIlUEL 
[Ann. di Mat. 12). T. Ill (1S70), Oeuvres de Riemann, (iSyoiJ; into 
English, by \V. K. Cliffurd [Nature, Vol. VIII, (1873)], and again 
by G B H\lsti:i) |Tok>o sagaku butsurigaku kwai kiji, Vol. VII, 
(1895); into Polish, by Dickstein (Comm. Acad. Litt. Cracov. 
Vol. IX, 1877); into Russian, by D. Sintsuff [Mem of the Phy- 
sical Mathematical Society of the University of Kasan, (2^ Vol. Ill, 
App. (1 893 ) 1 - 
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ate, and adopts a more general point of view than that for- 
merly held: 

(tf) IVe assume that we start from a bounded plane area 
(normal region)^ and not from the whole plane. 

(b) We regard as postulates those elementary propositioris, 
which are revealed to us by the senses for the region originally 
taken; the propositions relative to the straight line being determ- 
ined by two points^ to congruence, etc. 

(c) We assume that the properties of the initial region can 
be extended to the neighbourhood of any point on the plane \we 
do not say to the complete plane, viewed as a whole]. 

The geometry, built upon these foundations, will be the 
most general plane geometry, consistent with the data which 
rigorously express the result of our experience. These results 
are, however, limited to an accessible region. 

From the remarks in S 69, it is clear that the said geo- 
metry will find a concrete interpretation in that of the sur- 
faces of constant curvature. 

This correspondence, however, exists only from the 
point of view (differential) according to which only bounded 
regions are compared. If, on the other hand, we place our- 
selves at the (integral) point of view, according to which the 
geometry of the whole plane and the geometry on the sur- 
face are compared, the correspondence no longer exists. In- 
deed, from this standpoint, we cannot even say that the same 
geometry will hold on two surfaces with the same constant 
curvature. For example, a circular cylinder has a constant 
curvature, zero, and a portion of it can be applied to a region 
of a plane, but the entire cylinder cannot be applied in this 
way to the entire plane. The geometry of the complete cy- 
linder thus differs from that of the complete Euclidean plane. 
Upon the cylinder there are closed geodesics (its circular 
sections), and, in general, two of its geodesics (helices) meet 
in an infinite number of points, instead of in just two. 



Riemann's New Geometry. 


I4I 

Similar differences will in general appear between a me- 
trical Non-Euclidean geometry, founded on the postulates 
enunciated above, and the geometry on a corresponding sur- 
face of constant curvature. 

When we attempt to consider the geometry on a surface 
of constant curvature (e. g., on the sphere or pseudosphere) 
as a whole, we see, in general, that the fundamental property 
of a normal region that a geodesic is fully determined by two 
points ceases to hold. This fact, however, is not a necessary 
consequence of the hypotheses on which, in the sense above 
explained, a general metrical Non-Euclidean geometry of the 
plane is based. Indeed, when we examine whether a system 
of plane geometry is logically possible, which will satisfy the 
conditions (a), (b), and (c), and in which the postulates of con- 
gruence and that a straight line is fully determined by two 
points are valid on the complete plane, we obtain, in addition 
to the ordinary Euclidean system, the two following systems 
of geometry: 

1. system of Lobatschewsky-Bolyai, already explain- 
ed, in which two parallels to a straight line pass through a 
point. 

2. A neiv system (called Riemann's system) which cor- 
responds to Saccheri’s Hypothesis of the Obtuse Ang/e, and 
in which no parallel lines exist. 

In the latter system the straight line is a closed line of 
finite length. We thus avoid the contradiction to which we 
would be led if we assumed that the straight line were open 
(infinite). This hypothesis is required in proving Euclid’s The- 
orem of tlie Exterior Angle [J. 16] and some of Saccheri’s 
results. 

§ 71. Riemann was the first to recognize the existence 
cf a system of geometry compatible with the Hypothesis of 
the Obtuse Angle, since he was the first to substitute for the 
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hypothesis that the straight line is infinite^ the more general 
one that it is unbounded. The difference, which presents it- 
self here, between infinite and unboimded is most important. 
We quote in regard to this Riemann’s own words:' 

Tn the extension of space construction to the infinitely 
great, we must distinguish between unbounded7iess and viffiiie 
extent; the former belongs to the extent relations; the latter to 
the measure relations. That space is an unbounded three-fold 
manifoldness is an assumption which is developed by every 
conception of the outer world; according to which every in- 
stant the region of real perception is completed and the pos- 
sible positions of a sought object are constructed, and which 
by these applications is for ever confirming itself. The un- 
boundedness of space possesses m this way a greater empiri- 
cal certainty tlian any external experience, but its infinite ex- 
tent by no means follows from this; on the other hand, if we 
assume independence of bodies from position, and therefore 
ascribe to space constant curvature, it must necessarily be 
finite, provided this curvature has ever so small a positive 
value.* 

Finally, the postulate w'hich gives the straight line an in- 
finite length, implicitly contained in the work of preceding 
geometers, is to Riemann as fit a subject of discussion as that 
of parallels. What Riemann holds as beyond discussion is 
the unboundedness of space. This property is compatible with 
the hypothesis that the straight line is infinite fo])en), as well 
as with the hypothesis that it is finite (closed). 

The logical possibility of Riemann’s system can be de- 
duced from Its concrete interpretation m the geometry of the 
sheaf of line^. The properties of the sheaf of lines are trans- 


^ [This quotation is taken fiom Clii-Eurd’s tranblation in 
Nature, referred to above. (Teil III, S 2 of Riemann’s Memoir.)]. 
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lated readily into those of Riemann*s plane, and vice versa, 
with the aid of the following dictionary; 

Sheaf Plane 

Line Point 

Plane [Pencil] Straight line 

Angle between two Lines Segment 

Dihedral Angle Angle 

Trihedron Triangle 


We now give, as an example, the ‘translation’ of some 


of the best known propositions 

a) The sum of the three 
dihedral angles of a trihedron 
is greater than two right 
dihedral angles. 

b) All the planes which are 
perpendicular to another 
plane pass through a straight 
line. 

c) With every plane of 
the sheaf let us associate the 
straight line in which the 
planes perpendicular to the 
given plane all intersect. In 
this way we obtain a corres- 
pondence between planes and 
straight lines which enjoys 
the following projierty: The 
straight lines corresponding 
to the planes of a pencil 
[Ebenenbiischel, set of planes 
through one line, the axis of 
the pencil] lie on a plane, 


for the sheaf: 

a) The sum of the three 
angles of a triangle is greater 
than two right angles. 

b) All the straight lines 
perpendicular to another 
straight line pass through a 
point. 

c) With every straight line 
in the plane let us associate 
the point in which the lines 
perpendicular to the given 
line intersect. In this way we 
obtain a correspondence be- 
tween lines and points, which 
enjoys the following pro- 
perty : 

The points corresponding 
to the lines of a pencil lie on 
a straight line, which in its turn 
has for corresponding point 
the vertex of the pencil. 
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which in its turn has for cor- The correspondence thus 
responding line the axis of defined is called absolute po- 
the pencil. The correspond- larity of the plane, 
ence thus defined is called 
absolute [orthogonal] polarity 
of the sheaf. 

§ 72. A remarkable discovery with regard to the Hypo- 
thesis of the Obtuse Angle was made recently by Dehn. 

If we refer to the arguments of Saccheri [p. 37], 
Lambert [p. 45], Legendre [p. 56], we see at once that 
these authors, in their proof of the falsehood of the Hypo- 
thesis of the Obtuse Angle, avail themselves, not only of the 
hypothesis that the straight line is infinite, but also of the 
Archimedean Hypothesis, Now we might ask ourselves if this 
second hypothesis is required in the proof of this result. In 
other words, we might ask ourselves if the two hypotheses, 
one of which attributes to the straight line the character of 
open lines, while the other attributes to the sum of the angles 
of a triangle a value greater than two right angles, are com- 
patible with each other, when the Postulate of Archimedes is 
excluded. Dehn gave an answer to this question in his 
memoir quoted above (p. 30), by the construction of a Non- 
Archimedean geometry, in which the straight line is open, 
and the sum of the angles of a triangle is greater than two 
right angles. Thus the second of Saccheri’s three hypotheses 
is compatible with the hypothesis of the open straight line 
in the sense of a Non- Archimedean system. This new 
geometry was called by Dehn Non-Legendrean Geometry [cf. 

S 59. P- 

§ 73. We have seen above that the geometry of a 
surface of constant curvature (positive or negative) does not 
represent, in general, the whole of the Non-Euclidean geo- 
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metry on the plane of Lobatschewky and oFRiemann. The 
question remains whether such a correspondence could not 
be effected with the help of some particular surface of this 
nature. 

The answer to this question is as follows: 
i) There does not exist any regular'^ analytic surface 
on 7a hick the geometry of LobatschcTu sky- Bolyai is altogether 
valid [Hilbert’s Theorem].^ 


* In other words, free from singularities. 

2 Ubn- Fldchev von konstanter Gaussccher Krummung. Trans. 
Amer. Math. Soc. Vol. IT, p. 86—99 (1901); Grundlagen der Geo- 
metric, 2. Aufl. p. 162 — 175. (Leipzig, Teubner, 1903). 

This question, which Hilbert’s Theorem answers, was first 
suggested to mathematicians by Bfxtrami’s interpretation of the 
LobatSchewky-Bolyai Geometry In 1870 Helmholtz— in his 
lecture, Uber Ursprung und Bedeiitung der ge(>nietrischen Axtomt\ 
(Vortiage und Reden, Bd. IT. Brunswick, 1844) — had denied the 
possibility of constructing a pseudosphencal surface, extending 
indefinitely in every direction. Also A. Gennocchi — in his Leitre 
a M. Quett'let suj divosrs (jiitdions mathhnatiques^ [Belgique Bull. (2). 
T. XXXVI, ]) 181 — 198 (1873)], more fully in his Memoir, 

Stir U)ie mrmone de D. Boticenex ft sur les geometries non-euclidiennes^ 
[Torino Memorie (3), T. XXIX, p. 365 — 404 (1877)], showed the 
insufficiency of some intuitive demonstrations, intended to prove 
the concrete existence of a surface suitable for the representation 
of the entire Non - Euclidean })lane. Also he insisted upon the 
probable existence of singular points — (as for example, those on 
the line of regression of Fig. 54) — in every concrete model of a 
surface of constant negative curvature. 

So far as regards Hilbert's Theorem, we add that the 
analytic character of the surface, assumed by the author, has been 
shown to be unnecessary. Cf. the dissertation of G. Lui EEMEYER : 
Cber den analytischen Charakte^ der Integtale von partiellen Dijferni- 
ttalgleichungeny (^Gottingen, 1902). Also the Note by E. Holmgren: 
Stir les surfaces a caurbure constante ne^ativef [Comptes Rendus, 1 Sem., 
p. 840—843 (1902)]. 

[In a recent paper Stir les surfaces a caurkure constante negatne^ 
(Bull. Soc. Math, de France, t. XXXVH p. 51 — 58, 1909) Itl. Golksat 
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2) A surface on which the geometry of the plane of 
Riemann would be altogether valid must be a closed surface. 

The only regular analytic closed surface of constant posi- 
tive curvature is the sphere [Liebmann’s Theorem].* 

But on the sphere, in normal regions of which Riemann ’ s 
geometry is valid, two lines always meet in two (opposite) 
points. 

We therefore conclude that: 

Ifi ordinary space there are 710 surfaces ivhich satisfy in 
their complete extent all the properties of the Non-Ruclidean 
planes. 

§ 74. At this place it is right to observe that the sphere, 
among all the surfaces whose cur vature is constant and diiferent 
from zero, has a characteristic that brings it nearer to the 
plane than all the others. Indeed the sphere can be moved 
upon itself just as the plane, so that the properties of con- 
gruence are valid not only for normal regions, but, as in the 
plane, for the surface of the sphere taken as a whole. 

This fact suggests to us a method of enunciating the 
postulates of geometry, which does not exclude, a priori, the 
possible existence of a plane with all the characteristics of 
the sphere, including that of opposite points. We would 

has discussed a problem slightly less general than that enunciated 
by Humbert, and has succeeded in proving — in a fairly simple 
manner — the impossibility of constructing an analytical surface of 
constant curvature, which has no singular points at a finite distance.] 

1 Eine neue Eigenschajt der Kugel^ Gott. Nachr. p. 44 — 54 
(1899). This property is also proved by Hjlbert on p. 172— 175 
of his Grundlagen der Geometric. We notice thai the surfaces of 
constant positive curvature are necessarily analytic. Cf. Lutke- 
meyer’s Dissertation referred to above (p. 163), and the memoir 
by Holmgren: Uber eme Klasse von partiellen Differ entialgleichungen 
der zweiten Ordnung^ Math. Ann. Bd. LVII, p. 407 — 420 (1903). 
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need to assume that the following relations were true for 
the plane. 

1) The postulates (d), (r) [cf. g 70] in every normal 
region. 

2) The pustulates of congruence in the whole of the 
plane. 

Thus we would have the geometrical systems of Euclid, 
of Lobatschewsky-Bolyai, and of Riemann elliptic type), 
which we have met above, where two straight lines have 
only one common point: and a second Riemann's system 
it/ie !ipherical type), where two straight lines have always two 
common points. 

§ 75. We cannot be quite certain what idea Riemann 
had formed of his complete plane, whether he had thought 
of it as the elliptic plane, or the spherical plane, or had 
recognized the possibility of both. This uncertainty is due 
to the fact that in his memoir he deals with Differential 
Geometry and devotes only a few words to the complete 
forms. Further, those who continued his labours in this direc- 
tion, among them Beltrami, always considered Riemann’s 
geometry in connection with the sphere. They were thus led 
to hold that on the complete Riemann’s plane, as on the 
sphere (owing to the existence of the opposite ends of a 
diameter), the postulate that a straight line is determined by 
two points had exceptions,* and that the only form of the 
plane compatible with the Hypothesis of the Obtuse Angle 
would be the spherical plane. 


* Cf. for example, the bhort reference to the geometry of 
space of constant positive curvature with which Beltrami concludes 
his memoir. Teona jondamentaU degU spazii di airvatura costante^ 
Ann. di Mat. (2). T. II, p. 354 — 355 (1868); or the French trans- 
lation of this memoir by J. Houel, Ann. Sc. d. I’^lcole Norm. Sup. 
T. VI. p. 347 — 377 - 
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The fundamental characteristics of the elliptic plane 
were given by A. Cayley [1821 — 1895] the 

connection between these properties and Non-Euclidean 
geometry was first pointed out by Klein in 1871. To Klein 
is also due the clear distinction between the two geometries 
of Riemann, and the representation of the elliptic geometry 
by the geometry of the sheaf [cf. S 7i]- 

To make the difference between the spherical and 
elliptic geometries clearer, let us fix our attention on two 
classes of surfaces presented to us in ordinary space: the 
surface with two faces (two-sided) and the surface with one 
face (one-sided). 

Examples of two-sided surfaces are afforded by the 
ordinary plane, the surfacej of the second order (conicoidal, 
cylindrical, and spherical), and in general all the surfaces 
enclosing solids. On these it is possible to distinguish two 
faces. 

An example of a one-sided surface is given by the 
Leaf of Mobius [MoBiussche Blatt], which can be easily 
constructed as follows: Cut a rectangular strip ABCD. In- 
stead of joining the opposite sides AB and CD and thus 
obtaining a cylindrical surface, let these sides be joined 
after one of them, e. g., CD, has been rotated through two 
right angles about its middle point. Then what was the 
upper face of the rectangle, in the neighbourhood of CD, 
is now succeeded by the lower face of the original rectangle. 

Thus on Mobius' Leaf the disti?iction between the two 
faces becomes impossible. 

If we wish to distinguish the one-sided surface from the 
wo-sided by a characteristic, depending only on the intrinsic 
properties of the surface, we may proceed thus: — We fix a 
point on the surface, and a direction of rotation about it. 
Then we let the point describe a closed path upon the sur- 
face, which does not leave the surface; for a two-sided sur- 
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face the point returns to its initial position and the final 
direction of rotation coincides with the initial one; for a one- 
sided surface, [as can be easily verified on the Leaf of Mobius, 
when the path coincides with the diametral line] there exist 
closed paths for which the final direction of rotation is oppos- 
ite to the initial direction. 

Coming back to the two Riemann’s 
planes, we can now easily state in what 
their essential dilference consists: the spher- 
ical plane has the character of the two-sided 
surf ace j a^id the elliptic plane that of the one- 
sided surface. 

7 'he property of the elliptic plane here Mobius. 

enunciated, as well as all its other proper!- 
ies, finds a concrete interpretation in the sheaf of lines. In 
fact, if one of the lines of the sheaf is turned about the vertex 
through half a revolution, the two rotations which have this 
line for axis are interchanged. 

Another property of the elliptic plane, allied to the 
preceding, is this: The elliptic plane., unlike the Euclidean 
plane and the other Non-Euclidean planes, is not divided by 
Its lines into tivo parts. We can state this property other- 
wise : If two points A and A' are given upon the plane, and 
an arbitrary straight line, we can pass from A to A by a 
path which does not leave the plane and does not cut the 
line.* This fact is ‘translated’ by an obvious property of the 
sheaf, which it would be superfluous to mention. 

§ 76. The interpretation of the spherical plane by the 
sheaf of rays (straight lines starting from the vertex) is ana- 
logous to that given above for the elliptic plane. The trans- 

1 A surface which completely possesses the properties of the 
elliptic plane was constructed by W. Bov. [Gott. Berichte, p. 20 
— 23 (1900); Math. Ann. Bd. LVII, p. 151 — 184 (1903)]. 
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lation of the properties of this plane into the properties of 
the sheaf of rays is effected by the use of a . ‘dictionary’ 
similar to that of § 7 1 , in which the word point is found 
opposite the word ray. 

The comparison of the sheaf of rays with the sheaf of 
lines affords a useful means of making clear the connections, 
and revealing the differences, which are to be found in the 
two geometries of Riemann. 

We can consider two sheaves, with the same vertex, the 
one of lines, the other of rays. It is clear that to every line 
of the first correspond two rays of the second; that every 
figure of the first is formed by two symmetrical figures of the 
second; and that, with certain restrictions, the metrical pro- 
perties of the two forms are the same. Thus if we agree to 
regard the two opposite rays of the sheaf of rays as forming 
one element only, the sheaf of lays and the sheaf of lines 
are identical. 

The same considerations apply to the two Riemann’s 
planes. To every point of the elliptic plane correspond 
two distinct and opposite points of the spherical plane; to 
two lines of the first, which pass througli that point, corres- 
pond two lines of the second, which have two points in 
common; etc. 

The elliptic plane, when compared with the spherical 
plane, ought to be regarded as a double plane. 

With regard to the elliptic plane and the spherical 
plane, it is right to remark that the formulae of absolute tri- 
gonometry, given in § 56, can be applied to tliem in every 
suitably bounded region. This follows from the fact, al- 
ready noted in S 58, that the formulae of absolute trigonom- 
etry hold on the sphere, and the geometry of the sphere, so 
far as regards normal regions, coincides with that of these 
two planes. 



Riemann’s Solid Geometry. Ijl 

Principles of Riemann’s Solid Geometry. 

§ 77. Returning now to solid geometry, we start from 
the philosophical foundation that the postulates, although 
we grant them, by hypothesis, an actual meaning, express 
truths of experience, which can be verified only in a bounded 
region. We also assume, that on the foundation of these postul- 
ates points in space are represented by three coordinates. 

On such an (analytical) representation, every line is 
given by three equations in a single variable: 

•*‘1 “./i (^)> ^2 ”^2 (^)) ^3 ~ (^)» 

and we must now proceed to determine a function s, of 
the parameter which shall express the length of an arc of 
the curve. 

On the strength of the distributive property^ by which 
the length of an arc is equal to the sum of the lengths of 
the parts into which we imagine it to be divided, .such a 
function will be fully determined when we know the element 
of distance {ds) between two infinitely near points, whose 
coordinates are 

^2, -^ 3 ’ 

-f dx^ , X2 + dxj^ , -f dxy 

Riemann starts with very general hypotheses, which 
are satisfied most simply by assuming that ds^, the square 
of the element of distance, is a quadratic expression in- 
volving the differentials of the variables, which always re- 
mains positive: 

ds- - 'La.f d\\ dxj , 

where the coefficients a,j are functions of a'i, Xy 

Then, admitting the principle of superposition of figures, 
it can be shown that the function a,j must be such that, with 
the choice of a suitable system of coordinates, 

, , dx\- - 1 - tixy 
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J ^2 

In this formula the constant K is what Riemann, by an ex- 
tension of Gauss’s conception, calls the CurT'aturc of Space. 

According as K is greater than, equal to, or less than 
zero, we have space of constant positive curvature, sjjace 
of zero curvature, or sj'ace of constant negative curvature. 

We make another forward step when we assume that the 
principle of superposition [the principle of rnovementj can be 
extended lo the whole of space, as also the postulate that a 
straight line is ahvays determined by two points. In this w^ay 
w^e obtain three forms of space; that is, three geometries 
wdiich are logically possible, consistent w’ith the data from 
which we set out. 

The first of these geometries, corresponding to positive 
curvature, is characterised by the fact that Riemann’s system 
is valid in every plane. For this reason space of positive 
curvature will be unbounded and finite in ail directions. 
The second, corresponding to zero curvature, is the ordinary 
Euclidean geometiy. And the third, wdiich corresponds to 
negative curvature, gives rise in every plane to the geometry 
of Loba'ischlw skv-Bulvai. 

The Work of Helmholtz and the Investigations 
of Lie. 

§ 78. In some of his philosophical and math email cal 
wTitmgs, ^ Helmhoi/iz [1S21 — 1894] has also dealt with the 


I / hc} du lhat fihi /loi Crujidiii •/: d^ / 1 1 eiclelbci 

Verb, d naturw 'ined. Vercins, Ild. 1 \', j). 202 (186S ; Ed. V, 

p. 31— 32 1^1869^. \\ iss. Abhandlungcii von IJ liilMiloiiZ, Bd. II, 

610 — 617 fl eipz.g. 1883; brench translation by J. PloiUL *i' 
Mem de la Soc. des Sc Pins ct Nat de Bordeaux, db V, 
and also, ^n book form, alon^^ wntb the i^fudt s (ironist? iqucs of 
LoBATSCHEW^SKV arid the Lnj } f^jK^yidanct dt Cans r/ de Sciunnaihe>^ 
T’ans, Hermann, 1895 ). 

I bey dit 'i hat^axJ.en, ei.e de, C ■•iirrie// ' um G> u }iae he eii ( ott 
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Helmholtz and Lie. 

question of the foundations of geometry. Instead of assum- 
ing a priori the form 

dxi dxj ^ 

as the expression for the element of distance, he showed 
that this expression, in the form given to it by Rilmann for 
space of constant curvature, is the only one possible, when, 
in addition to Riemann’s h)q)othe‘^es, we accept, from the 
beginning, that of the mobility of figures, as it would be given 
by the movement of Rigid Bodies. 

The problem of Riemann -Helmholtz was carefully 
examined by S. Lie [1842 — 1S99]. started from the 

fundamental idea, recognized by Klein in Helmholtz’s 
work, that the congruence of iivo fgurcs signifies that t?iey are 
able to be transformed the one into the other, by means of a 
certain point transformation in space: and that the properties, 
in virtue of ^idtich congruence takes the logical character of 
equality, depend upon the fact that displacements are given by 
a group of transformations.^ 

In this way the problem of Rh:mann-Helmholtz was 
reduced by Lie to the following form; 

Nachi. Ild. XV, {» 193--221 (186S1 Wiss Abhandl., Bel. II, p. 618 

- 

lilt Axityms of ij t\'rncf> \ The Academy, Vol. I, p. 123 — 181 
( 1870); Kevuc des cour.s scient , T VTI, ]i. 40S — 501 (1870). 

11k? it.r A.\u'?nt' Jt) Cf -^yyir./.c. ronulare wisseiischaftliche Vor- 
ir.igc. Heft 3, p 21 — 54 (r.nms\ivick, 1876;. I.ngli^h tran.skition ; 
Mind, Vol. I, p). 301 -321 French tran.^alioi' ; Kevue scientifique 
de la France et de Fl tranger (2j. T. XII, p. 1197—1207 (1S77) 
i hi? lit'?? I Sitin, npiu >.g Jc? hr?! 

rut.,!', Wiss. Abh Bd. II, p. 040 — 660. Lnglibh translation. Mind, 
Yol. II. p. 212 22^ (.1^7^). 

I Cf Klein: I t / j'i n f-ci.Kic a ti'n?tcf?? ?u'nt’? c lu'otnct? isi 

J\y7 schuf,{^c?i, (Krlangeii, 1872); repiriiited in Math. Ann. Bd. XLIII, 
o. 03 — 100 (iSoj). Italian translation by G. Fanu, Ann. di Mat. (2\ 
r. xvii, p. 301—343 (1890) 
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To determine all the continuous groups in space which, 
in a bounded region, have the property of displacements. 

When these properties, which depend upon the free 
mobility of line and surface elements through a point, are 
put in a suitable form, there arise three types of groups, 
which characterise the three geometries of Euclid, of 
Lobatschewsky-Bolyai and of Riemann. * 

Projective Geometry and Non-Euclidean Geometry. 
Subordination of Metrical Geometry to Projective 
Geometry. 

§ 7g. In conclusion, there is an interesting connection 
between Projective Geometry and the three geometrical 
systems of Euclid, Lobatschewsky-Bolyai and Riemann. 

To give an idea of this last method of treating the 
question, we must remember that Projective Geometry, in 
the system of G. C. Staudt [1798 — 1867], rests simply upon 
graphical notions on the relations between points, lines 
and planes. Every conception of congruence and movement 
[and thus of measurement etc.,] is systematically banished. 
For this reason Projective Geometry, excluding a certain 
group of postulates, will contain a more restricted number of 
general properties, which for plane figures are the [projective^ 
properties, remaining invariant by projection and section. 

However, when we have laid the foundations of Pro- 
jective Geometry in space, 7 ve can introduce into this system 


I Cf. Lie. 7'heo7ie der TransJ'orniatiojiKgr Bd. Ill, p. 437 
— 543 (I-eipzig, 1893). 1 ^ connection with the same subject, H. 

Poincare, in his memoir: Sur les hypathe\es Joudafnrntaux de la 
ghmitrie [Bull, de La Soc. Math, de France. T. XV, p. 203 — 216 
(^^77)1* solved the problem of finding all the hypotheses, which 
distinguish the fundamental group of plane Euclidean Geometry 
from the other transformation groups. 
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the metrical conceptions^ as relations between its figures and 
certain dfinite (metrical) entities. 

Keeping to the case of the Euclidean plane, let us see 
'whzX graphical interpretation can be given to the fundamental 
metrical conceptions of parallelism and of perpendicularity. 

To this end we must specially consider the line at infin- 
ity of the plane, and the absolute involution which the set of 
orthogonal lines of a pencil determine upon it. The double 
points of such an involution, conjugate imaginaries, are 
called the circular poi?its (at infinity), since they are common 
to all circles in the plane [Poncelet, 1822*]. 

On this understanding, the parallelism of two lines is 
expressed graphically by the property which they possess of 
meetwg in a point on the line at infinity : the perpendicularity 
of two lines is expressed graphically by the property that 
their points at infinity are conjugate in the absolute involution^ 
that IS, form a harmonic range with the circular points. 
[Chasles, 1850.*] 

Other metrical properties, which can be expressed 
graphically, are those relative to the size of angles, since 
every equation 

F(A, B, C. . ^ O, 

between the angles A, , can be replaced by 

j? ^ ^ lo*g ^ 

y 2 / ' 2 / ’ 2 ! 

in which a, b, c .. . are the anharmonic ratios of the pencils 
formed b\ the lines bounding the angles and the (imaginary) 
ines joining the angular points to the circular points. [La- 
GUERRE, 1853.^] 

1 I'raiit 1 'ft' s pf\. eciivcs des fi^ufes. 2. Ed., T. I. Nr. 94, 

p 48 (Paris, G. Villars, 1S65'). 

2 Fra: ft dr Ueojurhir 'iuphteuu'. 2. Ed., Nr. 660, p. 425 (Paris, 
(r. Villars, 1880). 

3 Sin la throne de. lovers. Nmiv. Ann. T. XII, p. 57 Oeuvres 
de T aguerre T. II, p. 12 — 13 (Par s. G. Villars, 1902'. 
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More generally it can be shown that the congruence 
of any two plane figures can be expressed by a graphical 
relation between them, the line at infinity, and the absolute 
involution.* Also, since congruence is the foundation of all 
metrical properties, it follows that the line at infinity and the 
absolute involution allow all the properties of Euclidean 
metrical geometry to be subordinated to Projective Geo- 
metry. Thus the metrical properties appear in projective geometry y 
not as graphical properties of the figures considered />/ them- 
selves, but as graphical properties with regard to the funda- 
mental metrical entities, made up of the li?ie at infinity and the 
absolute involution. 

The complete set of fundamental metrical entities is 
called the absolute of the plane (Cayley). 

All that has been said with regard to the plane can 
naturally be extended to space. The fundamental metrical 
entities in space, which allow the metrical properties to be 
subordinated to the graphical, are the plane at infinity and a 
certain polarity (absolute polarity) on this plane. This polar- 
ity is given by the polarity of the sheaf, in which every line 
corresponds to a plane to which it is perpendicular [cf. §71]. 
The fundamental conic of this polarity is imaginary, since 
there are no real lines in the sheaf, which lie on the corre- 
sponding perpendicular plane. It can easily be shown that 
it contains all the pairs of circular points, which belong to 
the different planes in space, and that it appears as the com- 
mon section of all spheres. From this property the name 
of circle at infinity is given to this fundamental metrical 
entity in space. 


* Cf., c. g. F. Enriques, Leziom di Geometria proiettiva^ 2a Ed. 
p. 177 — 188 (Bologna, Zanichelh, 1904). There is a German 
translation of the first edition of this work by II. Fleischer 
(Leipzig, 1903). 
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§ 80. The two following questions naturally arise at 

this stage; 

(i) Can projective geometry be founded upon the Non- 
Euciidea^i hypothesis t 

(ii) If such a foundation is possible^ can the metrical 
properties, as in the Euclidean case, be subordinated to the 
projective't 

To both these questions the reply is in the affirmative. 
If Riemann’s system is valid in space, the foundation of 
projective geometry does not offer any difficulty, since those 
graphical properties are immediately verified, which give rise 
to the ordinary projective geometry, after the unproper entities 
are introduced. If the system of Lobatschewskv-Bolyai is 
valid in space, we can also again lay the foundation of the 
projective geometry, by introducing, with suitable conventions, 
unproper or ideal points^ lines and planes. This extension will 
follow the same lines as were taken in the Euclidean case, in 
completing space with the elements at infinity. It would be 
sufficient, for this, to consider along with the proper sheaf 
(the set of lines passing through a point;, two improper 
sheaves, one formed by all the lines which are parallel to a 
given line in one direction, the other by all the lines perpen- 
dicular to a given plane ; also to introduce improper points, 
to be regarded as the vertices of these sheaves. 

Even if the improper points of a plane cannot in this 
case, as in the Euclidean, be assigned to a straight line ^Jhe 
line at infinity], yet they form a complete region, separated 
from the region of ordinary points {ptoper points) by a conic 
\liniiting conic, or conic at infinity]. This conic is the locus 
of the improper points determined by the pencils of parallel 
lines. 

In space the improper points are separated from the 
proper points by a non-ruled quadric [limiting quadric or 
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quadric at infinity^ vjVv\c\v tV.e o( 

determined by sets of parallel lines. 

The validity of projective geometry having been estab- 
lished on the Non-Euclidean hypotheses [Klein *], to obtain 
the subordination of the metrical geometry to the projective 
it is sufficient to consider, as in the Euclidean case, the 
fundamental metrical entities (the absolute)^ and to interpret the 
metrical properties of figures as graphical relations between 
them and these entities. On the plane of Lobatschewsky- 
Bolyai the fundamental metrical entity is the limiting conic, 
which separates the region of proper points from that of 
improper points, on the plane of Riemann it is an imaginary 
conic ^ defined by the absolute polarity of the plane [cf. p. 144I. 

In the one case as well as in the other, the metrical 
properties of figures are all the graphical properties which 
remain unaltered in the projective transformations'^ leaving the 
absolute fixed. 

These projective transformations constitute the 00 ^ dis- 
placements of the Non-Euclidean plane. 

In the Euclidean case the said transformations, (which 
leave the absolute unaltered), are the 00^ transformations of 
similarity, among which, as a special case, are to be found 
the 00 3 displacements. 

In space the subordination of the metrical to the pro- 


I The question of the independence of Projective Geometry 
from the theory of parallels is touched upon lightly by Klein in 
his first memoir: Uber die sogcnatinie Nicht-Euklidische Geometries 
Math. Ann. Bd. IV, p. 573 — 625 (1871). He gives a fuller treatment 
of the question in Math. Ann. Bd. VI, p. 112 — 145 (1873J. This 
question is discussed at length in our Appendix IV p. 227. 

- By the term projective transformation is understood such a 
transformation as causes a point to correspond to a point, a line to 
a line, and a point and a line through it, to a point and a line 
through it. 
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iective geometry is carried out by means of the limiting 
quadric (//te absolute of space). If this is real, we obtain the 
geometry of Lobatschewsky-Bolyai; if it is imaginary, we 
obtain Riemann s elliptic type. 

TAe metrical properties of figures are therefore the graph- 
ical properties of space in relation to its absolute', that is, the 
graphical properties which remain unaltered in all the project- 
ive tra 7 is formations which leave the absolute of space fixed. 


§ 81. How will the ideas of distance and of angle be 
expressed with reference to the absolute? 

Take a system of homogeneous coordinates (x^, x^, xj) 
on the projective plane. By their means the straight line is 
represented by a linear equation, and the equation of the 
absolute takes the form : 


Qxx = !«<>• xi Xj =■ o. 

Then the distance between two points X (x^, X2, ^^3), 
y (y, , , yj) is expressed, omitting a constant factor, by the 

logarithm of the anharmonic ratio of the range consisting of 
X,' V, and the points M, N, in which the line X Y meets the 
absolute. 

If we then put 

Q.xy = 'La,jX,yj, 

and remember, from analytical geometry, that the anharm- 
onic ratio of the four points X, Y, M, N is given by 

Qx^—^Qljr — QxxQ^/ 


the expression for the distance Dxy will be ; — 


(I) 


£>x 


log 


XX 

Vq^ Q Q 

iCjy, it XX 


Introducing the inverse circular and hyperbolic functions, 
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( 2 ) 


(3) 




COS ‘ 


1 Q 

I 7J^, ^ k cosh“' j’ _ 


|Z?, =- ik sin 


.. . 

1 Q,,v 


Z^, 1 *= y^sinh 




I 

The constant X', which appears in these formcUe, is 
connected with Rikmann’s Curvature A' by tlie equation 


Similar considerations lead to the projective interpret- 
ation of the conception of angle. T/.c angle behveen tiao 
lines is proportional to the logarithm of the anharmonic ratio 
of the pencil which they form with the tangents from their 
point of intersection to the absolute. 

If we wish the measure of the complete pencil to be 
2 TT, as in the ordinary measurement, we must take the 
fraction 1:22 as the constant multiplier. Then to express 
analytically the angle between two lines u {uj, z/z, u^), 
(?'i, 72 , 73), we put 

= z u, u, . 


If b,j is the CO factor of the element a,j in the dis- 
criminant of the tangential equation of the absolute is- 
given by 

W ^ O 

• UU 

and the angle between the two lines by the following 
formula;: — 


(0 


'K.z. 

•>' ^ = i7 VZ 


+ f yyj ^ \u w 

• Ji?/ * UU T 7-’- 

— Vw ^ u/ 11/ 

• «:/ ' UU ' v:’ 
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f2') 


' 3 'J 


U , V cos 




1 u/ m 

» ■ un • v :> 

cosh 


' 4 ' w, T = sin 


ym w » 

I V u/ _ u/" 

1 ' UIl • 7 '"' • ;/ 7 ' 

I u/ vp 

' • 7<W • 7'7' 


• 1 _ • ' W7' I IIU • 7'7' 

u. V = sinh * - — T _ _ 

* UU • 7'7' 


Similar expressions hold for the distance between two 
points and the angle between two planes, in the geometry 
of space. We need only suppose that 

Q 1 1 = o, Y UU O) 

represent the equations (in point and tangential coordinates; 
of the absolute of space, instead of the absolute of the plane. 

According as Qt,t = ^ is the equation of a real quadric, 
without generating lines, or of an imaginary quadric, the 
formulae wall refer to the geometry of Lobatschewky -Bolyai, 
or that of Riemann,* 


§ 82. The preceding formulae, concerning the angles 
between two lines or planes, contain those of ordinary 
geometry as a special case. Indeed if, for simplicity, we take 
the case of the plane, and the system of orthogonal axes, 
the tangential equation of the Euclidean absolute {/Ae circular 
points, S 79MS 

+ Up = O. 

The formula (2 ), when we insert 
^uu =- up -f up, V,,-, = 7>p + vP, = U^Vt 4- 
becomes 

I For a full discussion of the subject of this and the pre- 
ceding sections, see Clebsch-Lindemann, Vorlestingen uber Geometric^ 
Fd. 11 Th. 1 , p. 461 — et seq (Leipzig, 1891). 
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^ Uj V = cos 
from which we have 




cos {Uy v) 


+ U^V:, 

V 2/i* + 2:/2* • + 


But the direction cosines of the line u (Wi, Uj_y are 


cos (Uy x) = — - cos iuy) = , 

V \ uy-\-uy 

so that this equation can be written 

cos (UyV) => It ii nit m2 


the ordinary expression for the angle between the two lines 
{It nit) and (4 ^h)- 

For the distance between two points the argument does 
not proceed so simply, when the absolute degenerates into 
the circular points. Indeed the points My Ny where the line 
XY intersects the absolute, coincide in the point at infinity on 
this line, and the formula (i) gives in every case: 

D., = \ log {M^N^XY) = I log I = O. 


However, by a simple artifice we can obtain the 
ordinary formula for the distance as the limiting case of 
formula (3). 

To do this more easily, let us suppose the equations 
of the absolute (not degenerate), in point and line coor- 
dinates, reduced to the form: 

Qtj = -h €^^2^ - 4 - xy = O, 

Uy^ -H U2^ ■+ ^ O. 


Then, putting 

V exY + f-X2^ + x^^ ■ ^^tyY + f.yY+y,i‘ 
equation (3) of the preceding section gives 
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Diy = ik sin VeA. 

Let e be infinitesimal. Omitting terms of a higher 
order, we can substitute VeA for sin~* A in this formula 
If we now choose infinitely large, so that the product 
ik Ve remains finite and equal to unity for every value of e, 
the said formula becomes 


V^e + e + £.>'2" + >’/ 

Let € now tend to the limit zero. The tangential 
equation of the absolute becomes 

+ 2// = O; 

and the conic degenerates into two imaginary conjugate 
points on the line Uj = o. The formula for the distance, 
on putting 

-tr 

1/ » 

■^3 ^3 

takes the form 


D.y = Vix, — 'vy+ {X, - v,y, 

which is the ordinary Euclidean formula. We have thus ob- 
tained the required result. 

We note that to obtain the special Euclidean case from 
the general formula for the distance, we must let tend to 
infinity. Since Riemann’s curvature is given by — ^ , this 
affords a confirmation of the fact that Riemann’s curvature 
is zero in Euclidean space. 


§83. I'he properties of plane figures with respect to a 
conic, and those of space with respect to a quadric, together 
constitute projective metrical geometry. This was first studied 
by Cayley,^ apart from its connection with the Non-Euchd- 


I Sixth Memoir upon Quantics. Phil. I'rans. Vol. CXLIX, p. 6l 
— 90 (1859) Also Collecit\i IfWhs, Vol. II, p. 561 — 592 
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ean geometries. These last relations were discovered and 
explained some years later by F. Klein. ^ 

To Klein is also due a widely used nomenclature for 
the projective metrical geometries. He gives the name hyper- 
bolic giometry to Cayley’s geometry, when the absolute is 
real and not degenerate: eUipitc geometry^ to that in which 
the absolute is imaginary and not degenerate: parabolic 
gLomclry, to the limiting case of these two. Thus, in the 
remaining articles, we can use this nomenclature to describe 
the three geometrical systems of Lobatschewsky-Bolyai, of 
Riemann (elliptic type), and of Euclid. 

Representation of the Geometry of Lobatschewsky- 
Bolyai on the Euclidean Plane. 

§ 84. To the projective interpretation of the Non- 
Euchdean measurements, of which we have just spoken, may 
be added an interesting representation which can be given 
of the Hyperbolic Geometry on the Euclidean plane. To ob- 
tain it^ we take on the plane a real^ not degenerate, conic : 
e. g. a circle. Then we make the following definitions, relative 
to this circle : 

Fla?ie = region of points within the circle. 

Point = point inside the circle. 

Straight line — chord of the circle. 

We can now easily verify that the j)Ostulate that a 
straight line is determined by two points, and the postulates 
regarding the properties of straight lines and angles, can be 
expressed as relations, which are always valid, when the above 
interpretations are given to these terms. 

But in the further development of this geometry we add 


I Cf. Uber die sogeitannte NicfU-Eukhdiscke Geomeirie. Matli. 
Ann. Bd. IV, p, 57J — 625 (1871; 
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to these the postulates of congruence, contained in the 
following principle of displacement. 

If we are given two points A' on the plane, and the 
straight lines a, d , respectively passing through them.^ there 
are four methods of superposing the plane on itself so that 
A and a coincide respectively with A’ and a\ More precisely: 
07 ie method of superposition is defined by taking as corre- 
sponding to each other, one ray of a and one ray of a\ one 
section of the plane bounded by a and one section bounded 
by a . Two of these displacements are direct congruences 
and two converse congruences. 

With the preceding interpretations of the entities, point, 
line and plane, the principle here expressed is translated 
into the following proposition: 

If a conic {c. g., a circle) is given in a plaiic, and two 
internal points A, A' are tahn, as also tivo chords a, a\ re- 
spectively passing through them, there are four projtctivc trans- 
formations of ill ' plane, 7 vhich change into itself the space 
iinthin the conic, and which make A and a correspond respcct- 
iih ly to A' and d . 

To fix one of them, it is sufficient to make sure that a 
given extremity of a corresponds to a given extremity of d , 
and that to one section of the plane bounded by a, cor- 
responds a definite section of the plane bounded by d . Of 
these four transformations, two determine on the conic a 
projectiVi correspond 'nc. in the saw sense, and two a pro- 
it dive correspondence in i/r opposite s:ns.. 

§ 85. We shall prove this proposition, taking for sim- 
plicity two distmet conics T, 1, in the same plane or other- 
wise. 

I.et M, N be the extremities of the chord a [cf. Fig. 58]. 

Also M', IV' those of d [cf. Fig. 59]. 
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Let P' be the poles of a with respect to the two 
conics. 

On this understanding, the line PA intersects the 
conic T in two real and distinct points S\ also the line 
P A intersects the conic t' in two real and distinct points 
R\ S'. 

A projective transformation w'hich changes x into t\ the 
line a into a\ and the point A into A\ will make the point P 
correspond to P\ and the line PA to the line P' A. 

P P' 




Thus this transformation determines a projective cor- 
respondence between the points of the two conics, in which 
the pair of points M\ N' corresponds to the pair of points 
M, N\ and the pair of points R', S' to R. S. 

Vice versa, a projective transformation between the two 
conics, w^hich enjoys this properly, is associated wuth a pro- 
jective transformation of the tw'o planes, such as is here de- 
scribed.^ 

But if we consider the two conics x, x', we see that to 

* l or this proof, and the theorems of Projective (jcometry 
upon which it is founded, see Chapter X, p. 251 — 253 of the work 
of Enriques referred to on p. 156. 
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the points of the range on t may be made to cor- 

respond the points of any one of the following ranges on t': 

N'M'S'R 

M’N’S'R 

n'm'b:s\ 

In this way we prove the existence of the four project- 
ive transformations of which we have spoken in the propos- 
ition juot enunciated. 

If we suppose that the two conics coincide, we do not 
need to change the 
preceding argument in 
any way. We add, how- p 
ever, that of the four 
transformations only 
one makes the segment 
AM correspond to the 
segment A'M\ if at the 
same time the shaded 
parts of the figure cor- 
respond to each other. 

Further the two transformations defined by the ranges 
/ MJVMS \ / MNRS \ 

\ M IVK S' /, \ N'M'S'R' ) 

determine projections in the same sensc^ while the other two, 
defined by the ranges ; 


f MNRS 

/ MNRS \ 

\ M'N'S'K ) 

\ N'M'R'S’ ) 


determine projections in the opposite sense. 

§ 86. With these remarks, we now return to complete 
the definitions of S §4, relative to a circle given on the 
plane. 

Plane - = region of points within the circle 


N M 
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Point == point within the circle. 

Straight Line = chord of the circle. 

Displacements = projective transformations of the plane 
which change the space within the circle into itself. 

Semi- Revolutions — homographic transformations of the 
circle. 

Congruent Figures = figures which can be transformed 
the one into the other by means of the projective trans 
formations named above. 

The preceding arguments permit us to affirm at once 
that all the propositions of elementary plane geometry, asso- 
ciated with the concepts straight line, angle and congruence, 
can be readily translated into properties relative to the 
system of points inside the circle, which we denote by (o) 
In particular let us see what corresponds m (.S') to two per- 
pendicular lines in the ordinary plane. 

To this end we note that if r, s are two perpendicular 
lines, a semi-revolution of the plane about s will superpose 
r upon itself, exchanging, however, the two rays in which it 
is divided by s. 

According to the above definitions, a semi-revolution in 
(iS*) is a homographic transformation, which has for axis a 
chord s of the circle and for centre the pole of the chord. 
The lines which are unchanged in this transformation, in ad- 
dition to j, are the lines passing through its centre Thus 
in the system (^S) lUe must call titw Imes perpendicular, ivhen 
they are C 07 ijugate with respect to the fundamental circle. 

We could easily verify in {S) all the propositions on 
perpendicular lines. In particular, that if we draw the (imag- 
inary) tangents to the fundamental circle from the common 
point of two conjugate chords in (S), these tangents form 
a harmonic pencil with the perpendicular lines [cf. p. 155].* 

^ This representation of the Non Euclidean plane has been 
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§87. Let us now see how the distance between two 
points can be expressed in this conventional measurement, 
which is being taken for the interior of the circle. 

To this end we introduce a system of orthogonal coord- 
inates {Xy y)j with origin at the centre of the circle. 

The distance between two points A (x, y), B {x\ y) 
in the plane with which we are dealing cannot be represen- 
ted by the usual formula 

V{x—xy-\-{y—y)\ 

since it is 7 iot bn^ariant for the projective transformations 
which we have called displacements. The distance must be a 
function of the coordinates, invariant for the said transforma- 
tions, which for points on the straight line possesses the dis- 
tributive property given by the formula 

dist. {AB) = dist. {AC) -h dist. {CB). 


Now the anharmonic ratio of the four points A^ B, Af, 
JV, where M, JV are the extremities of the chord AB, is a 
relation between the coordinates (Xj y), {x\ y') of AB, 
remaining invariant for all projective transformations which 
leave the fundamental circle fixed. The most general ex- 
pression, possessing this invariant property, will be an arbi- 
trary function of this anharmonic ratio. 

If we remember that the said function must be distrib- 
utive in the sense above indicated, we must assume that, 
except for a multiplier, it is equal to the logarithm of the 
anharmonic ratio, 


{ABMN) 


AM AiX 

bm' B\' 


We shall thus have 

distance (AB) = log (ABMN), 


employed by Grossmann in carrying out a number of the con- 
structions of Non-huchdean Geometry. Cf. Appendix, III, p. 225. 
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In a similar way we proceed to find the proper ex- 
pression for the angle between two straight lines. In this case 
we must notice that if we wish the right angle to be ex- 
pressed by we must take as constant multiplier of the 
logarithm the factor i : 2/. 

Then we shall have for the angle between a and 
Y a, b = Y log (abmn), 

where w, n are the conjugate imaginary tangents from the 
vertex of the angle to the circle, and (a b m n) is the an- 
harmonic ratio of the four lines a, b, jh and expressed 
analytically by 

sin sin /i) 

sm [ft ///) ’ sill {fi n) 

§ 88. A glance at what was said above on the sub- 
ordination of the metrical to the projective geometry (8 81) 
will show clearly that the preceding formulae, regarding the 
distance and angle^ agree with those which we would have in 
the Non-Euclidean plane, if the absolute were a circle. This 
would be sufficient to suggest that the geometry of the system 
(iS) gives a concrete representation of the geometry of 
Lobatschewsky-Bolyai. However, as we wish to discuss 
this point more fully, let us see how the definition and pro- 
perty of parallels are translated in {S). 

Let r {uj^jU2,uJ and r (r , , , 2^3) be two different 

chords of the fundamental circle. 

Let the circle be referred to an orthogonal Cartesian 
set of axes, with the centre for origin, and let us take the 
radius as unit of length. 

Then we have 

— 1=0, 

— 1=0, 

for the point and line equation of the circle. 
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Making these equations homogeneous, we obtain 

+ — ^3* = o, 

+ = O. 

The angle r, r between the two straight lines r and 
r can be calculated by means of the formula (3') of § 81, 
if we put 

^uu + Z//, 

2/3% 

U^V^-\rU^V 2 — z/37^3. 

We thus obtain 

sin 4 r r = {u^v.—vft^y — (u^v, —7\uy^- 

\' {uy-\-uy — uy) (7'y + 7'/ — vy) 

But the lines r, r are given by 

X{U^ + x .u^ + x^u^^ -= O, 

+ x^v^ + ;v/'- o ; 

and they meet in the point, 

^1 = » 

■^2 = 

X^ — 24. 2 ^ ^*■^1' 

Thus the preceding expression for thi^ angle takes 
the form 

, . . , 1 (.r/ — OTi'' — x/) 

(4) sin ■ ? r, r = ~ _ 

1 { 2 \^- rv / — r'30 

From this it is evident that the necessary and sufficient 
condition that the angle be zero is that the numerator of 
this fraction should vanish. 

Now if this numerator is zero, the point (x^, x^, a j, m 
which the chords intersect, must lie on the circumference of 
the fundamental circle, and vice versa (Fig. 61). 

Thert'forc ui our interpretatiofi 0/ the geo?netrical pro- 
positions by mea2is 0/ the system (S), u^e niust call two chords 
parallel j when the] meet in a point on the cinumference of the 
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ftmdamental circle^ since the angle between those two chords 
is zero. 

Since there are two chords through any point within a 
circle which join this point to the ends of any given chord, 
the fundamental proposition of hyperbolic geometry will be 
verified for the system (^S*). 


§ 89. We proceed to find for the system (S) the 
formula regarding the angle of parallelism. To do this we 
first calculate the angle between the axis of^ and 

the line MJV, joining a point 3f on the axis of^ to the ex- 
tremity of the axis of x (Fig. 62). 



Fig. 61. 



Fig 62. 


Denoting by a the ordinary distance of the two points 
M and O, the homogeneous coordinates of the line and 
the line OAf are, respectively (a, i, — a), (i, o, o) and the 
coordinates of their common point are (o, a, i). 

Then from (4) of the preceding article, 
sin OATN = Y 1 —a'^ 

On the other hand, the distance, according to our con- 
vention, between the two points O and A1 is given by (2) of 
S 81 as 


OM = h rosli 


Thus 




, OM I 

cosh - = - r_: 

Y ^—a^ 
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Comparing these two results, we have 

, OM I 

cosh ^ OMA” 

a relation which agrees with that given by Taurinus, Lo- 
HATSCHEWSKY and Bolyai for the angle of parallelism [cf. 
p. 90]. 

§ 90. We proceed, finally, to see how the distance be- 
tween two neighbouring points {i/ie elc 7 nrnt of distance) is 
expressed in the system (*S), so that we may be able to 
compare this representation of the hyperbolic geometry with 
that given by Beltrami [cf. § 69]. 

Let (jc, y)^ (x 4- dx, y + dy) be two neighbouring points. 
Their distance ds is calculated by means of (2) of § 81 if we 
substitute : 

= x^+y — I, 

iijy = (x+i/xy + (_)>+ — I, 

Q.IJ, = X {x + dx)+y (y + dy) — I. 

Since the angle is small, we may substitute the sine for 
the angle, and we have 

J 2 ^ JL2 -f d}'*) (l — X - — y-) + {Xi/x 

^ +>/2 _ I) ((jr 4- i/x)2 4- (y + ity)2 — l) ) 

Thus, omitting terms higher than the second order, 
we have 

^ s 2 ^ 7,2 — y^) 

or 

(c) ds^ = (1 —y 2 ')dx 2 -f :Lxydxay^K\ —x^^)dyl ^ 

Now we recall that Beltrami, in 1868, interpreted the 
geometry of Lobatschewsky-Bolyai by that on the surfaces 
of constant negative curvature. The study of the geometry 
on such surfaces depends upon the use of a system of coord- 
inates on the surface, and the law according to w^hich the 
elemetit of distance (ds) is measured. The choice of a suitable 
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system (u, ?’) enabled Beltrami to put the square of in 
this form: 

-j- 2 /f 7 ' cf /t (/z- (I — /r) 

(1 — — v-^ )- 

where the constant is the reciprocal, with its sign changed, 
of the curvature of the surface.' 

In studying the properties of these surfaces and in mak- 
ing a comparison between them and the metiical results of 
the geometry of Lobatschewsky-Bolyai, Beltrami in his 
classical memoir, quoted on p. 13S, employed the following 
artifice: 

He represented the points of the surface on an aux- 
iliary plane, such that the point (//, ?') of the surface corre- 
sponded to the point on the plane whose Cartesian coord- 
inates (jT, y) were {u^ 7/). The points on the surface were 
then represented by points inside the circle 

— i = O ; 

the points at infinity on the surface by points on the cir- 
cumference of the circle: its geodesics by chords: parallel 
geodesics by chords meeting in a point on the circumference 
of the said circle. Then the expression for {dsy took the 
same form as that given in (5), which states the form to be 
used for the element of distance in the system ( 5 ). 

It follows that, by his representation of the surfaces of 
constant negative curvature on a plane, Beltrami was 
led to one of the projective metrical geometries of Cayley, 
and precisely to the metrical geometry relative to a funda- 
mental circle, given above in §§ 80, 81. 


’ Kisoluzioiie del fnoblema di ripoi’tarr t punti di tina super ficic 
srpra nn piano tn mode ehe le linee ^eodetiche ven^ano ? ap^>resenta(e 
da knee retie. Ann. di Mat. T. VII, p. 185 — 204 (1866). Also 
Opere Maiematiche. T I, p. 262 — 280 (Milan, 1902) 
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§ 91. The representation of plane hyperbolical geo- 
metry on the Euclidean plane is capable of being extended to 
the case of solid geometry. To represent the solid geometry 
of Lobatschewsky-Bolyai in ordinary space we need only 
adopt the following definitions for the latter: 

Space = Region of points inside a sphere. 

Point = Point inside the sphere. 

Straight Line = Chord of the sphere. 

Plane = Points of a plane of section which are inside 
the sphere. 

Displacements — Projective transformations of space, 
which change the region of the points inside the 
sphere into itself, etc. 

With this ‘Dictionary’ the propositions of hyperbolic 
solid geometry can be translated into corresponding proper- 
ties of the Euclidean space, relative to the system of points 
inside the sphere.* 

Representation of Riemann*s Elliptic Geometry in 
Euclidean Space. 

§ 92. So far as regards plane geometry, we have already 
remarked [pp. 142 — 3] that the geometry of the ordinary 
sheaf of lines gives a concrete interpretation of the elliptical 
system of Riemann. Therefore, if we cut the sheaf by an 
ordinary plane, completed by the line at infinity, we obtain 
a representation on the Euclidean plane of the said Rie- 
mann’s plane. 

1 Bel'i KAMI considers the interpretation of Non-Euclidean Solid 
Geometry, and, in general, of the geometries of manitolds of 
higher order in space of constant curvature, in his memoir: Teona 
fondanieiitale de^^h spazii dt cut^aiut a (ostante. Ann. di Mat. (2), 
T. II, p. 232 — 255 (1868). Opfie Mat. T. 1 , 406—429 (Milan, 

1902). 
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If we wish a representation of the elliptic space in the 
Euclidean space, we need only assume in this a single-valued 
polarity, which corresponds aji imaginary quadric^ not 
degenerate. We must then take, with respect to this quadric, 
a system of definitions analogous to those indicated above 
in the hyperbolic case. We do not pursue this point further, 
as it offers no fresh difficulty. 

However we remark that in this representation all the 
points of the Euclidean space^ including the points on the plane 
at infinity, would have a one-one correspondence ivith the points 
of Riemann s space. 

Foundation of Geometry upon Descriptive 
Properties. 

§ 93. The principles explained in the preceding sections 
lead to a new order of ideas in which the descriptive propert- 
ies appear as the first foundations of geometry, instead of 
congruence and displacement, of which Riemann and Helm- 
holtz availed themselves. We note that, if we do not wish 
to introduce at the beginning any hypothesis on the inter- 
section of CO planar straight lines, we must start from a 
suitable system of postulates, valid in a bounded region of 
space, and that we must complete the initial region later by 
means of improper points, lines and planes [cf. p. 157].^ 

When projective geometry has been developed, the 
metrical properties can be introduced into space, by adding 
to the initial postulates those referring to displacement or 


* For such developments, cf. Klein, loc. cit. p. 158: Pasch, 
Vorlesungen uber neuere Geovietrie, (Leipzig, 1882)) SCHUR, Uber dtc 
Einfuhrung der sogenannten tdea^en Elemenie in die projective Geometries 
Math. Ann. Bd. XXXIX, p. 113 — 124 (1891): Bonola, Sulla intro- 
duzione degh elementi tmproprii in geometria proietlivay Giornale di 
Mat. T. XXXVIII, p. 105—116 (1900). 
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congruence. By so doing we find that a certain polarity of 
space, allied to the metrical conceptions, becomes trans- 
formed into itself by all displacements. Then it is shown 
that the fundamental quadric of this polarity can only be : 

a) A real^ 7ion-ruled quadric ; 

li) A?i imaginary quadtic (with real equation); 

c) A degem'rate quadric. 

Thus the t/ircc geometrical s\ stems, which Riemann and 
Hel:\ihol'iz reached from the conception of the element of 
distance, are to be found ahso in this way.* 

The Impossibility of proving Euclid’s Postulate. 

§ 94. Before we bring to a close this historical treat- 
ment of our subject it seems advisable to say a few words 
on the impossibility of demonstrating Euclid’s Postulate. 

The very fact that the innumerable attempts made to 
obtain a jiroof did not lead to the wished-for result, would 
suggest the thought that its demonstration is impossible. In- 
deed our geometrical instinct seems to afford us evidence 
that a proposition, seemingly so simple, if it is provable, 
ought to be proved by an argument of equal simplicity. But 
such considerations cannot be held to afford a proof of the 
im[)OSbibility in question. 

If we put Pa clid’s Postulate aside, following the devel- 
opments of Gauss, Lobatschewsky and Bolyai, we can 
construct a geometrical system in which no contradictions 
are met. This seems to prove the logical possibility of the 
Xon-P'.uclidean hypothesis, and that PiucLiD’s Postulate is 
2 fidependent of the first principles of geometry and therefore 
cannot be demonstrated. However the fact that contradictions 

1 For the proof of this result see BuNOLA, Deterniinazione 
g: via r earn et? lea aei Or tipi de spazio , ipctbohcc. paraholico, clhitico. 
Kend. Circ. Mat. Palermo, T. XV, p. 56 — 65 (1901). 
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have not been met is not sufficient to prove this; we must 
be certain that, proceeding on the same lines, such con- 
tradictions could never be met This conviction can be 
gained with absolute certainty from the consideration of the 
formulae of Non-Euclidean geometry. If we take the system 
of all the sets of three numbers (jr, y, z), and agree to con- 
sider each set as an analytical pointy we can define the 
distance between two such analytical points by the formulae 
of the said Non-Euclidean Trigonometry. In this way we 
construct an analytical system, which offers a conventional 
interpretation of the Non-Euclidean geometry, and thus 
demonstrates its logical possibility. 

In this sense the formulae of the JSlon- Euclidean Trigon- 
ometry of Lobatscheiusky-Bi^lyai give the proof of the independ- 
ence of Euclid" s Postulate from the first principles of geometry 
(regarding the straight line, the plane and congruence). 

We can seek a geometrical proof of the said independ- 
ence, on the lines of the later developments of which we 
have given an account. For this it is necessary to start from 
the principle that the conceptions, derived from our intu- 
ition, independently of the correspondence which they find 
in the external world, are a priori logically possible', and that 
thus the Euclidean geometry is logically possible and every 
set of deductions founded upon it. 

But the interpretatiori which the Non-Euclidean plane 
hyperbolic geometry finds in the geometry on the surfaces 
of constant negative curvature, offers, up to a certain point, 
a first proof of the impossibility of demonstrating the Eu- 
clidean postulate. To put the matter in more exact terms: 
by this means it is established that the said postulate cannot 
be demonstrated on the foundation of the first principles of 
geometry, held valid in a bounded region of the plane. In 
fact, every contradiction, which would arise from the 
other postulate, would be translated into a contradiction 
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in the geometry on the surfaces of constant negative curv- 
ature. 

However, since the comparison between the hyperbolic 
plane and the surfaces of constant negative curvature, exists, 
as we have seen, only for bounded regions^ we have not thus 
excluded the possibility that the Euclidean postulate might 
be proved for the complete plane. 

To remove this uncertainty, it would be necessary to 
refer to the abstract ma^iifold of constant curvature, since no 
concrete surface exists in ordinary space, in whicli the com- 
plete hyperbolic geometry holds [cf. § 73]. 

But, even so, the impossibility of proving Euclid’s Pos- 
tulate would have been shown only for plane geometry. There 
would still remain the question of the possibility of proving 
It by means of the considerations of solid geometry. 

The foundation of geometry, on Riemann’s principles, 
whereby the ideas of the geometry on a surface are extended 
to a three-dimensional region, gives the complete proof of the 
impossibility of this demonstration. This proof depends on 
the existence of a Non-Euclidean ajialytical system. Thus we 
are brought to another analytical proof. The same remark 
applies also to the investigations of Helmholtz and Lie, 
though it might be argued that the latter also offer a geomet- 
rical proof, from the existence of transformation groups of 
the Euclidean spaccy similar to the groups of displacements of 
the Non- Euclidean geometry. Of course, it must be under- 
stood that we here consider geometry in its fullest sense. 

But the proof of the impossibility of demonstrating Eu- 
clid's FostulatCy which is based upon the projective measure- 
ments of Cayley y is simpler and easier to follow geometrically. 

This proof depends upon the representation of the 
Non-Euclidean geometry by the conventional measurement 
relative to a circle or to a sphere, an interpretation which we 
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have developed at length in the case of the plane [SS 84 

—92]. 

Further the proof of the logical possibility of Riemann’s 
elliptic hypothesis can be just as easily derived from these 
projective measurements. For the plane, the interpretation 
which we have given of it as the geometry of the sheat 
will be sufficient [S 71].* 

» Another neat and simple proof of the independence of the 
Fifth Postulate is to be found in the representation of the Non- 
Euclidean plane, employed by Klein and Poincar£. In this the 
points of the Non-Euclidean plane appear as points of the upper 
portion of the Euclidean plane, and the straight lines of the Non- 
Euclidean plane as semicircles, perpendicular to the straight bound- 
ary of this halfplane; etc. The Elliptic Geometry can be repres- 
ented in a similar way; and the Hyperbolic and Elliptic Solid 
Geometries can also be brought into correspondence with the 
Euclidean Space. An account of these representations is to be 
found in Weber und WeLLSTEIN’s Encykbpadie der RUmentav’ 
Mathematik, Bd. II J 9— II, p. 39 — 8l (Lcijizig, 1905) and in 
Chapter II of the NichuEukhdische Geoinetne by H. Liebmann 
(Sammlung ScHUBERT, 49, Leipzig, 1905). 

In Appendix V of this volume a similar argument is given, 
based upon the discussion in Weber- Wellstein’s volume. Points 
upon the Non-Euclidean plane are represented by pairs of points 
inverse to a fixed circle on the Euclidean plane; and straight 
lines upon the one, are circles orthogonal to the fixed circle on 
the other. 



Appendix I. 

The Fundamental Principles of Statics and 
Euclid’s Postulate. 

On the Principle of the Lever. 

§ I. To demonstrate the Principle of the Lever, Archi- 
medes [287 — 212] avails himself of several hypotheses, some 
expressed and others implied. Among the hypotheses 
passed over in silence, in addition to that which we would 
now call the hypothesis of increased constraint'^ ^ there is one 
which definitely concerns the equilibrium of the lever, and 
can be expressed as follows: 

When a lever is suspended from its middle pointy it is in 
equilibrium^ if a weight 2p is applied at one end, and at the 
other another lever is hung by its middle point, each of its ends 
supporting a weight P} 

We shall not discuss the various criticisms upon Archi- 
medes’ use of this hypothesis, nor the different attempts made 
to prove it.^ In this connection we shall refer only to the 

I Thii hypothesis can be enunciated as follows. If seveial bodies^ 
subjected .0 const) amts, a)e tn eqiiihhnum binder the action of pzen 
forces i they will still be in equilibrium, if 7 ieiv constraints arc added 
to those already in existence, Cf., for example, J. Andrade, Lemons 
de Mecanique Physique^ p. 59 (Pans, 1898). 

* Cf. Archmedis opera omnia: critical edition by J. L. Heiberg; 
Bd. II, p. 142 et seq. (Leipzig, 1881). 

3 Cf., for example, E. Mach, Die Mechamk in ihrer Ent^ 
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arguments of Lagrange, since these will show, clearly and 
simply, the important link between this hypothesis and the 
Parallel Postulate. 


§ 2. Let ABD be an isosceles triangle {AD = BD), 
from whose angular points A and B are suspended two 
(cf. Fig. 63) equal weights B, while a weight equal to 2P is 
suspended from D. 


This triangle will be in equilibrium 
about the straight line MN^ joining 
the middle points of the equal sides, 
since each of these sides may be 
regarded as a lever from whose ex- 
tremities equal weights are hung. 

But the equilibrium of the figure 
will also be secured, if the triangle 
rests upon a line passing through 
^ the vertex D and the middle point 
C of the side AB. Therefore, if E 
is the common point of CD and MN, 
the triangle will be in equilibrium, when suspended from E, 
‘Or’, continues Lagrange, ‘comme I’axe [MN] passe 
par le milieu des deux cotes du triangle, il passera aussi 
necessairement par le milieu de la droite menee du sommet 
du triangle au milieu [C] de sa base; done le levier trans- 
versal [CZ>] aura le point d’appui [E] dans le milieu et 
devra, par consequent, etre charge egalement aux bouts 
[C, Z>]: done la charge que supporte le point d’appui du 
levier, qui fait la base du triangle, et qui est charge, a ses 



ivickelung^ (3. Aufl., Leipzig, 1897); English translation by T. J. Mc- 
Cormack (Open Court Publishing Co. Chicago, 1902). Also, for 
the different hypotheses from which the proof of the principle of 
the lever, can be obtained, see P. Duhem, Les ongutes de la siati- 
qtie, (Paris, 1905), especially Appendix C, Sur les divers axiomes 
d*ou se peut deduire la theorie du Uvier. 
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deux extremites de poids egaux, sera egale au poids double 
du sommet et, par consequent, egale a la somme des deux 
poids.' * 

§ 3. Lagrange’s argument contains implicitly some 
hypotheses of a statical nature, regarding symmetry, addition 
of constraints/ etc.; and, in addition, it involves a geometrical 
property of the Euclidean triangle. But if we wish to omit 
the latter, a course which for certain reasons seems natural, 
the preceding conclusions will be modified. 

Indeed, though we may still assume that the triangle 
ABD is in equilibrium about the point where the lines 
MN and CD intersect, we cannot assert that E is the middle 
point of CD, as this would be equivalent to assuming 
Euclid’s Postulate. Consequently, we cafinot assert that the 
single weight 2 F, applied at C, can be substituted for the two 
weights at A and B, since, if such a change could take place, 
a lever would be m equilibrium, w^ith equal weights at its ends, 
about a point which cajinot be its middle point. 

Vice versa, if we assume, with Archimedes, that two 
equal weights at the end can be replaced by a double 
weight at the middle point of the lever, then we can easily 
deduce that E is the middle point of CJl, and from this it 
will follow that ABD is a Euclidean triangle. 

Hence we have established the equivalence of Euclid's 
Fifth Postulate and the said hypothesis of Archimedes, Such 
equivalence is, of course, relath e to the system of hypotheses 
which comprises, on the one hand, the above-named statical 
hypotheses, and, on the other, the ordinary geometrical 
hypotheses. 

I Oeuvres de LagraugCy T. XI, p. 4 — 5 - 

^ For an analysis of the physical principles on which ordinary 
statics IS founded, cf. F. Enriques, Pioblemi della Scienza. Cap V. 
(Bologna, 1906). German translation, (Leipzig, 1910). 
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With the modern notation, we can speak of forces, 
of the composition of forces, of resultants, instead of weights, 
levers, etc. 

Then the hypothesis referred to takes the following 
form: 

The resultant of two equal forces in the same plane, applied 
at right angles to the extremities of a straight line and toivards 
the same side of tt, is a single force at the middle poi?it of the 
line, of double the intensity of the given forces. 

From what we have said above, if this law for the com- 
position of forces were true, it would follow that the ord- 
inary theory of parallels holds in space. 

On the Composition of Forces Acting at a Point. 

§ 4. The other fundamental principle of statics, the 
la 7 v of the Parallelogram of Forces, from the usual geom- 
etrical interpretation winch it receives, is closely connected 
with the Euclidean nature of space. However, if w^e examine 
the essential part of this principle, namely, the analytical 
expression for the resultant R of tw'o equal forces P, acting 
at a point, it is easy to show that it exists independently of any 
hypothesis on parallels. 

This can be made clear by deducing the formula 
R -- 2 P cos a, 

where 2 a is the angle formed by the two concurrent forces 
from the following principles: 

1) Two or more forces, acting at the same point, have 
a definite resultant. 

2) The resultant of two equal and opposite forces 
is zero. 

3) The resultant of two or more forces, acting at a 
point, along the same straight line, is a force through the 
same point, equal to the sum of the given forces, and along 
the same line. 
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4) The resultant of two equal forces, acting at the same 
point, is directed along the line bisecting the angle between 
the two forces. 

5) The magnitude of the resultant is a continuous funct- 
ion of the magnitude of the components. 

Let us see briefly how we establish our theorem. The 
value R of the resultant of two forces of equal magnitude 
enclosing the angle 2 a, is a function of /^and a only. 

"j'hus we can write 

A first application of the principles named above shows 
tliat R is proportional to P, and this result is independent 
of any hypothesis on parallels fcf. note i, p. 195]. Thus the 
preceding equation can be witten more simply as 
R ^ 2 Pf(a). 

We now proceed to find the form of /{ol). 


§ 5. Let us calculate /(a) for some particular value 
of the angle. 


(1) Let a == 45®. 

At the point O at which act 
the two forces 7 \, P2, of equal 
magnitude P, let us imagine two 
equal and opposite forces applied, 
perpendicular to R and of magni- 
tude (cf. Fig. 64). 

At the same time let us imag- 
ine /v decomposed into two others, 
directed along R and of magni- 


Ir 


0 



tude ^ . 

2 

We can then regard each force F as the resultant of 
two forces at right angles, of magnitude - . 
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We thus have 

/* = 2 . 4 

On the other hand, ^ being the resultant of /'i and , 
we have 

7^ = 2 J’/(45V- 

From these two equations we obtain 

/( 45 ”) =" I y' 2 ■ 

(II) Again let a = 6o° 

In this case apply at (9 a force 7^' equal and opposite 
to 7^ (cf. Fig. 65). The system of the two forces P and of 
7^' is in equilibrium. 




Thus by symmetry, 7^' = P, 

Therefore, P = P. 

But. on the other hand, 

A*-- 2 P/iGo^). 

Therefore y’(6o") = 

(Ill) Again let a = 36®. 

At O let the five forces 7\ , of magnitude P^ be 
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applied, such that each of them forms with tUe next an angle 
of 72° (cf. Fig. 66). 

This system is in equilibrium. 

For the resultant R of and -P3, we have 
R = 2 /y( 36 °). 

For the resultant K of and we have 

r: =- 2P/{t2^), 

On the other hand, R^ has the "same direction as P^', 
that is, a direction opposite to that of R. 

Therefore 2 P/ (^ 6 ^) = 2Pf(y2^) + P. 

(i) Therefore 2/(36®) = 2/(72®) + i. 

If, instead, we take the resultants of and P ^ , and of 
P^ and /!,, we obtain two forces of magnitude 2 P f (36®), 
containing an angle of 144°. 

Taking the resultant of these two, we obtain a new 
force R!' of magnitude 

4 ^/( 36 “)/( 72 '’)- 

Now by the symmetry of the figure, has the same 
line of action as P ^^ , but acts in the opposite direction. 

Thus, since equilibrium must exist, 

P ^ 4^/ (36“)/ ( 7 2^’). 


(2) Therefore i = 4/ (36®)/ (7 2°). 

From the two equations (i) and (2) we obtain 

4 4 


on solving for /(36®) and /(72®). 


§ 6. By arguments similar to those used in the pre- 
ceding section w^e could deduce other values for / (a). 
However, if we restrict ourselves only to those just found. 
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and compare them with the corresponding V9.1ues of cos a, 
we obtain the following table; 


cos 0 ° = I 

/(o») = I 

cos 36° 

4 

/( 36 ”) = 

0 

cos 45° 

/( 4 S”) 

cos 60° *= — 

2 

/(6o») = ^ 

cos 72° = 

4 

/(72“) = 

4 

cos 90° “ 0 

/(9o‘>) = 0. 


This table suggests the 
identity of the two functions 
/{o) and cos a. For fuller 
p confirmation of this fact, we 

*4 

determine the functional 
equation which f {o) satis- 
^2 (cf. Fig. 67). 

To this end let us con- 
sider four forces P^, 
P^, P^ of magnitude P, 
acting at one point, forming 
with each other the following angles 



p^p^ ^ p,p, = 2 p 

^ ^2^3 = 2 (a — P) 

P,P, ^ 2 (a + P). 


We shall determine the resultant P of these four forces 
in two different ways. 

Taking P^ with P2 , and P^ with P^ we obtain two forces 
Pi and P2J of magnitude 
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inclined at an angle 2 p. Taking the resultant of and ^2, 
we have a force R^ such that 

R = 4^/(a)/(P). 

On the other hand, taking with F^^ and F^ with F^, 
we obtain two resultants, both along the direction of R^ and 
of magnitudes 

2/^/(a + p), 2P/(a-P), 

respectively. 

These two forces have a resultant equal to their sum, 
and thus 

2/>/(a + P) + 2/y(a— P). 

Comparing the two values of i?, we find that 

(i) 2/(a)/(P) =/(a + p) +/(a--P) 

is the functional equation required. 

If we now remember that 
cos (a + P) -h cos (a — p) = 2 cos a cos p, 

and take account of the identity between f (a) and cos a in 
the preceding table for certain values of a, and the hy- 
pothesis that y(a) is continuous, without further argument 
we can write 

/ (a) ^ cos a. 

It follows that 

R 2 F cos a. 

The validity of this formula of the Euclidean space is 
thus also established for the Non-Euclidean spaces. 

§ 7. The law of composition of two equal concurrent 
forces leads to the solution of the general problem of the 
resultant, since we can assign, without any further hypothesis, 
the components of a force R along two rectangular axes 
through its point of application O, 
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Let the two perpendicular lines be taken as the axes 
of X and y, and let make the angles a, P with them 
(cf. Fig. 68). 


Y R 



Then the system P 2 
Px and P^ taken together, hai 


Through O draw the line 
which makes an angle a with 
Ox and an angle p with Oy. 
Imagine two equal and oppos- 
ite forces Px and P^ to act 
along this line at their mag- 
nitude being Also imagine 
the force R replaced by the 
two equal forces P^ of magni- 
tude acting in the same 
direction as R, 

, Px P has R for resultant. But 
^e a resultant 


X ^ R cos a 

along Ox\ and P 2 and P, taken together, have a resultant 


Y = R cos P 

along Oy, 

These two forces are the components of R along the 
two perpendicular lines. As to their magnitudes, they are 
identical with what we would obtain in the ordinary theory 
founded upon the principle of the Parallelogram of Forces. 
However, the lines OX and OYy which represent the com- 
ponents upon the axes, are not necessarily the projections of R^ 
as in the Euclidean case. Indeed we can easily see that, if 
these Imes were the orthogonal projections of R upon the 
axes, the Euclidean Hypothesis would hold in the plane. 


§ 8. The functional method applied in § 6 to the 
composition of two equal forces acting at a point, is derived 
from D. DE Foncenex [1734 — 1799]- By a method ana- 
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logous to that which led us to the equation for / (a) (= j'), 
Foncenex arrived at the differential equation * 


d^y 

da^ 


+ 


o. 


From this, on integrating and taking account of the initial 
conditions of the problem, he obtained the known expression 
for/ (a). 

However the application of the principles of the In- 
finitesimal Calculus, requires the continuity and differentiabil- 
ity of /(a), conditions, which, as Foncenex remarks, involve 
the (physical) nature of the problem. But as he wishes to 
go ‘jusqu’aux difficultes les moins fondees’, he avails himself 
of the Calculus of Finite Differences, and of a Difference 
Equation, which allows him to obtain f (a) for all values of 
a which are commensurable with tt. The case a incom- 
mensurable is treated ‘par une methode familiere aux Geo- 
metres et frequente surtout le ecrits des Anciens’; that is, by 
the Method of Exhaustion.* 

All Foncenex’ argument, and therefore that given in 


1 We could obtain this equation from (l) p. 189 as follows: 
Put ^ = da and suppose that /{a) can be expanded by Taylor’s 
Series for every value of a. 

Then we have 


2/(a) (/(o) + ^/a/' (o) -f 


d a- 


(0) 


...) 


2/(a) + 2 (a) + • • 


Equating the coefficients of and putting y = /{d) and 

= — /" (o), we have 

d^y 


da^ 


+ = o. 


2 Cf. FoncfneX: St^r Us pji?icipes Jondamejitaux de la Mecan- 
iqite. Misc. Taunnensia. T. II, p. 305 — 315 (1760 — 1761)- lbs 
argument is repeated and explained by A. Genocchi in his paper: 
Sur un Memoir e de 2 '>aviet de Foncenex et sur Us income hies non- 
^uchdtennes. Torino, Meinorie (2), T. XXIX, p. 366 — 371 (1S77). 
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S 6, is independent of Euclid’s Postulate. However, it 
should be remarked that Foncenex’ aim was not to make 
the law of composition of concurrent forces independent of 
the theory of parallels, but rather to proi'e the law itself. 
Probably he held, as other geometers [D. Bernouilli, 
D’Alembert], that it was a truth independent of any ex- 
perimental foundation. 

Non-Euclidean Statics. 

§ 9. Having thus shown that the analytical law for 
the composition of concurrent forces does not depend on 
Euclid’s Fifth Postulate, we proceed to deduce the law accord- 
ing to which forces perpendicular to a line will be composed. 
Let Ay A' be the points of application of two lorces 
Fi, of equal magnitude F (cf. Fig. 69). 



R 

F:g. 69. 


Let C be the middle point of AA ^ and B a point on 
the perpendicular BC to AA\ 

Joining AB and A By and putting 

^BAC= a, ABC =-- p, 
it is clear that the force F^ can be regarded as a component 
of a force Fy acting at A and along BA. 

The magnitude of this force is given by 

P 


T 


sm a 
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The other component Qj, at right angles to I\, is 
given by 

Q = T cos a =- P cot a. 

Repeating this process with the force , we obtain the 
following system of coplanar forces: 

(T) System P.^, 

{2) System P^, P,, Q,, Q,. 

(3) System 7^, T^. 

If we assume that we can move the point of application 
of a force along its line of action, it is clear that the first two 
systems are equivalent, and because (2) is equivalent to (3 ), 
we can substitute for the two forces P^^ P^^ the two forces 
7; and 7:. 

The latter, being moved along their lines of action to B, 
can be composed into one force 

K 2 P cos 6 = 2/’ 

sm a 

This, in its turn, can be moved to C, its direction per- 
pendicular to A A' remaining unchanged. 

Thn result, which is obviously ifidependent of Euclid’s 
Postulate, can be applied to the three systems of geometry : 

Euclid^ s Geometry. 

In the triangle ABC we have 

cos p = sin a. 

Therefore 

R = 2P 

Geofnetry of Lob at sc hew shy- Bolyai. 

In the triangle ABC., if we denote the side AA’ by 2 /-, 
w'e have 

:os B 1 / \ 

= cosh — (p. 1 1 7). 

;in a A' ^ ' 

R ^ 2 P cosh y ■ 


Thus 
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Riemann's Geo7i:etry. 


In the same triangle we have 

cos B h 

= cos -r • 

sm a 


Therefore 


R = 2 F cos — • 


Conclusion. 

It is only in Euclidean space that the resultant of two 
equal forces, perpendicular to the same line, is equal to the 
sum of the two given forces. In the Non-Euclidean spaces 
the resultant depends, in the manner indicated above, on 
the distance between the points at which the two forces are 
applied. ^ 


§ lo. The case of two unequal forces F^ per- 
pendicular to the same straight line, is treated in a similar 
manner. 

In the Euclidean Geometry we obtain the known results; 
R^F ^ Q, 

R _ ^ Q 
P + 9 ~ 9 ~~ P 

In the Geometry of Lobatschewsky-Bolyai the problem 
of the resultant leads to the following equations: 

R = F cosh ^ Q cosh 

_ R _ _ R Q 

sinh^^l^ sinh ^ sinh ^ 

Then, by the usual substitution of the circular functions 
for the hyperbolic, we obtain the corresponding result for 
Riem Ann’s Geometry: 


I For a fuller treatment of Non-Euclidean Statics, the reader 
is referred to the following authors: J. M. de Tilly, Etudes de 
Mecamque abstraite, Mem. couronnds et autres mdm., T. XXI ( 1870 ). 
J. Andrade, La Statique et les Geometries de Lobatschewsky , d'Enclide^ 
et de Riemann. Appendix (II) of the work quoted on p. i 8 l. 
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R = P cos y + 0 COS y, 

R _ ^ Q 

. P q . q . p 

Sin ^ sin y sin y 

In these formulae /, denote the distances of the 
points of application of P and Q from that of R, 

These results can be summed up in a single formula, 
valid for Absolute Geometry \ 

R P. Ep + <2- 

R _ ^ _ Q 

To obtain these results directly, it is sufficient to use the 
formulae of Absolute Trigonometry, instead of the Euclidean 
or Non-Euclidean, in the argument of which a sketch has 
just been given. 

Deduction of Plane Trigonometry from Statics. 

§ II. Let us see, in conclusion, how it is possible to 
treat the converse given the law of composition of 

forces^ to deduce the fundamental equations of trigonoinetry. 

To this end we note that the magnitude of the resultant 
R of two equal forces P, perpendicular to a line AA of 
length 2 will in general be a function of F and b. 

Denoting this function by 

9 {p, i>), 

we have 

^ = cp fP, b\ 

or more simply^ 

^ = /’cp ib), 

I The proportionality of R and P follows from the law of 
association on which the composition of forces depends. In fact, 
let us imagine each of the forces J\ acting at .*/ and A\ to be 
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On the other hand in S 9 (p- i93)» we were brought to 
the following expression for 


R = 




cos p 
sin a 


Eliminating R amd P, between these, we have 


<p(^) = 


cos p 
sin a 


Thus if the analytical expression for q) (^) is known, 
this formula will supply a relation between the sides and 
angles of a right-angled triangle. 

To determine qp (^), it is necessary to establish the 
corresponding functional equation. 

With this view, let us apply perpendicularly to the line 
the four equal forces P2, P^, P^, in such a way that 
the points of application of P^ and P^y P^ and P^y are 
distant 2 (a + 3) and 2 (d — a), respectively (cf. Fig. 70). 

We can determine the resultant R of these four forces 
in two different ways: 

(i) Taking Pi with P2, and with P^y we obtain two 
forces Ri, R2 of magnitude: 

P^>{a); 


replaced by n equal foires, applied at A and A'. Combining 
these, we would have for A' the expression 

A = « <p ^ . 

Comparing this result with the equation given in the text, we have 
Similarly we have 

q) b) = {Py b)y 

for every rational value of k\ and the formula may be extended 
to irrational values. 

Then putting /* = i and k = P vtt obtain 
(p(Pyb)=^ P^{b), Q. E. D. 
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and taking together, we obtain 

^ = /’q) (a) 9 

(ii) Taking with P^, we obtain a force of magnitude: 
-P 9 (3 + a), 

and taking P^ with P^, we obtain another of magnitude: 
P^{b — a). 

Taking these two together we have, finally, 

P = /’9 (^ + a) + /* 9 ib — a). 




P4 


R. 


R9 


R 

Fig. 70. 


From the two expressions for R we obtain the functional 
equation which qp (U) satisfies, namely, 

(2) (p{a) = (p(^ + iz) + (p (d — a). 

Thi^ equation, if we put q) (^) = 2f{d), is identical 
with that met in S (P- 189), in treating the composition of 
concurrent forces. 

The method followed in finding (2) is due to D’Alem- 
bert.* However, if we suppose a and b equal to each other, 
and if we note that qp {6) = 2, the equation reduces to 

(3) [9 W ]' = 9 (2 ^) + 2 - 

This last equation was obtained previously by Foncenex, 
in connection with the equilibrium of the lever.* 


1 Opuscules mathematiques, T. VI, p. 37 1 (l 779 )- 

2 Cf. p. 319—322 of the work by Foncenex, referred to 


above. 
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§ 12 , The statical problem of the composition of 
forces is thus reduced to the integration of a functional 
equation. 

Foncenex, who was the first to treat it in this way*, 
thought that the only solution of (3), was qp (x) = const. If 
this were so, the constant would be 2, as is easily verified. 

Later Laplace and D’Alembert integrated (3), obtaining 

X X 

cp (a:) = ^ ^ » 

where is a constant, or any function which takes the same 
value when x is changed to 2 x.^ 

The solution of Laplace and D’Alembert, applied to 
the statical problem of the preceding section, leads to the 
case in which r is a function of x. Further, since we cannot 
admit values of c such as a-\-ib^ where b are both different 
from zero, we have three possible cases, according as c is 
real, a pure imaginary, or infinite.^ Corresponding to these 

1 We have stated above (p, 53), 'when speaking of Foncenex’ 

memoir, that, if it was not the work of Lagrange, it was certainly 
inspired by him. This opinion, accepted by Genocchi and other 
geometers, dates from Delambre. The distinguished biograjiher 
of Lagrange puts the matter in the following words: “// (Za- 
gran;^e) Jourmssait a la partie analyiiquc dc ses meynoires en 

lui laissant le sotn de dcvelopper les raisonnement\ sur lesquels portaieiit 
ses formules, En effei, o?i rema7'qtir dtja dans ca mrmoires (of 
Foncenex) re fie marrhe piremeni analifique, qui depute a fad le 
caractere des grandes produciwns de Eagi an^e. II avail from'e une 
nmtvelle theone du levier^' . Notires la voie et les ai/vrages de M. 
le Comte Lagran^ e. Mem. Inst, de France, classe Math, et Physique, 
T. XIII, p. XXXV (1S12). 

2 Cf. D’Alembert: Snr les pm^npes de la Meca^nque ' M^m. de 
I’Ac. des Sciences de Paris (1769). — Lapl\ce: Recherches sur 
r integration des iquations difflrentirlles ' Mem. Ac. sciences de Paris 
(savants Strangers) T. VII (1733). Oeuvres V Laplace^ T. VlII, 

p. 106 — 7. 

3 We can obtain this result directly by integrating the equa- 
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three cases, we have three possible laws for the composition 
of forces, and consequently three distinct types of equations 
connecting the sides and angles of a triangle. These results 
are brought together in the following table, where k denotes 
a real positive number. 


Value of c 

Form of qp {x) 

Trigonometri- 
cal equations 

Nature of 
plane 

c 

X A 

»k -\-e k , jc 

^ ^ =2 cosh — 

k 

1 

h cos P 

cosh-; . ! 

k sin a 

hyperbolic 

c — ik 

1 X IX 

. k -\-e k = 2 cos — 

k cos 3 
cos -y — 

k sin a 

elliptic 

c = 00 j 

A- A' j 

e^+e ^ = 2 I 

j 

cos 3 I 
sin a 1 

parabolic 


Conclusion: The law for the composition of forces per- 
pendicular to a straight line, leads, in a certain sense, to the 
relations which hold between the sides and angles of a 
triangle, and thus to the geometrical properties of the plane 
and of space. 

This fact was completely established by A. Genocchi 
[1817 — 1889] in two most important papers', to which the 
reader is referred for full historical and bibliographical 
notes upon this question. 

tion (2), or, what amounts to the same thing, equation (i) of 
S 6. Cf., for this, the elementary method employed by Cauchy 
for finding the function satisfying (l). Oeuvres de Cauchy, (s^r. 2). 
T. Ill, p. 106 — 113. 

I One of them is the Memoir referred to on p. 191. The 
other, which dates from 1869, is entitled: Dei pnmi prtiicipii della 
meccanica e della geomeiria tn relazione al postulato d’Euclide. Annali 
della Society italiana delle Scicnze (3). T. II, p. 153 — 189. 



Appendix II. 

Clifford’s Parallels and Surface. 
Sketch of Clifford-Klein’s Problem. 

Clifford’s Parallels. 

§ I. Euclid’s Parallels are straight lines possessing the 
following properties: 

a) They are coplanar. 

b) They have no common points. 

c) They are equidistant. 

If we give up the condition (c) and adopt the views of 
Gauss, Lobatschewsky and Bolyai, we obtain a first ex- 
tension of the notion of parallelism. But the parallels which 
correspond to it have very few properties in common with 
the ordinary parallels. This is due to the fact that the most 
beautiful properties we meet in studying the latter dejiend 
principally on the condition (c). For this reason we are led 
to seek such an extension of the notion of parallelism, that, 
so far as possible, the new parallels shall still possess the 
characteristics, which, in Euclidean geometry, depend on 
their equidistance. Thus, following W. K. Clifford [1845 — 
1879], we give up the property of coplananty, in the definition 
of parallels, and retain the other two. The new definition of 
parallels wjll be as follows: 

Two straight lines, in the same or in different planes, are 
called parallel, when the points of the one are equidistant from 
the points of the other. 
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§ 2. Two cases, then, present themselves, according as 
these parallels lie, or^do not lie, in the same plane. 

The case in which the equidistant straight lines are 
coplan ar is quickly exhausted, since the discussion in the 
earlier part of this book f§ 8] allows us to state that the 
corresponding space is the ordinary Euclidean. We shall, 
therefore, suppose that the two 
equidistant straight lines r and s T 
are not in the same plane, and 
that the perpendiculars drawn 
from r to J are equal. Obvi- s 
ously these lines will also be per- 
pendicular to r. Let AA , BB' 
be two such perpendiculars (Fig. 71). The skew quad- 
rilateral ABB' A ^ which is thus obtained, has its four angles 
and two opposite sides equal. It is easy to see that the 
other two opposite sides AB^ A B' are equal, and that the 
interior alternate angles, which each diagonal — e. g. AB ' — 
makes with the two parallels, are equal. This follows from 
the congruence of tlie two right-angled triangles AA B' and 
ABB\ 

If now we examine the solid angle at^I, from a theorem 
valid in all the three geometrical systems, we can write 

: AAB' + -V BAB'^ A AB =- i right angle. 

Thi^. inequality, taken along with the fact that the angles 
AB'A and B\ 4 B are equal, can be written thus: 

•; A A BA ‘I ABA A 1 right angle. 

wStated in this way, we see that the sum of the acute 
angles in the right-angled triangle AA B is greater than a 
right angle. Thus in the said triangle the Hypothesis of the 
Obtuse is verified, and consequently parallels not in the 

same plane can exist only m the space 0/ Riemann. 


B 



A' 

Fig- 7i' 


B 
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§ 3. Now to prove that in the elliptic space of Riemann 
there actually do exist pairs of straight lines, not in the same 
plane and equidistant, let us consider an arbitrary straight 
line r and the infinite number of planes perpendicular to it. 
These planes all pass through another line r, the polar 
of r in the absolute polarity of the elliptic space. Any line 
whatever, joining a point of r with a point of / , is perpend- 
icular both to r and to r , and has a constant length, equal 
to half the length of a straight line. From this it follows 
that r, r are two equidistant straight lines, not in the same 
plane. 

But two such equidistants represent a very particular 
case, since all the points of r have the same distance not 
only from /, but from all the points of r , 



To establish the existence of straight lines in which the 
last peculiarity does not exist, we consider again two lines 
r and /, one of which is the polar of the other (Fig. 72). 
Upon these let the equal segments AB^ AB’ be taken, each 
less than half the length of a straight line. Joining A with 
and B with B\ we obtain two straight lines b, not 
polar the one to the other, and both perpendicular to the 
lines r, r. 

It can easily be proved that Cj b are equidistant. To 
show this, take a segment AH upon AA\ then on the 
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supplementary line * to AHA, take the segment equal to 
AH. If the points H and M are joined respectively with 
H and we obtain two right-angled triangles AB'H, ABM, 
which, in consequence of our construction, are congruent. 

We thus have the equality 

HH = BM. 

Now if H and B are joined, and the two triangles 
HBB' and HBM compared, we see immediately that they 
are equal. They have the side HB common, the sides HB’ 
and MB equal, by the preceding result, and finally BB' and 
HM are also equal, each being half of a straight line. 

This means, in other words, that the various points of 
the straight line a are equidistant from the line b. Now since 
the argument can be repeated, starting from the line b and 
dropping the perpendiculars to a, we conclude that the line 
HKy in addition to being perpendicular to b, is also perpend- 
icular to a. 

We remark, further, that from the equality of the 
various segments AB, HK, A B\ . . . the equality of the re- 
spective supplementary segments is deduced, so that the two 
lines a, b, can be regarded as equidistant the one from the 
other, ip two different ways. If then it hapjiened that the 
line AB were equal to its supplement, we would have the ex 
ceptional case, which we noted previously, where a, b are 
the polarb of each other, and consequently all the points of 
a are equidistant from the different points of b. 

§ 4. The non-planar parallels of elliptic space were 
discovered by Clifford in 1873.'' Their most remarkable 
properties are as follows: 

^ The two different segments, detei mined by two points on 
a straight line, are called supplementary. 

2 climinary Sketch o f Biquater niotis. Proc. Pond. Math. Soc. 
Vol. IV. p. j8l — 305(1873). Cliff ottTs Mathematical I \ipef s, p. 181 — 200. 
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(i) If a straight line meets two parallels, it makes with 
them equal corresponding angles, equal interior alternate 
angles, etc. 

(ii) If in a skew quadrilateral the opposite sides are 
equal and the adjacent angles supplementary, then the opposite 
sides are parallel. 

Such a quadrilateral can therefore be called a skew 
parallelogram . 

The first of these two theorems can be immediately 
verified; the second can be proved by a similar argument 
to that employed in S 3- 

(iii) If two straight lines are equal and parallel, and 
their extremities are suitably joined, we obtain a skew paral- 
lelogram. 

This result, which can be looked upon, in a certain 
sense, as the converse of (ii), can also be readily established. 

(iv) Through any point (M) in space, which does not 
lie on the polar of a straight line (r), two parallels can be 
drawn to that line. 

Indeed, let the perpendicular MN be drawn from M 
to r, and let N’ be the point in which the polar of MN 

meets r (Fig. 73). From 
this polar cut off the two 
segments N' M\ N'M", 
equal to NM’, and join the 
points M', Af" to M. The 
two lines r , r", thus ob- 
tained, are the required par- 
allels. 

If M lay on the polar of r, then AIN would be 
equal to half the straight line; the two points M', M" 
would coincide: and the two parallels /, r" would also 
coincide. 



Fig- 73* 
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The angle between the two parallels /, r ' can be 
measured by the segment M'Af", which the two arms of the 
angle intercept on the polar of its vertex. In this way we 
can say that half of the angle between r and r that is, 
the an^/e of parallelism^ is equal to the distance of parallelism. 

To distinguish the two parallels r\ f\ let us consider a 
helicoidal movement of space, with MN for axis, in which 
the pencil of planes perpendicular to MN^ and the ^xisATM " 
of that pencil, obviously remain fixed. Such a movement 
can be considered as the resultant of a translation along MN, 
accompanied by a rotation about the same axis: or by two 
translations, one along MN, the other along M'M". If the 
two translations are of equal' amount, we obtain a space 
vector. 

Vectors can be right-handed or left-handed. Thus, referr- 
ing to the two parallels r , f\ it is clear that one of them 
will be superposed upon r by a right-handed vector of 
magnitude MN, while the other will be superposed on r by 
a left-handed vector of the same magnitude. Of the two 
lines r , r", one could be called the right-handed parallel 
and the other the left-handed parallel to r. 

(v) Two right-handed (or left-handed) parallels to a 
straight line are right-handed (or left-hajided) parallels to 


each other. 

Let b, c be two right-hand- 
ed parallels to a. From the 
two points A, A of a, distant 
from each other half the length 
of a straight line, draw the 
perpendiculars AB, A B' on b, 
and the perpendiculars AC, 

AC on c (cf. Fig. 74). 

The lines A B' , AC are the polars of AB and AC. 

Therefore ^ BAC=^B'AC. 



c 




a 
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Further, by the properties of parallels 

AB^AB\ AC^AC. 

Therefore the triangles ABC, AB C are equal 

Thus it follows that 

BC = BC. 

Again, since 

BB = AA == CC\ 

the skew quadrilateral BBC’ C has its opposite sides equal. 

But to establish the parallelism of we must also 
prove that the adjacent angles of the said quadrilateral are 
supplementary (cf. ii). For this we compare the two solid 
angles B (ABC) and B' (AB”C'), In these the following 
relations hold: 

A^ABB’ = AB'B " = I right angle 
C ABC = AB C', 

Further, the two dihedral angles, which have BA and 
B'A' for their edges, are each equal to a right angle, dimin- 
ished (or increased) by the dihedral angle whose normal 
section is the angle ABB'. 

Therefore the said two solid angles are equal. From 
this the equality of the two angles B’BC^ B ’B'C follows. 
Hence we can prove that the angles 7?, !>' of the quadri- 
lateral BB'C C are supplementary, and then (on drawing 
the diagonals of the quadrilateral, etc.) that the angle B is 
supplementary to C, and C supplementary to C\ etc. 

Thus b and c are parallel. From the figure it is clear 
that the parallelism between b and c is right-handed, if that 
is the nature of the parallelism between the said lines and 
the line a. 


Clifford's Surface. 

§ 5 . From the preceding argument it follows that all 
the lines which meet three right-handed parallels are left-handed 
parallels to each other. 
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Indeed, if ABC is a transversal cutting the three lines 
rz, d, c, and if three equal segments AA\ BB\ CC are taken 
on these lines in the same direction,* the points A'B'C' lie 
on a line parallel to ABC. The parallelism between ABC 
and A'B'C' is thus left-handed. 

From this we deduce that three parallels a, define 
a ruled surface of the second order (Clifford’s Surface). 
On this surface the lines cutting by c form one system of 
generators the second system of generators {gd) is 

formed by the infinite number of lines, which, like ^z, by c, 
meet {g,). 

Clifford’s Surface possesses the following charact- 
eristic properties: 

a) Two generators of the same system are parallel to 
each other. 

b) Two getierators of opposite systems cut each other at a 
constant angle. 

§ 6. We proceed to show that Clifford's Surface has 
two distinct axes of revolution. 

To prove this, from 
any point M draw the 
parallels d (right-hand- 
ed), s (left-handed), to a 
line r, and denote by b 
the distance AfJV of 
each parallel from r 
(cf. Fig. 75). 

Keeping d fixed, let 
s rotate about r, and let /, s'" . . be the successive 

positions which s takes in this rotation. 



I It is clear that if a direction is fixed for one line, it is 
then fixed for every line parallel to the first. 
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It is clear that s, s\ s ' .. . are all left-handed parallels 
to r and that all intersect the line d. 

Thus s in its rotation about r generates a Clifford’s 
Surface. 

Vice versa, if d and s are two generators of a Clifford’s 
Surface, which pass through a point M of the surface, and 2 b 
the angle between them, we can raise the perpendicular 
to the plane sd at M and upon it cut off the lines 
MZ -= A/tV = b. 

Let D and S be the points where the polar of LN meets 
the lines d and respectively, and let H be the middle point 
oi DS= 1 b. 

Then the lines IIL and HN are parallel, both to s 
and d. 

Of the two lines HL and HN choose that which is 
a right-handed parallel to d and a left-handed parallel to x, 
say the line ZIN 

Then the given Clifford’s Surface can be generated by 
the revolution of s or d about HN. 

In this way it is proved that every Clifford’s Surface 
possesses one axis of rotation and that every point on the 
surface is equidistant from it 

The existence of another axis of rotation follows im- 
mediately, if we remember that all the points of space, equi- 
distant from HN., are also equidistant from the line which is 
the polar of HN. 

This line will, therefore, be the second axis of rotation 
of the Clifford’s Surface. 

§ 7. The equidistance of the points of Clifford'^ 
Surface from each axis ot rotation leads to another most 
remarkable jjroperty of the surfaces. In fact, every plane 
passing through an axis r intersects it in a line equidistant 
from the axis. The points of this line, being also equally 
distant from the point {Oj m which the [)lane of section meets 
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the other axis of the surface, lie on a circle, whose centre (O) 
is the pole of with respect to the said line. Therefore the 
meridians and the parallels of the surface are circles. 

The surface can thus be generated by maki?ig a circle 
rotate about the polar of its centre^ or by making a circle move 
so that its centre describes a straight line^ while its 'plane i^ 
maintained constantly perpendicular to it (Bianchi).' 

This last method of generating the surface, common 
also to the Euclidean cylinder, brings out the analogy be- 
tween Clifford’s Surface and the ordinary circular cylinder 
This analogy could be carried further, by considering the 
properties of the helicoidal paths of the points of the surface, 
when the space is submitted to a screwing motion about 
either of the axes of the surface. 


§ 8. Finally, we shall show that the geometry on Clif- 
ford’s Surface, understood in the sense explained in SS 67, 
68, is identical with Euclidean geometry. 

To prove this, let us determine the law according to 
which the element of distance between two points on the 
surface is measured. 

Let //, 7/, be respectively a parallel and a meridian 
through a point O on the surface, and M any arbitrary point 


upon it. 


Let the meridian and parallel 
through M cut off the arcs OP^ OQ 
from u and v. The lengths u, v of 
these arcs will be the coordinates of 
Jlf. The analogy between the system 
of coordinates here adopted and the 
Cartesian orthogonal system is evident 



U 


(cf. Fig. 76). 


Fig. 76. 


^ supeffae a curvatuia 7 iulla in f^e^nnetria elliitica Ann. 

di Mat. ( 2 ) XXIV, p. 107 (1896). Also Leziom di Geometiia Differ- 
enztalc. 2a Ed., Vol. I, p. 454 (Pisa, 1902). 
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Let M' be a point whose distance from M is infini- 
tesimal. If ( 2 /, v) are the coordinates of My we can take 
{u + duy V + dv^ for those of M\ 

Now consider the infinitesimal triangle MM' Ny whose 
third vertex N is the point in which the parallel through M 
intersects the meridian through M' . It is clear that the angle 
MNM' is a right angle, and that the sides MNy NM' are 
equal to dUy dv. 

On the other hand, this triangle can be regarded as 
rectilinear (as it lies on the tangent plane at M). So that, 
from the properties of infinitesimal plane triangles, its hypo- 
tenuse and its sides, by the Theorem of Pythagoras, are con- 
nected by the relation 

ds^ — du^ -f dv^. 

But this expression for ds* is characteristic of ordinary 
geometry, so that we can immediately deduce that the pro- 
perties of the Euclidean plane hold in eifery normal region on 
a Clifford's Surface, 

An important application of this result leads to the 
evaluation of the area of this surface. Indeed, if we break 
it up into such congruent infinitesimal parallelograms by 
means of its generators, the area of one of these will be 
given by the ordinary expression 

dx dy sin 0, 

where dxy dy are the lengths of the sides and 0 is the con- 
stant angle between them (the angle between two generators). 

The area of the surface is therefore 

^d X dy sin Q = sin Q ^ d X • 2 dy. 

But both the sums 2 dx, 2 dy represent the length / of 
a straight line. 

Therefore the area A of Clifford’s Surface takes the 
very simple form. 
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A = /* sin 0, 

which is identical with the expression for the area of a 
Euclidean parallelogram (Clifford).' 

Sketch of Clifford-Klein’s Problena. 

§ 9. Clifford’s ideas, explained in the preceding 
sections, led Klein to a new statement of the fundamental 
problem of geometry. 

In giving a short sketch of Klein’s views, let us refer 
to the results of S 68 regarding the possibility of interpret- 
ing plane geometry by that on the surfaces of constant 
curvature. The contrast between the properties of the Eu- 
clidean and Non-Euclidean planes and those of the said 
surfaces was there restricted to suitably bounded regions. 
In extending the comparison to the unbounded regions^ we 
are met, in general, by differences; in some cases due to 
the presence of singular points on the surfaces (e. g., vertex 
of a cone); in others, to the different connectivities of the 
surfaces. 

Leaving aside the singular points, let us take the cir- 
cular cylinder as an example of a surface of constant curv- 
ature, everywhere regular^ but possessed of a connectivity 
different from that of the Euclidean plane. 

The difference between the geometry of the plane and 
that of the cylinder, both understood in the complete sense, 
has been already noticed on p. 140, where it was observed 
that the postulate of congruence between two arbitrary 
straight lines ceases to be true on the cylinder. Nevertheless 
there are numerous properties common to the two geometries, 

I Preliminary Sketchy cf. p. 203 above. The properties of 
this surface were referred to only very briefly by Clifford in 1873. 
Tiiey are developed more fully by Klein in his memoir: Zur nirht- 
eukhdiscken Geoyiietrie, Math. Ann. Bd. XXXVII, p. 544 — 57^ (1890). 
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which have their origin in the double characteristic, that 
both the plane and the cylinder have the same curvature, 
and that they are both regular. 

These properties can be summarized thus: 

1) The geometry of any normal region of the cylinder 
is identical with that of any normal region of the plane. 

2) The geometry of any normal region whatsoever of 
the cylinder, fixed with respect to an arbitrary point upon it, 
is identical with the geometry of any normal region what- 
soever of the plane. 

The importance of the comparison between the ge- 
ometry of the plane and that of a surface, founded on the 
properties (i) and (2), arises from the following consid- 
erations : 

A geometry of the plane, based upon experimental 
criteria, depends on two distinct groups of hypotheses. The 
first group expresses the validity of certain facts, directly 
observed in a region accessible to experiment {postulates of 
the normal region) -, the second group extends to inaccessible 
regions some properties of the initial region {postulates of 
extension). 

The postulates of extension could demand, e. g., that 
the properties of the accessible region should be valid in the 
entire plane. We would then be brought to the two forms, 
the parabolic and the hyperbolic plane. If, on the other hand, 
the said postulates demanded the extension of these pro- 
perties, with the exception of that which attributes to the 
straight line the character of an open line, we ought to take 
account ofthe elliptic plane as well as the two planes mentioned. 

But the preceding discussion on the regular surfaces of 
constant curvature suggests a more general method of enun- 
ciating the postulates of extension. We might, indeed, simply 
demand that the properties of the initial region should hold 
in the neighbourhood of every point of the plane. In this 
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case, the class of possible forms of planes receives con- 
siderable additions. We could, e. g., conceive a form with 
zero curvature, of double connectivity, and able to be com- 
pletely represented on the cylinder of Euclidean space. 

The object of Clifford- Klein* s problem is the determination 
of all the two dimensional manifolds of constant curvature^ 
which are everywhere regular. 

§ 10. Is it possible to realise, with suitable regular 
surfaces of constant curvature, in the Euclidean space, all 
the forms of Clifford-Klein ? 

The answer is in the negative, as the following example 
clearly shows. The only regular developable surface of the 
Euclidean space, whose geometry is not identical with that 
of the plane, is the cylinder with closed cross-section. On 
the other hand, Clifford’s Surface in the elliptic space is a 
regular surface of zero curvature, which is essentially different 
from the plane and c)dinder. 

However with suitable conventions we can represent 
Clifford’s Surface even in ordinary space. 

Let us return again to the cylinder. If we wish to un- 
fold the. cylinder, we must first render it simply connected 
by a cut along a generator {g); then, by bending without 
stretching, it can be spread out on the plane, covering a 
strip between two parallels (^1,^2)- 

There is a one-one correspondence between the points 
of the cylinder and those of the strip. The only exception is 
afforded by the points of the generator (^), to each of w^hich 
correspond two points, situated the one on^i, the other on 
^2- However, if it is agreed to regard these two points as 
identical^ that is, as a single point, then the correspondence 
becomes one-one without exception, and the geometry of the 
strip is completely identical with that of the cylinder. 
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A representation analogous to the above can also be 
adopted for Clifford’s Surface. First the surface is made 
simply connected by two cuts along the intersecting gener- 
ators {g, g). In this way a skew parallelogram is obtained 
in the elliptic space. Its sides have each the length of a 
straight line, and its angles 6 and 0' [0 + 6' = 2 right angles] 
are the angles between g and g . 

This being done , we take a rhombus in the Eu- 
clidean plane, whose sides are the length of the straight line 
in the elliptic plane, and whose angles are 0, 0'. On this 
rhombus Clifford’s Surface can be represented congruently 
(developed). The correspondence between the points of the 
surface and those of the rhombus is a one-one correspond- 
ence, with the exception of the points of^ and^', to each 
of which correspond two points, situated on the opposite 
sides of the rhombus. However, if we agree to regard these 
points as identical, two by two, then the correspondence 
becomes one* one without exception, and the geometry of 
the rhombus is completely identical with that of Clifford's 
Surface,'^ 

§ II. These representations of the cylinder and of 
Clifford’s Surface show us how, for the case of zero curva- 
ture, the investigation of Clifford-Klein’s forms can be 
reduced to the determination of suitable Euclidean polygons, 
eventually degenerating into strips, whose sides are two by 
two transformable, one into the other, by suitable movements 
of the plane, their angles being together equal to four right- 
angles (Klein).* Then it is only necessary to regard the 
points of these sides as identical, two by two, to have a 
representation of the required forms on the ordinary plane. 

I Cf. Clifford loc. cit. Also Klein’s memoir referred to 
on p. 211. 

■ Cf. the memoir just named 
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It is possible to present, in a similar way, the investi- 
gation of Clifford-Klein’s forms for positive or negative 
values of the curvature, and the extension of this problem 
to space. * 

I A systematic treatment of Clifford-Klein’s problem is to 
be found in Killing’s Einfuhi’ung in die Grundlagen der Geometric. 
Bd. I, p. 271—349 (Paderborn, 1893). 



Appendix III. 

The Non’Euclidean Parallel Construction 
and other Allied Constructions. 

§ I. The Non-Euchdean Parallel Construction depends 
upon the correspondence between the right-angled triangle 
and the quadrilateral with three right angles. Indeed, when 
this correspondence is known, a number of different con- 
structions are immediately at our dis])Osal. * 

To express this correspondence we introduce the 
following notation: 

In the right-angled triangle, as usual, a, b are the sides: 
c is the hypotenuse: \ is the angle opposite a and p 
that opposite b. Further the angles of parallelism for a, b 
are denoted by a and P: and the lines which have X, p for 
angles of parallelism are denoted by m. Also two lines, 
for which the corresponding angles of parallelism are com- 
plementary, are distinguished by accents, e. g.: 

Then with this notation: To every right-angled triangle 
(f7, c, X, |Li) there corresponds a quadrilateral with three 
right-angles^ whose fourth angle \acute) is p, afid whose sides 
are r, ni^ a, /, taken in order from the corner at which the 
angle is p.* 

The converse of this theorem is also true. 


^ Cf. p. 256 of Engel’s work referred to on p. 84. 
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The following is one of the constructions, which can be 
derived from this theorem, for drawing the parallel through 
A to the line BC (cf. Fig. 77). 

Let AB be the perpendicular from A to BC. At A draw 
the line perpendicular to AB^ and from any point C in BC 
draw the perpendicular CD 
to this line. 

With centre ^ and rad- 
ius BC (equal to r) describe 
a circle cutting CD in E. 

Now we have 

Fig- 77- 

<^: EAD = M, 

and therefore 

^ BAE = ~ — p = TT (m). 

But the sides of the quadrilateral are c, m\ /, taken in 
order from C. 

Therefore AE is parallel to BC. 

If a proof of this construction is required without using 
the trigonometrical forms, one might attempt to show direct- 
ly that the line AE produced, (simply owing to the equality 
of BC and AE), does not cut BC produced, and that the 
two have not a common perpendicular. If this were the 
case, they would be parallel. Such a proof has not yet been 
found. 

Again, we might prove the truth of the construction 
using the theorem, that in a prism of triangular section the 
sum of the three dihedral angles is equal to two right angles*: 
so that for a prism with n angles the sum is (2«— 4) right 
angles. This proof is given in § 2 below. 



» Cf. Lobatschewsky (Engel’ .s translation) p. 172. 
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Finally, the correspondence stated in the above theorem 
— only part of which is required for the Parallel Construction 
of Fig. 78 — can be verified without the use of the geo- 
metry of the Non-Euclidean space. This proof is given in S 3- 


§ 2 . Direct proof of the Parallel Construction by means 
of a Prism. 


Q 


r ' s. 



Let A BCD be a plane quadrilateral in which the angles 
at Dj^'A, B are right angles. Let the angle at C be denoted 
by P, AD by ^ 7 , DC by /, CB by and BA by m\ 

At A draw the perpendicular AQ to the plane of the 
quadrilateral. Through B, C, and D draw CQ and Z>Q 
parallel to AQ. 

Also through A draw AQ parallel to BCj cutting CD 
in £ {ED = bi)j and let the plane through AQ. and AE 
cut CDQ in EQ. From the definition, we have 

^EAD = { 

Further the plane QAB is at right angles to a, and the 
plane QDA at right angles to /, since QA and AB are per- 
pendicular to a, while QD and a are perpendicular to /. 
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Also ^ ABQ = ^ QAB = 

In the prism Q {ABCD) the faces which meet in QA, 
QB, QZ> are perpendicular. Also the four dihedral angles 
make up four right angles. It follows that the faces of the 
prism C (DBQ), which meet along CQ, are perpendicular. 
Also it is clear that in E {EQA) the faces which meet in EA 
are perpendicular, while the dihedral angle for the edge CD 
is the same as for ED (thus equal to a). 

We shall now prove the equality of the other dihedral 
angles in these prisms C {DBQ.) and E (DQA) — those con- 
tained by the faces which meet in CB and AE. 

In the first prism this angle is equal to the angle be- 
tween the planes ABCD and CBQ. Jt is thus equal to 

^ i. e. it is equal to ABQ, 

In the second prism, the angle between the planes 
meeting in EQ belongs also to the prism Q (ADE). In this 
the angle at QD is a right-angle, and that at QA is equal 

IT 

to p. Thus the third angle is equal to — p. 

Therefore the prisms C (DBQ). and E (DQ^) are 
congruent. 

Therefore BCQ = ^EA, 

and the lines which have these angles of parallelism are 
also equal. 

Thus c = BC and = AE 

are equal, which was to be proved. 

Further it follows that 

^ DEA -= DCQ -, 

i. e.the angle X,, opposite the side a of the triangle, is given by 

Xj = TT (/) = X. 

Finally DCB = DEQ ; 

1 e. P = TT (^i), or = A 
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Thus the correspondence between the triangle and the 
quadrilateral is proved.' 

§ 3. Proof of the Correspondence by Plane Geometry. 

In the right-angled triangle ABC produce the hypo- 
tenuse AB to Z>, where the perpendicular at Z> is parallel to 
CB (cf. Fig. 79). 



Then with the above notation 
BD = m. 

Draw through A the parallel to Z)0 and CBB. 

Then 

CAO = p = n ib), 

and it is also equal to 

X -h B)AQ = X + TT "h w). 

We thus obtain the first of the six following equations.* 
The third and fifth can be obtained in the same way. The 
second, fourth, and sixth, come each from the preceding, if 
we interchange the two sides a and b, and, correspondingly 
the angles X and p. 

* Bonola: 1 st. Lombardo, Rend. (2). T. XXXVII, p. 255 — 
258 (1904). The theorem had already been proved by pure 
geometrical methods by F. Engel; Bull, de la Soc. Phys. Math, 
de Kasan (2). T. VI (1896); and Bericht d. Kon. Sachs. Ges. d. 
Wiss., Math.-Phys. Klasse, Bd. L, p. 181 — 187 (Leipzig, 1S98). 

a Cf. Lobatschewsky (Engel’s translation), p. 15—16, and 
Liebmann, Math. Ann. Bd. LXI, p. 185, (1905). 


ri 
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The table for this case is as follows: 

X -f fT (^ + wi) = |i + TT (^ + /J = a: 

X + p = TT — m)f ^ + a = TT — /) ; 

Tf {d + /) + T\ (m — a) = TT(»i + ^z) + n (/ — ^)=-^TT. 

Similar equations can also be obtained for the quad- 
rilateral with three right angles. Some of the sides have to 
be produced, and the perpendiculars drawn, which are 
parallel to certain other sides, etc. 

If we denote the acute angle of the quadrilateral by p,, 
and the sides, counting from it, by /«/, Cj, and /j, we ob- 
tain the following table : 

Xi + TT -f rnj) = Pi, Tx + TT (4 + ai) = px; 

Xx 4" Pi =*= TT {ci ^^i), Ti 4" Pi = fT (4 

TT(4 +^i) + rT(/«x— i7i)=— TT, 17(^1 + ^i) + TT(i7i —mi )=— tt. 

The second, fourth, and sixth formulae come from inter- 
changing Cl and mi\ with 4 and <7, , as in the right-angled 
triangle. 

Let us now imagine a right-angled triangle constructed 
with the hypotenuse c and the adjacent angle ju: and let the 
remaining elements be denoted by a, b, X as above. 

In the same way, let a quadrilateral with three right- 
angles be constructed, in which c is next the acute angle, m' 
follows c, the remaining elements being ^Zx, 4, and pj. 

Then a comparison of the first and third formulae for 
the triangle, with the first and third for the quadrilateral, 
shows that 

Pi “ P> Xi = X. 

The fifth formula of both tables then gives 

ai «*= a. 

Hence the theorem is proved. 
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From the two tables it also follows that to a right- 
angled triangle with the elements 
a, b, c, X, 

there corresponds a second triangle with the elements 
a, ^ a, Xx = = f » 

a result which is of considerable importance in further con- 
structions. But we shall not enter into fuller details. 

The possibility of the Non-Euclidean Parallel Construc- 
tion, with the aid of the ruler and compass, allows us to 
draw, with the same instruments, the common perpendicular 
to two lines which are not parallel and do not meet each 
other (the non-intersecting lines)-, the common parallel to the 
two lines which bound an ingle; and the line which is per- 
pendicular to one of the bounding lines of an acute angle 
and parallel to the other. We shall now describe, in a few 
words, how these constructions can be carried out, following 
the lines laid down by Hilbert.* 

§ 4. Construction of the common perpendicular to two 
non-intersecting straight lines. 



Fig. 80. 


Let a ^ AjA, b ^ be two non-intersecting lines; 
that is, lines which do not meet each other, and are not 
parallel (cf. Fig. 80). 

1 Neue B eg r undung der Bolyai- Lobaischefskyschen Geometrie. 
Math. Ann. Bd. 57, p. 137 — 150 (1903). Hilbert’s Grundlagen der 
Geometrie^ 2. Aufl., p. 107 et scq. 
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Let A,Bi, AB be the perpendiculars drawn from the 
points A^ , A upon a to the line constructed as in ordinary 
geometry. 

If the segments A^Bi , AB, are equal, the perpendicular 
to b from the middle point of the segment BxB is also per- 
pendicular to a\ so that, in this case, the construction of 
the common perpendicular is already effected. 

If, on the other hand, the two segments AxB^^ AB are 
unequal, let us suppose, e. g., that A^B^ is greater than AB, 

Then cut off from A^B^ the segment A B^ equal to AB\ 
and through the point A\ in the part of the plane in which 
the segment AB lies, let the ray AM' be drawn, such that 
the angle B^A M’ is equal to the angle which the line a 
makes with AB (cf. Fig. 80). 

The ray AM* must cut the line a in sl point M' (cf. 
Hilbert, loc. cit.). From M' drop the perpendicular M'F' 
to by and from the line a, in the direction AiAy cut off the 
segment AM equal to AM'. 

If the perpendicular MP is now drawn to b, we have a 
quadrilateral ABPM which is congruent with the quad- 
rilateral ABxP'M'. 

It follows that MF is equal to M'F'. 

It remains only to draw the perpendicular to b from 
the middle point of F' F to obtain the common perpendicular 
to the two lines a and K 

§ 5. Construction of the commofi parallel to tivo straight 
lines which bound any angle. 

Let a = AO, and b = BO, be the two lines which con- 
tain the angle AOB (cf. Fig. 81). From a and b cut off the 
equal segments OA and OB\ and draw through A the ray 
b' parallel to the line by and through B the ray a parallel to 
the line a. 
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Let and be the bisectors of the angles contained 
by the lines ab\ and ab. 

The two lines are non-intersecting lines, and their 
common perpendicular^,-^,, the construction for which was 
given in the preceding paragraph, is the common parallel to 
the lines which bound the angle A OB. 



A. s. 

Fig. 8i. 

Reference should be made to Hilbert’s memoir, quot- 
ed above, for the proof of this construction. 


§ 6. Cofistruction of the straight line which is perpendi- 
cular to one of the lines bounding an acute angle and parallel 
to the other. 



Fig 52 


Let a = AO and b BO^ be 
the two lines which contain the acute 
angle A OB; and let the ray b' = B '0 
be drawn, the image of the line b in 
a (cf. Fig. 82). 

Then, using the preceding con- 
struction, let the line BjB/ be drawn 
parallel to the two lines which con- 
tain the angle BOB . 

This line, from the symmetry of 


the figure with respect to <2, is perpendicular to OA. 


It follows that BiB\ is parallel to one of the lines which 


contain the angle AOB and perpendicular to the other. 


§ 7. The constructions given above depend upon 
metrical considerations. However it is also possible to make 
use of the fact that to the metrical definitions of perpend- 
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icularity and parallelism a projective meaning can be given 
(S 79), and that projective geometry is independent of the 
parallel postulate (§ 80). 

Working on these lines, what will be the construction 
for the parallels through a point A to 3. given line? 

Let the points and P^, P^\ P^ be given 

on g so that the points P^'^ P^\ are all on the same 
side of Ply P2J P^y and 

P.Pt = P.P.' = P^P^. 

Join AP^y AP^y AP^ and denote these lines by s^y j,, 
and Sy Similarly let APi\ AP^y AP^ be denoted by .4', 
S2 and j--'. Then the three pairs of rays through Ay determ- 
ine a projective transformation of the pencil (s) into itself, 
the double elements of which are obviously the two parallels 
which we require. These double elements can be constructed 
by the methods of projective geometry.^ 

The absolute is then determined by five points: i. e., by 
five pairs of parallels; and so all further problems of metrical 
geometry are reduced to those of projective geometry. 

If we represent (cf. S 84) the Lobatschewsky-Bolyai 
G eometry (e. g., for the Euclidean plane) so that the image 
of the absolute is a given conic (not reaching infinity), then 
it has been shown by Grossmann * that most of the problems 
for the Non-Euclidean plane can be very beautifully and 
easily solved by this ‘translation’. However we must not 
forget that this simplicity disappears, if we would pass from 
the ‘translation’ back to the ‘original text*. 


1 Cf. for example, Enriques, Geometna proiettivay (referred to 
on p. 156) S 73- 

2 Grossmann, Die f laidamentalen Konstriiktionen der ntchi- 
eitklidischen Geometriey Programm der Tliurgauischcn Kantonscbule, 
(Frauenfeld, 1904). 
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In the Non-Euclidean plane the absolute is inaccessible, 
and its points are only given by the intersection of pencils 
of parallels. The points outside of the absolute, while they 
are accessible in the ‘translation’, cannot be reached in the 
‘text’ itself. In this case they are pencils of straight lines, 
which do not meet in a point, but go through the (ideal) 
pole of a certain line with respect to the absolute. 

If, then, we would actually carry out the constructions, 
difficulties will often arise, such as those we meet in the 
translation of a foreign language, when we must often sub- 
stitute for a single adjective a phrase of some length. 



Appendix IV. 

The Independence of Projective Geometry 
from Euclid’s Postulate. 

§ I. Statement of the Problem. In the following pages 
we shall examine more carefully a question to which only 
passing reference was made in the text (cf. S 8o), namely, the 
validity of Projective Geometry in Non-Euclidean Space, since 
this question is closely related to the demonstration of the 
independence of that geometry from the Fifth Postulate. 

In elliptic space (cf. S 8o) we may assume that the 
usual projective properties of figures are true, since the 
postulates of projective geometry are fully verified. Indeed 
the absence of parallels, or, what amounts to the same thing, 
the fact that two coplanar lines always intersect, makes the 
foundation of projectivity in elliptic space simpler than in Eu- 
clidean space, which, as is well known, must be first com- 
pleted by the points at infinity. 

However in hyperbolic space the matter is more com- 
plicated. Here it is not sufficient to account for the absence 
of the point common to two parallel lines, an exception 
which destroys the validity of the projective postulate; — tuw 
coplanar lines have a common point. We must also remove 
the other exception— the existence of coplanar lines which 
do not cut each other, and are not parallel (the non-inter- 
secting lines). The method, which we shall employ, is the 
same as that used in dealing with the Euclidean case. We 
introduce fictitious points,^ regarded as belonging to two co- 
planar lines which do not meet 
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In the following paragraphs, keeping for simplicity to 
two dimensions only, we show how these fictitious points 
can be introduced on the hyperbolic plane, and how they 
enable us to establish the postulates of projective geometry 
without exception. Naturally no distinction is now made be- 
tween the proper points^ that is, the ordinary points, and the 
fictitious points^ thus introduced. 

§ 2. Improper Points and the Complete Projective Plane. 
We start with the pencil of lines, that is, the aggregate of 
the lines of a plane passing through a point. We note that 
through any point of the plane, which is not the vertex of 
the pencil, there passes one, and only one, line of the pencil. 

On the hyperbolic plane, in addition to the pencil, there 
exist two other systems of lines which enjoy this property, 
namely; — 

(i) the set of parallels to a line in one direction', 

(ii) the set of perpendiculars to a line. 

If we extend the meaning of the term, pencil of lines, 
we shall be able to include under it the two systems of lines 
above mentioned. In that case it is clear that two arbi- 
trary lines of a plane will determine a pencil, to which they 
belong. 

If the two lines are concurrent, the pencil is formed by 
the set of lines passing through their common point; if they 
are parallel, by the set of parallels to both, in the same 
direction; finally, if they are non-intersecting, by all the lines 
which are orthogonal to their common perpendicular. In 
the first type of pencil (the proper pencil), there exists a point 
common to all its lines, vertex of the pencil', in the two 
other types (the improper pencils), this point is lacking, > 
shall now introduce, by convention, a fictitious entity, called an 
improper point, and regard it as pertaining to all the lines of 
the pencil. With this convention, ei^ery pencil has a vertex. 
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which will be a proper point, or an improper point, accord- 
ing to the different cases. The hyperbolic plane, regarded 
as the aggregate of all its points, proper and improper, will 
be called the complete projective plane. 

§ 3. The Complete Projective Line. The improper 
points are of two kinds. They may be the vertices of pen- 
cils of parallels, or the vertices of pencils of non-intersecting 
lines. The points of the first species are obtained in the 
same way, and have the same use, as the points at infinity 
common to two Euclidean parallels. For this reason we shall 
call them points at infinity on the hyperbolic plane, when it 
is necessary to distinguish them from the others. The points 
of the second species will be called ideal points. 

It will be noticed that, while every line has only one 
point at infinity on the Euclidean plane, it has two points at 
infinity on the hyperbolic plane, there being two distinct 
directions of parallelism for each line. Also that, while the 
line on the Euclidean plane, with its point at infinity, is 
closed, the hyperbolic line, regarded as the aggregate of 
its proper points, and of its two points at infinity, is open. 
The hyperbolic line is closed by associating with it all the 
ideal points, which are common to it and to all the lines on 
the plane which do not intersect it. 

From this point of view we regard the line as made 
up of two segments^ whose common extremities are the two 
points at infinity of the line. Of these seglnents, one contains, 
in addition to its ends, all the proper points of the line; the 
other all its improper points. The line, regarded as the 
aggregate of its points, proper and improper, will be called 
the complete projective line. 

§ 4. Combination of Elements. We assume for the 
concrete representatio 7 i of a point of the complete projective 
plane: — 
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(i) its physical image, if it is a proper point; 

(ii) a line which passes through it, and the relative 
direction of the line, if it is a point at infinity; 

(hi) the common perpendicular to all the lines passing 
through it, if it is an ideal point. 

We shall denote a proper point by an ordinary capital 
letter; an improper point by a Greek capital; and to this 
we shall add, for an ideal point, the letter which will 
stand for the representative line of that point. Thus a point 
at infinity will be denoted, e. g., by Q, while the ideal point, 
through which all lines perpendicular to the line 0 pass, will 
be denoted by Qo- 

On this understanding, if we make no distinction be- 
tween proper points and improper points, not only can we 
affirm the unconditional validity of the projective postulate: 
two arbitrary lines have a common point: but we can also 
construct this point, understanding by this construction the 
process of obtaining its concrete representation. In fact, if the 
lines meet, in the ordinary sense of the term, or are parallel, 
the point can be at once obtained. If they are non-inter- 
secting, it is sufficient to draw their common perpendicular, 
according to the rule obtained in Appendix III S 4- 

On the other hand, we are not able to say that the 
second postulate of projective geometry - points determine 
a line — and the corresponding constructions, are valid un- 
conditionally. In fact no line passes through the ideal point 
Qo and through the point at infinity Q on the line since 
there is no line which is at the same time parallel and per- 
pendicular to a line o. 

Before indicating how we can remove this and other 
exceptions to the principle that a line can be determined by 
a pair of points, we shall enumerate all the cases in which 
two points fix a line, and the corresponding constructions:— 

a) Two proper points. The line is constructed as usual. 
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b) A proper point [0] and a point at infinity [Q]. The 
line OQ is constructed by drawing the parallel through 0 to 
the line which contains Q, in the direction corresponding 
to Q. (Appendix III). 

(c) A proper point [0] and an ideal point [fj. The line 
Or^r is constructed by dropping the perpendicular from 0 to 
the line c. 

(d) Two points at infinity [Q, Q']. The line QQ' is the 
common parallel to the two lines bounding an angle, the 
construction for which is given in Appendix III § 5. 

(e) An ideal point [fj and a point at infinity [Q] , not 
lying on the representative line c of the ideal point. The line 
Qff is the line which is parallel to the direction given by Q 
and perpendicular to c. The construction is given in Append- 
ix HI S 6. 

(f) Two ideal points [f^, f/], whose representative lines 
c, c do not intersect. The line is constructed by drawing 
the common perpendicular to c and c (Appendix III § 4). 

The pairs of points which do not determine a line are 
as follows: — 

(i) an ideal point and a point at infinity, lying on the 
representative line of the ideal point; 

(ii) two ideal points, whose representative lines are 
parallel, or meet in a proper point. 

§ 5. Improper Lines. To remove the exceptions men- 
tioned above in (i) and (ii), new entities must be introduced. 
These we shall call improper lines^ to distinguish them from 
the ordinary or proper lines. 

These improper lines are of two types: — 

(i) If Q is a point at infinity, every line of the pencil Q 
is the representative entity of an ideal point. The locus of 
these ideal points, together with the point Q, is an im- 
proper line of the first type, or line at infinity. It will be 
denoted by m. 
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(ii) If A is a proper point, every line passing through A 
is the representative entity of an ideal point. The locus of 
these ideal points is an improper line of the second type, or 
ideal line. It will be denoted by The proper point A 
can be taken as representative of the ideal line a^. 

These definitions of the terms line at infinity and ideal 
Ime allow us to state that two points, which do not belong 
to a proper line, determine either a line at infinity, or an 
ideal line. Hence, dropping the distinction between proper 
and improper elements, the projective postulate — two points 
determine a line — is universally true. 

We must now show that, with the addition of the im- 
proper lines, any two lines have a common point. The 
various cases in which the two lines are proper have been 
already discussed (S 4 ). There remain to be examined the 
cases in which at least one of the lines is improper. 

(i) Let r be a proper line and m an improper line, 
passing through the point Q at infinity. The point uJr is the 
ideal point, which has the line passing through S2 and per- 
pendicular to r for representative line. 

(ii) Let r be a proper line and an ideal line, d'he 
point raA is the ideal point, which has the line passing 
through A and perpendicular to r for its representative line. 

(iii) Let lu and ui' be two lines at infinity, to which 
belong the points Q and Q respectively. The point uiuj' is 
the ideal point, whose representative line is the line joining 
the points Q and 

(iv) Let be two ideal lines. The point is 

the ideal point, whose representative line is the line joining 
A and 

(v) Let uj and be a line at infinity and an ideal line. 
The point uia^ is the ideal point, whose representative line 
is the line joining A to Q. 

Thus we have demonstrated that the two fundamental 
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postulates of projective plane geometry hold on the hyper- 
bolic plane. 

§ 6. Complete Projective Space and the Validity of Pro- 
jective Geometry in the Hyperbolic Space, We can introduce 
improper points, lines and planes, into the Hyperbolic Space 
by the same method which has been followed in the preced- 
ing paragraphs. We can then extend the fundamental pro- 
positions of projective geometry to the complete projective 
ipace. Thereafter, following the lines laid down by Staudt, 
all the important projective properties of figures can be de- 
monstrated. Thus the validity of projective geometry in the 
Lobatschewsky-Bolyai Space is established. 

§ 7. Jfidependence of Projective Geometry from the Fifth 
Postulate, Let us suppose that in a connected argument, 

founded on the group of postulates B , //, the only 

hypotheses which can be used are , /«• Also that 

from the fundamental postulates and any one whatever of 
the I a certain proposition M can be derived. Then we 
may say that M is independent of the I s, 

It is precisely in this way that the independence of pro- 
jective geometry from the Fifth Postulate is proved, since 
we have shown that it can be built up, starting from the 
group of postulates common to the three systems of geo- 
metry, and then adding to them any one of the hypotheses 
on parallels. 

The demonstration of the independence of Jf from any 
one of the I's, founded on the deduction (cf. § 59) 

{^i D = I, 2, . . . w) 

may be called indirect, reserving the term direct demonstration 
for that which shows that it is possible to obtain M without 
introducing any of the I s at all. Such a possibility, from the 
theoretical point of view, is to be expected, since the 
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preceding relations show that neither any single /, nor any 
group of them, is necessary to obtain M. If we wish to give 
a demonstration of the type 

{A, If} DM, 

in which the /'s do not appear at all, we may meet difficult- 
ies not always easily overcome, difficulties depending on the 
nature of the question, and on the methods we may adopt 
to solve it. So far as regards the independence of projective 
geometry from the Fifth Postulate, we possess two interesting 
types of direct proofs, founded on two different orders of 
ideas. One employs the method of analysis: the other that 
of synthesis. We shall now briefly describe the views on 
which they are founded. 

§ 8. BeltramVs Direct Demonstration of the Independ- 
ence of Projective Geometry from the Fifth Postulate, The 
demonstration implicitly contained in Beltrami’s '‘Saggid of 
1868 must be placed first in chronological order. Referring 
to the '‘Saggio\ let us suppose that between the points of a 
surface Fj {or of a suitably limited region of the surface),^ and 
the points of an ordinary plane area^ there can be established 
a one-one corresp 07 idence^ such that the geodesics of the former 
are represented by the straight lines of the latter. Then, to the 
projective properties of plane figures, which express the 
collinearity of certain points, the concurrence of certain 
lines, etc., correspond similar properties of the correspond- 
ing figures on the surface, which are deduced from the first, 
by simply changing the words plane and line into surface 
and geodesic. If all this is possible, we should naturally say 
that the projective properties of the corresponding plane 
area are valid on the surface F\ or, more simply, that the 
ordinary projectivity of the plane holds upon the surface. 
We shall now put this result in an analytical form. 

Let u and v be the (curvilinear) coordinates of a point 
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on and x and y those of the representative point on the 
plane. The correspondence between the points («, v) and 
(x, y) will be expressed analytically by putting 


» = / (*, ^)i 

V = (p (x, jy)j^ 


(i) 


where yand q) are suitable functions. 

To the equation 

qj (u, v) = o 

of a geodesic on F, let us now apply the transformation (i). 

We must obtain a linear equation in x^y^ since, by our 
hypothesis, the geodesics of F are represented by straight 
lines on the plane. 

But the equations (i) can also be interpreted as formulae 
giving a transformation of coordinates on F. We can there- 
fore conclude that : — If by a suitable choice of a system of 
curvilinear coordinates on the surface F^ the geodesics of that 
surface can be represented by linear equations^ the ordinary 
projective geomet?y i f valid on the surface. 


Now Beltrami has shown in his '‘Saggid that on surfaces 
of constant curvature it is always possible to choose a system 
of coordinates (u^ v)^ for which the general integral of the 
differential equation of the geodesics takes the form 
ax by c o. 

Hence, from what has been said above, it follows that:— 

Plane projective geometry is valid on the surfaces of co7i~ 
slant curvature with respect to their geodesics. 

But, according to the value of the curvature, the geo- 
metry of these surfaces coincides with that of the Euclidean 
plane, or of the Non-Euclidean planes. 


It follows that: — 


The 7 nethod of Beltrafni, applied to a plane on which are 
valid the metrical concepts common to the three geometries., leads 
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to the foundation of plane projective geometry without the 
assumption of any hypothesis on parallels. 

This result and the argument we have employed in ob- 
taining it are easily extended to space. Beltrami’s memoir 
referring to this is the Teoria fondamentale degli spazii di 
curvatura costante, quoted in the note to S 75- 

§ 9. Klein's Direct Demonstratioji of the Jndepe?idence 
of Projective Geometry from the Fifth Postulate. The method 
indicated above is not the only one which will serve our 
purpose. In fact, we might be asked if we could not construct 
projective geometry independently of any metrical consider- 
ation; that is, starting from the notions of point, line, plane, 
and from the axioms of connection and order, and the prin- 
ciple of continuity.* In 1871 Klein was convinced of the 
possibility of such a foundation, from the consideration of 
the method followed by Staudt in the construction of his 
geometrical system. There remained one difficulty, relative 
to the improper points. Staudt, following Poncelet, makes 
them to depend on the ordinary theory of parallels. To 
escape the various exceptions to the statement that two 
coplanar lines have a common point, due to the omission of 
the Euclidean hypothesis, Klein proposed to construct projective 
geometry in a limited (and convex) region of space^ such, e. g., 
as that of the points inside a tetrahedron. With reference to 
such a region, for the end he has in view, every point on 
the faces of, or external to, the tetrahedron must be con- 
sidered as non-existent. Also we must give the name of line 
and plane only to the portions of the line and plane belonging 
to the region considered. Then the graphical postulates of 
connection, order, etc., which are supposed true in the whole 

I For this nomenclature for the Axioms, cf. Townsend’s 
translation of Hilbert’s Fouiidatwtis of Geometry^ p. I (Open Court 
Publishing Co. 1902). 
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of space, are verified in the interior of the tetrahedron. Thus 
to construct projective geometry in this region, it is neces- 
sary, with suitable conventions, that the propositions on the 
concurrence of lines, etc. should hold without exception. 
These are not always true, when the word point means 
simply point inside the tetrahedron. 

Klein showed briefly, while various later writers dis- 
cussed the question more fully, how the space inside the 
tetrahedron can be completed by fictitious entities, called 
ideal points, lines and planes, so that when no distinction 
is made between the proper entities (inside the tetrahedron) 
and the ideal entities, the graphical properties of space, on 
which all projective geometry is constructed, are completely 
verified. 

From this there readily follows the independence of 
projective geometry from Euclid’s Fifth Postulate. 



Appendix V. 


The Impossibility of Proving Euclid’s 
Parallel Postulate.' 

An Elementary Demonstration of this Impossibility founded 
upon the Properties of the System of Circles orthogonal to a 
Fixed Circle. 

§ I. In the concluding article (§ 94) various arguments 
are mentioned, any one of which establishes the independence 
of Euclid’s Parallel Postulate from the other assumptions on 
which Euclidean Geometry is based. One of these has been 
discussed in greater detail in Appendix IV. In the articles 
which follow there will be found another and a more ele- 
mentary proof that the Bolyai- Lob atschewsky system of 
Non-Euclidean Geometry cannot lead to any contradictory 
results, and that it is therefore impossible to prove Euclid’s 
Postulate or any of its equivalents. This proof depends, for 
solid geometry, upon the properties of the system of spheres all 
orthogonal to a fixed sphere, while for plane geometry the 
system of circles all orthogonal to a fixed circle is taken. 
In the course of the discussion many of the results of Hyper- 
bolic Geometry are deduced from the properties of this 
system of circles. 

I This Appendix, added to the English translation, is based 
upon Wellstein’s work, referred to on p. 180, and the following 
paper by CarslaW; 'The Bolyai-Lobatschewsky Nofx-EMchdean Geo- 
metry : an Elementary Interpretation of this Geometry and some Results 
whirh follorw from this Interpretation ^ Proc. Edin. Math. Soc. Vol. 
XXVIIL p. 95 (1910). 

Cf. also; J. Wellstein, Zusammenhang zwischen zwet euklid- 
ischen Bildern der mchteuklidischen Geometrie. Archiv der Math. u. 
Physik (3). XVII, p. 195 (1910). 
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The System of Circles passing through a fixed Point. 

§ 2. We shall examine first of all the representation of 
ordinary Euclidean Geometry by the geometry of the system 
of spheres all passing through a fixed point In plane geo- 
metry this reduces to the system of circles through a fixed 
point, and we shall begin with that case. 

Since the system of circles through a point O is the 
inverse of the system of straight lines lying in the plane, to 
every circle there corresponds a straight line, and the circles 
intersect at the same angle as the corresponding lines. The 
properties of the set of circles could be established from the 
knowledge of the geometry of the straight lines, and every 
proposition concerning points and straight lines in the one 
geometry could at once be interpreted as a proposition con- 
cerning points and circles in the other. 

There is another way in which the geometry of these 
circles can be established independently. We shall first de- 
scribe this method, and weshall then see that from this inter- 
pretation of the Euclidean Geometry we can easily pass to a 
corresponding representation of theNon-Euclidean Geometry. 

§ 3. Ideal Lines. 

It will be convenient to speak ot the plane of the 
straight lines and the plane of the circles, as two separate 
planes. We have seen that to every straight line in the plane 
of the straight lines, there corresponds a circle in the plane 
of the circles. We shall call these circles Ideal Lines. I'he 
Ideal Points will be the same as ordinary points, except that 
the point O will be excluded from the domain of the Ideal 
Points. 

On this understanding we can say that Any two different 
Ideal Points Ay By determine the Ideal Line AB; just as, in 
Euclidean Geometry, any two different points A, B deter- 
mine the straight line AB, 
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As the angle between the circles in the one plane is 
equal to the angle between the corresponding straight lines 
in the other, we define the angle between two Ideal Lines as 
the angle between the corresponding straight lines. Thus we 
can speak of Ideal Lines being perpendicular to each other, 
or cutting at any angle. 

§ 4 . Ideal Parallel Lines. 

Let BC (cf. Fig. 83) be any straight line and A a point 
not lying upon it. 


A 



Let AM be the perpendicular to BC, and AM^, AM^, 
AM^, . . . different positions of the line AM, as it revolves 
from the perpendicular position through two right angles. 

The lines begin by cutting BC on the one side of M, 
and there is one line separating the lines which intersect 
BC on the one side, from those which intersect it on the 
other. This line is the parallel through A to BC. 

In the corresponding figure for the Ideal Lines fcf. 
Fig. 84), we have the Ideal Line through A perpendicular to 
the Ideal Line BC\ and the circle which passes through A, 
and touches the circle OBC at O, separates the circles 
through A, which cut BC on the one side of M, from those 
which cut it on the other. 
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We are thus led to define Parallel Ideal Line^ as follows: 
The Ideal Line through any point parallel to a given 
Ideal Line is the circle of the system which touches at O the 
circle coinciding with the gwen line and also passes through the 
given point. 



Thus any two circles of the system which touch each 
other at O will be Ideal Parallel Lines. Two Ideal Lines, 
which are each parallel to a third Ideal Line, are parallel to 
each other, etc. 

§ 5. Ideal Lefigths. 

Since Et:clid’s Parallel Postulate is equivalent to the 
assumption that one, and only one, straight line can be 
drawn through a point parallel to another straight line, and 
since this postulate is obviously satisfied by the Ideal Line, 
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in the geometry of these lines, Euclid’s Theory of Parallels 
will be true. 

But such a geometry will require a measurement of 
length. We must now define what is meant by the Ideal 
Letigth of an Ideal Segment. In other words we must define 
the Ideal Distance between two points. It is clear that if the 
two geometries are to be identical two Ideal Segments must 
be regarded as of equal length, when the corresponding 
rectilinear segments are equal. We thus define the Ideal 
LeJigth of an Ideal Segment as the length of the rectilinear 
segment to le/kich it corresponds. 

It will be seen that the Ideal Distance between two 
points B is such that, if C is any other point on the 
segment, 

'distance’ AB = 'distance’ AC ‘distance’ CB. 

The othej requisite for ‘distance’ is that it is unaltered 
by displacement, and when we come to define Ideal Dis- 
placement we shall have to make sure that this condition is 
also satisfied. 

It is clear that on this understanding the Ideal Length 
of an Ideal Line is infinite. If we take ‘equal’ steps along 
the Ideal Line BC from the foot of the perpendicular (cf. 

Fig. 84) the actual lengths of the arcs MM^, etc , 

the Ideal Lengths of which are equal, become gradually 
smaller and smaller, as we proceed along the line towards O. 
It will take an infinite number of such steps to reach Oj just 
as it will take an infinite number of steps along BC from M 
(cf. Fig. 83) to reach the point at which BC is met by the 
parallel through A, We have already seen that the domain 
of Ideal Points contains all the points of the plane except 
O. This was required so that the Ideal Line might always 
be determined by two different points. It is also needed for 
the idea of ‘between-ness’. On the straight line AB we can 
say that C lies between line A and B if, as we proceed along 
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AB from A to B, we pass through C. On the Ideal Line AB 
(cf Fig. 85) the points Ci and C2 would both lie between 
A and B, unless the point O were excluded. In other words 
this convention must be made so that the Axioms of Order * 
may appear in the geometry of the Ideal Points and Lines. 



On this understanding, and still speaking of plane geo- 
metry, we can say that two Ideal Lines are parallel when they 
do not meet, however far they are produced. 

To obtain an expression for the Ideal Length of an 
ideal Segment we may take the radius of inversion — k — to 
be unity. 

Consider the segment AB and the rectilinear segment 
op to which it corresponds. Then we have (Fig. 86) 
ap _ ^ op -OB _ 

AB ~ ITA ~ OAToB ~ OA. OB' 


See Note on p. 236 
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Hence we define Ideal Length of the segment AB as 

AB 

OA. OB 

We shall now show that the Ideal Length of an Ideal 
Segment is unaltered by inversion with regard to any circle of 
the system. 


a 


0 

Fig 66. 

Let OL> be any circle of the system and let C be its 
centre (Fig. 87). 

Then inversion changes an Ideal Line into an Ideal 

Line. 

Let the Ideal Segment AB invert into the Ideal Segment 
A'B'. These two Ideal Lines intersect at the point where 
the circle of inversion meets AB. 

Then 

the Ideal Length of AD AD / A' D 

the Ideal Length oi A'D OA . ODj 0 A' . OD 
_ AD OA 
“■ A'b ' OA’ 

liut from the triangles CAD, CA'D and OAC, OA' C, 
we find 
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AjD CA CA AO 

A'D CD CO A o' 

Thus the Ideal Length of the Ideal Length oiA'D. 

Similarly we find BD and B' D have the same Ideal Length, 
and therefore AB and A B’ have the same Ideal Length. 



§ 6. Ideal Displacements. 

The length of a segment must be unaltered by dis- 
placement. This leads us to consider the definition of Ideal 
Displacement. Any displacement may be produced by re- 
peated applications of reflection; that is, by taking the image 
of the figure in a line (or in a plane, in the case of solid 
geometry). For example, to translate the segment AB (cf. 
Fig. 88) into another position on the same straight line, we 
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may reflect the figure, first about a line perpendicular to and 
bisecting BB\ and then another reflection about; the middle 
, point of AB would bring the ends into their former positions 
relative to each other. Also to move the segment AB into 

B' A' 

Fig. 88. 

the position AB (cf. Fig. 89) we can first take the image ot 
AB in the line bisecting the angle between AB and AB\ 
and then translate the segment along AB to its final 

We proceed to show 
that inversion about any 
circle of the system is 
equivalent to r^ection of 
the Ideal Points and Lines 
in the Ideal Line which 
coincides with the circle 
of inversion. 

Let C (Fig. 90) be 
the centre of any circle 
of the system, and let A 
be the inverse of any 
point A with regard to 
this circle. Then the 
circleOAA is orthogonal 
to the circle of inversion. 

In other words, such inversion changes any point A into a 
point A on the Ideal Line perpendicular to the circle of in- 
version. Also the Ideal Line AA' is ‘bisected’ by that circle 
at My since the Ideal Segment AM inverts into the segment 
A My and Ideal Lengths are unaltered by such inversion. 

Again let AB be any Ideal Segment, and by inversion 
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with regard to any circle of the system let it take up the 
position AS (Fig. 87). We have seen that the Ideal Length 
of the segment is unaltered; and it is clear that the two 
segments, when produced, meet on the circle of inversion, 
and make equal angles with it. Also the Ideal Lines A A 



and BB' are perpendicular to, and ‘bisected’ by, the Ideal 
Line with which the circle of inversion coincides. 

Such an inversion is, therefore, the same as reflection, 
and translation will occur as a special case of the above, 
when the circle of inversion is orthogonal to the given 
Ideal Line. 

We thus dejine Ideal Reflection in an Ideal Line as in- 
version with this line as the circle of inversion. 

It is unnecessary to say more about Ideal Displace- 
7 ?ients than that they will be the. result of Ideal Reflection. 

With these definitions it is now possible to ‘translate’ 
every proposition in the ordinary plane geometry into a 
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corresponding proposition in this Ideal Geometry. We have 
only to use the words Ideal Points, Lines, Parallels, etc., 
instead of the ordinary points, lines, parallels, etc. The 
argument employed in proving a theorem, or the con- 
struction used in solving a problem, will be applicable, 
word for word, in the one geometry as well as in the other, 
for the elements involved satisfy the same laws. This is the 
‘dictionary’ method so frequently adopted in the previous 
pages of this book. 

§ 7. Extension to Solid Geometry. The System of 
Spheres passing through a fixed pouit. 

These methods may be extended to solid geometry. In 
this case the inversion of the system of points, lines, and 
planes gives rise to the system of points, circles intersecting 
in the centre of inversion, and spheres also intersecting in 
that point. The geometry of this system of spheres could be 
derived from that of the system of points, lines and j)lanes, 
by inter] ireting each projiosition in terres of the inverse 
figures. For our purpose it is better to regard it as derived 
from the former by the invention of the terms: Ideal 
Point, Ideal Line, Ideal Plane, Ideal Length and Ideal Dis- 
placement. 

The Ideal Fomt is the same as the ordinary point, but 
the point O is excluded from the domain of Ideal Points. 

The Ideal Line through two Ideal Points is the circle of 
the system which passes through these two jioints. 

The Ideal Plane through three Ideal Points, not on an 
Ideal Line, is the sphere of the system which passes through 
these three points. 

Thus the plane geometry, discussed in the preceding 
articles, is a special case of this plane geometry. 

Ideal Parallel Lines are defined as before. The line 
through A parallel to is the circle of the system, lying 
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on the sphere through O, A, and C, which touches the 
circle given by the Ideal Line BC at O and passes through A, 

It is clear that an Ideal Line is determined by two 
]'oints, as a straight line is determined by two points. An 
Ideal Plane is determined by three points, not on an Ideal 
Line, as an ordinary plane is determined by three points, 
not on a straight line. If two points of an Ideal Line lie on 
an Ideal Plane, all the points of the line do so: just as if two 
])oints of a straight line lie on a ])lane, all its points do so. 
'J"he intersection of two Ideal Planes is an Ideal Line; just as 
the intersection of two ordinary planes is a straight line. 

The measurement of angles in the two spaces is the same. 

Foi the measurement of length we adoi)t the same de- 
finition of Ideal Lcfigth as in the case of two dimensions. 
"JTe Ideal Length of an Ideal Segment is the length of the 
rectilinear segment to which it corres])onds. To these defi- 
nitions it only remains to add that of Ideal Displacement 
As in the two dimensional case, this is reached by means of 
J deal Reflection: and it can easily be shown that if the system 
if Ideal Points j lines and Planes is inverted with regard to 
one of its spheres^ the result is equivalent to a reflection of the 
system i?i this Ideal Plane. 

This Ideal Geometry is identical with the ordinary 
Kiiclidean Geometry. Its elements satisfy the same laws: 
every proposition valid in the one is also valid in the other: 
and from the results of Euclidean Geometry those of the 
Ideal Geometry can be inferred. 

In the articles that follow we shall establish an Ideal 
Geometry whose elements satisfy the axioms upon which the 
Non-Euclidean Geometry of Bolvai-Lobatschewsky is based. 
The points, lines and planes of this geometry will be figures 
of the Euclidean Geometry, and from the known properties 
of these figures, we could state what the corresponding the- 
orems of this Non-Euclidean Geometry would be. Also from 
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some of its constructions, the Non-Euclidean constructions 
could be obtained. This process would be the converse of 
that referred to in dealing with the Ideal Geometry of the 
preceding articles: since, in that case, we obtained the the- 
orems of the Ideal Geometry from the corresponding Eu- 
clidean theorems. 

The Geometry of the System of Circles Orthogonal 
to a Fixed Circle. 

§ 8. Ideal Fotnis, Ideal Lines and Ideal Parallels. 

In the Ideal Geometry discussed in the previous articles, 
the Ideal Point was the same as the ordinary point, and the 
Ideal Lines and Planes had so far the characteristics of 
straight lines and planes that they were lines and surfaces 
respectively. Geometries can be constructed in which the 
Ideal Points, Lines and Planes are quite removed from 
ordinary points, lines, and planes; so that the Ideal Points 
no longer have the characteristic of having no parts: and 
the Ideal Lines no longer boast only length, etc. What is 
required in each geometry is that the entities concerned 
satisfy the axioms which form the foundations of geometry. 
If they satisfy the axioms of Euclidean Geometry, the argu- 
ments, w'hich lead to the theorems of that geometry, will 
give corresponding theorems in the Ideal Geometry: and if 
they satisfy the axioms of any of the Non-Euclidean Geom- 
etries, the arguments, which lead to theorems in that Non- 
Euclidean Geometry, will lead equally to theorems in the 
corresponding Ideal Geometry. 

We proceed to discuss the geometry of the system of 
circles orthogonal to a fixed circle. 

Let the fundamental circle be of radius k and centre O. 

% 

Let A ^ A' be any two inverse points, A being inside 
the circle. Every such pair of points {A, A'), is an Ideal 
Point {A) 0/ the Ideal Geometry with luhich we shall 7iow deaL 
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If two such pairs of points are given — that is, two Ideal 
Points {A, B)^ (Fig. 92) — these determine a circle which is 
orthogonal to the fundamental circle. Every such circle is 
an Ideal Line of this Ideal Geometry. 



Hence any two different Ideal Points determine an Ideal 
Line. In the case of the >system of circles passing through a 
fixed point this point O was excluded from the domain 
of the Ideal Points. In this system of circles all orthogonal 
to the fundamental circle, the coincident pairs of points lying 
on the circumference of that circle are excluded from the 
domain of the Ideal Points. 

We define the angle between two Ideal Lines as the angle 
betweefi the circles which coincide with these lines. 

We have now to consider in what way it will be proper 
to define Parallel Ideal Lines. 

Let AM be the Ideal Line through perpendicular to 
the Ideal Line BC\ in other words, the circle of the system 
passing through A\ and orthogonal to the circle through 
By B", C and C” (cf. Fig. 92). 
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Imagine AAf to rotate about A so that those Ideal 
Lines through A cut the Ideal Line at; a gradually 
decreasing angle. The circles through A which touch the given 



circle BC at the points U, F, where it meets the fundamental 
circle, are Ideal Lines of the system. They separate the 
lines of the pencil of Ideal lanes through A, which cut the 
Ideal Line BC, from those which do not cut that line. All 
the lines in the angle cp, shaded in the figure, do not cut 
the line BC, all those in the angle ip, not shaded, do cut 
this line. This property is exactly what is assumed in the 
Parallel Postulate upon which the Non-Euclidean Geometry 
of Bolyai-Lobatschewskv is based. We therefore are led to 
define Parallel Ideal Lines in this Plane Ideal Geometry as 
follows: 

2 "he Ideal Lines through an Ideal Point parallel to a 
given Ideal Line are the irvo circles of the system passing 
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through the given pointy which touch the circle with which the 
given line coincides at the points where it meets the fundam- 
ental circle. 

Thus we have in this Ideal Geometry two parallels 
through a point to a given line: a right-handed parallel, and 
a left-handed parallel: and these separate the lines of the 
pencil which intersect the given line from those which do 
not intersect it. 

Some Theorems of this Non-Euclidean Geometry. 

§ g. At this stage we can say that any of the theorems 
of the Bolyai-Lobatschewsky Non-Euclidean Geometry, in- 
volving angle properties only, will hold in this Ideal Geo- 
metry and vice versa. Those involving lengths we cannot yet 
discuss, as we have not yet defined Ideal Lengths. For 
example, it is obvious that there are triangles in which all 
the angles are zero (cf. Fig. 93). The sides of such triangles 
are parallel in pairs. Thus the sum of the angles of an Ideal 
Triangle is certainly not always equal to two right angles. 
We can prove that this sum is always less than two right 
angles by a simple application of inversion, as follows: 

Let Cx, C2, C3 be three circles of the system, forming 
an Ideal Triangle. Invert these circles from the point of 
intersection I of Cj and C2 , which lies inside the fundament- 
al circle. Then and become two straight lines C,' 
and C2 through /. Also the fundamental circle C inverts 
into a circle C cutting C/ and at right-angles, so that 
its centre is I. Again, the circle inverts into a circle 
cutting C at right-angles. Hence its centre lies outside C . 
We thus obtain a ‘triangle’, in which the sum of the angles 
is less than two right-angles, and since these angles are equal 
to the angles of the Ideal Triangle, this result holds also for 
the Ideal Triangle. 



254 Inipossibility of proving EucIid^s Postulate. 

Finally, it can be shown that there is always one, and 
only one, circle of the system cutting two non- intersecting 
circles of the system at right- angles. In other words, two 



non-intersecting Ideal Lines have a common perpendicular. 
All these results must be true in the Hyperbolic Geometry. 

§ lo. Ideal Lengths and Ideal Displacements. 

Before we can proceed to the discussion of the metrical 
properties of this geometry, we must define the Ideal Loigth 
of an Ideal Segment. It is clear that this must be such that 
it will be unaltered, if we take the points A' , , as defining 
the segment AB, instead of the points A , B'. It must make 
the complete line infinite in length. It must satisfy the distri- 
butive law ‘distance* AB *= ‘distance’ AC ‘distance’ CB, 
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if C is any other point on the segment AB^ and it must 
also remain unaltered by Ideal Displacement. 

We define the Ideal Length of any segment AB as 



where U, V are the points where the Ideal Line AB ineets the 
fundamental circle (cf. Fig. 91). 



f'lS 94’ 


This expression obviously involves the Anharmonic 
Ratio of the points UABV. It will be seen that this de- 
finition satisties the first three of the conditions named above. 
It remains for us to examine w^hat must represent dis- 
placement in this Ideal Geometry. 

Let us consider what is the effect of inversion with 
regard to a circle of the system upon the system of Ideal 
Points and Lines. 

Let A A' be any Ideal Point A (cf. Fig. 94). Let the 
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circle of inversion meet the fundamental circle in C, and let 
Z> be its centre. Let A” invert into B ". Since the 
circle A' A" C touches the circle of inversion at C, its inverse 
also touches that circle at C. But a ciicle passes through 
A', A”, B and B'\ and the radical axes of the three ciicles 

AA^C, B'B' Q AA'B'B" 

are concurrent. 

Hence B' B' passes through ( 9 , and OB . OB' ^ OC\ 

Therefore inversion with regard to any circle of the 
system changes an Ideal Point into a?i Ideal Point. 

But it is clear that the circle AA'BB" is orthogonal to 
the fundamental circle, and pIso to the circle of inversion. 

Thus the Ideal Line joining the Ideal Point A and the 
Ideal Point B^ into which it is changed by this inversion, is 
perpendicular to the Ideal Line coinciding with the circle of 
inversion. 

We shall now prove that it is ‘bisected’ by that Ideal 

Line. 

Let the circle through AB meet the circle of inversion 
at M, and the fundamental circle in U and V. It is clear 
that U and V are inverse points with regard to the circle of 
inversion [cf. Fig. 95]. 

Then we have: 

Fy] _ C\' 

.rr ~ CT’ 

, AV cv 

B'U ~ CB' ■ 

Thus 

AV CV^ ^ CV^ 

AU Wu ZaVcF caH ~ yM'v) ■ 

Therefore 

AV I AFV _ M'V I B'V 
AVI AJ'V M'ul B'U ■ 
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Hence the Ideal Length of AM h equal to the Ideal 
Length of MB. 

Thus we have the following result: 

Ini ersion 7mth regard to a circle of the system changes 
any Ideal Point A into an Ideal Point P, such that the Ideal 
Line AB is perpendicular tOy and '‘bisected' by, the Ideal Line 
cobicidtng with the circle of ini'Cf'si on. 



In other words, inversion ivith regard to such a circle 
causes any Ideal Point A to take the position of its unage in 
the corresponding Ideal Line. 

We proceed to examine what effect such inversion has 
upon an Ideal Line. 

Since a circle, orthogonal to the fundamental circle, 
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inverts into a circle also orthogonal to the fundamental circle, 
any Ideal Line AB inverts into another Ideal Line ab, pass- 
ing through the point where AB meets the circle of in- 
version (cf. Fig. 96). Also the points V invert into the 



points u and 7^ on the fundamental circle; and the lines AB 
and ab are equally inclined to the circle of inversion. 

It is easy to show that the Ideal Lengths of AM and 
BM are equal to those of aM and bM respectively, and it 
follows that the Ideal Length of the segment AB is unaltered 
by this inversion. Also we have seen that Aa and Bb are 
perpendicular to, and ‘bisected' by, the Ideal Line coinciding 
with this circle. 

It follows from these results that inversion with regard 
to any circle of the system has the same effect upo?i an Ideal 
Segment as r^ection in the corresponding Ideal Line, 

We are thus again able to dfine Ideal Reflection in any 
Ideal Line as the inversion of the system of Ideal Points and 
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Lines iifith regard to the circle which coincides with this 
Ideal Line. 

It is unnecessary to define Ideal Displacements., as any 
displacement can be obtained by a series of reflections and 
any Ideal Displacement by a series of Ideal Reflections. 

We notice that the definition of the Ideal Length of 
any Segment fixes the Ideal Unit of Length. We may take 
this on one of the diameters of the fundamental circle, since 
these lines are also Ideal Lines of the system. Let it be the 
segment OP (Fig. 97). 



fig 97- 


Then we must have 



Therefore = 

and the point P divides the diameter in the ratio e\ \, 

The Unit Segment is thus fixed for any position in the 
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domain of the Ideal Points, since the segment OF can be 
‘moved* so that one of its ends coincides with any given 
Ideal Point. 

A different expression for the Ideal Length 



would simply mean an alteration in the unit, and taking 
logarithms to any other base than e would have the same 
effect 

§ ir. Some further Theorems in this No fi- Euclidean 
Geometry. 

We are now in a position to estabh’sh some further 
theorems of the Hyperbolic Geometry using the metrical 
properties of this Ideal Geometry. 

In the first place we can state that Similar Triangles 
are impossible in this geometry. 

We also see that Parallel Ideal Lines are asymptotic; 
that is, these lines continually approach each other and the 
distance between them tends to zero. 

Further, it is obvious that as the point A moves away 
along the perpendicular MA to the line BC (cf. Fig. 92), the 
angle of parallelism diminishes from ^ to zero in the limit. 

Again, we can prove from the Ideal Geometry that the 
Angle of Parallelism IT (/), corresponding to a segment /, is 
given by 

tan H (f) _ 

2 

Consider an Ideal Line and the Ideal Parallel to it 
through a point A. 

Let AM (Fig. 98) be the perpendicular to the given line 
MU^ and A U the parallel. 

Let the figure be inverted from the point the radius of 
inversion being the tangent from M*’ to the fundamental circle. 



Further Theorems in this Geometry. 


261 


Then we obtain a new figure (cf. Fig. 99) in which the 
corresponding Ideal Lengths are the same, since the circle 
of inversion is a circle of the system. The lines AM and 
MU become straight lines through the centre of the fund- 



Fig 98 


amental circle, which is the inverse of the point M\ 
Also the circle A U becomes the circle du^ touching the 
radius mu at and cutting tnd at an angle IT (/). These 
radii, mu^ m'b, are also Ideal Lines of the system. 

The Ideal Length of the Segment AM\^ taken as /. 


, (A’B I M'B\ 

P “ L'c/j/'cj 

/-SO 

-“•6 (:■')■ ^ 

d c — k — k tan 

and db = k k tan — 


n(/)^ 

=r). 
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where k is the radius of the fundamental circle. 
Thus p = log cot ^ ■ 

A ^ , n (/) 

and € = tan 



Fig. 99. 


Finally, in this geometry there will be three kinds of 
circles. There will be the circle^ with its centre at a finite 
distance; the Limiting Curve or Horocycle^ with its centre at 
infinity, (at a point where two parallels meet) ; and the Equi- 
distant Curc>e, with its centre at the im^iginary point of inter- 
section of two lines with a common perpendicular. 

The first of these curves would be traced out in the 
Ideal Geometry by one end of an Ideal Segment, when it is 
reflected in the lines passing through the other end; that is, 
by the rotation of this Ideal Segment about that end. The 
second occurs when the Ideal Segment is reflected in the 
successive lines of the pencil of Ideal Lines all parallel to it 
in the same direction; and the third, when the reflection 
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takes place in the system of Ideal Lines which all have a 
perpendicular with this segment. That these correspond to 
the common Circle^ the HorocycU and the Equidista?it Curve 
of the Hyperbolic Geometry is easily proved. 

S 12. The Impossibility of Proving Euclid s Parallel 
Postulate. 

We could obtain other results of the Hyperbolic Geo- 
metry, and find some of its constructions, by further examin- 
ation of the properties of this set of circles; but this is not 
our object. Our argument was directed to proving, by reas- 
oning involving only elementary geometry, that it is impossible 
for any inconsistency or contradiction to arise in this Non- 
Euclidean Geometry. If such contradiction entered into this 
Plane Geometry, it would also occur in the interpretation of 
the result in the Ideal Geometry. Thus the contradiction 
would also be found in the Euclidean Geometry. We can, 
therefore, state that it is impossible that any logical incon- 
sistency could be traced in the Plane Hyperbolic Geometry. It 
could still be argued that such contradiction might be found 
in the Solid Hyperbolic Geometry. An answer to this ob- 
jection is at once forthcoming. The geometry of the system 
of circles, all orthogonal to a fixed circle, can be at once 
extended into a three dimensional system. The Ideal Points 
are taken as the pairs of points inverse to a fixed sphere, 
excluding the points on the surface of the sphere from their 
domain. The Ideal Lines are the circles through two Ideal 
Points. The Ideal Planes are the spheres through three Ideal 
Points, not lying on an Ideal Line. The ordinary plane enters 
as a particular case of these Ideal Planes, and so the Plane 
Geometry just discussed is a special case of a plane geo- 
metry on this system. With suitable definitions of Ideal 
Lengths, Ideal Parallels and Ideal Displacements, we have 
a Solid Geometry exactly analogous to the Hyperbolic Solid 
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Geometry. It follows that no logical inconsistency can exist 
in the Hyperbolic Solid Geometry, since if there were such 
a contradiction, it would also be found in the interpretation 
of the result in this Ideal Geometry ; and therefore it would 
enter into the Euclidean Geometry. 

By this result our argument is complete. However far 
the Hyperbolic Geometry were developed, no contradictory 
results could be obtained. 'Phis system is thus logically 
possible; and the axioms upon which it is founded are not 
contradictory. Hence it is impossible to prove Euclid’s 
Parallel Postulate, since its proof would involve the denial 
of the Parallel Postulate of Bolvai-Lobatschewsky. 
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TRANSLATOR'S INTRODUCTION. 


The immortal Elements of Euclid was al- 
ready in dim antiquity a classic, refi^arded as 
absolutely perfect, valid without restriction. 

Elementary geometry was for two thousand 
years as stationary, as fixed, as peculiarly 
Greek, as the Parthenon. On this foundation 
pure science rose in Archimedes, in Apollon- 
ius, in Pappus; struggled in Theon, in Hypa- 
tia; declined in Proclus; fell into the long 
decadence of the Dark Ages. 

The book that monkish Europe could no 
longer understand was then taught in Arabic 
by Saracen and Moor in the Universities of 
Bagdad and Cordova. 

To bring the light, after weary, stupid cen- 
turies, to western Christendom, an English- 
man, Adelhard of Bath, journeys, to learn 
Arabic, through Asia Minor, through Egypt, 
back to Spain. Disguised as a Mohammedan 
student, he got into Cordova about 1120, ob- 
tained a Moorish copy of Euclid’s Elements, 
and made a translation from the Arabic into 
Latin. 
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Translator’s Introduction. 


The first printed edition of Euclid, pub- 
lished in Venice in 1482, was a Latin version 
from the Arabic. The translation into Latin 
from the (jreek, made by Zamberti from a 
MS. of Theon’s revision, was first published 
at Venice in ISOS. 

Twenty -eight years later appeared the 
editio princcps in Greek, published at Basle 
in 1533 b}' John Hervagius, edited by Simon 
Grynaeus. This was for a century and three- 
quarters the only prirted Greek text of all the 
books, and from it the first English transla- 
tion (1S7U) was made by “Henricus Billings- 
ley,” afterward Sir Henry Billingsley, Lord 
Mayor of London in 1S91. 

And even to-day, 1895, in the vast system of 
examinations carried out by the British Gov- 
ernment, by Oxford, and by Cambridge, no 
proof of a theorem in geometry will be ac- 
cepted which infringes Euclid’s sequence of 
propositions. 

Nor is the work unworthy of this extraor- 
dinary immortality. 

Says Clifford: “This book has been for 
nearly twenty-two centuries the encourage- 
ment and guide of that scientific thought 
which is one thing with the progress of man 
from a worse to a better state. 
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“The encouragement; for it contained a 
body of knowledge that was really known and 
could be relied on. 

“The guide; for the aim of every student 
of every subject was to bring his knowledge 
of that subject into a form as perfect as that 
which geometry had attained.” 

But Euclid stated his assumptions with the 
most painstaking candor, and would have 
smiled at the suggestion that he claimed for 
his conclusions any other truth than perfect 
deduction from assumed hypotheses. In favor 
of the external reality or truth of those as- 
sumptions he said no word. 

Among Euclid’s assumptions is one differing 
from the others in prolixity, whose place fluc- 
tuates in the manuscripts. 

Peyrard, on the authority of the V atican MS., 
puts it among the postulates, and it is often 
called the parallel-postulate. Heiberg, whose 
edition of the text is the latest and best (Leip- 
zig, 1883-1888), gives it as the fifth postulate. 

James Williamson, who published the closest 
translation of Euclid we have in English, in- 
dicating, by the use of italics, the words not 
in the original, gives this assumption as elev- 
enth among the Common Notions. 
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Bolyai speaks of it as Euclid’s Axiom XI. 
Todhunter has it as twelfth of the Axioms. 

Clavius (1574) gives it as Axiom 13. 

The Harpur Euclid .separates it by forty- 
eight pages from the other axioms. 

It is not used in the first twenty-eight pro- 
positions of Euclid. Moreover, when at length 
used, it appears as the inverse of a proposition 
already demonstrated, the seventeenth, and is 
only needed to prove the inverse of another 
proposition already demonstrated, the twenty- 
seventh. 

Now the great Lambert expressly says that 
Proklus demanded a proof of this assumption 
because when inverted it is deraon.strable. 

All this suggested, at Europe’s renaissance, 
not a doubt of the necessary external reality 
and exact applicability of the assumption, but 
the possibility of deducing it from the other 
assumptions and the twenty-eight propositions 
already proved by Euclid without it. 

Euclid demonstrated things more axiomatic 
by far. He proves what every dog knows, 
that any two sides of a triangle are together 
greater than the third. 

Yet after he has finished his demonstration, 
that straight lines making with a transver.sal 
equal alternate angles are parallel, in order to 
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prove the inverse, that parallels cut by a trans- 
versal make equal alternate angles, he brings 
in the unwieldy assumption thus translated by 
Williamson (Oxford, 1781); 

“11. And if a straight line meeting two 
.straight lines make those angles which are in- 
ward and upon the same side of it less than 
two right angles, the two straight lines being 
produced indefinitely will meet each other on 
the side where the angles are less than two 
right angles.” 

As Staeckel says, “it requires a certain 
courage to declare such a requirement, along- 
side the other exceedingly simple assumptions 
and postulates.” But was courage likely to 
fail the man who, asked by King Ptolemy if 
there were no shorter road in things geometric 
than through his Elements? answered, “To 
geometry there is no special way for kings!” 

In the brilliant new light given by Bolyai 
and Lobachevski we now see that Euclid un- 
derstood the crucial character of the question 
of parallels. 

There are now for us no better proofs of the 
depth and systematic coherence of Euclid’s 
masterpiece than the very things which, their 
cause unappreciated, seemed the most notice- 
able blots on his work. 
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Sir Henry Savile, in his Praelectiones on 
Euclid, Oxford, 1621, p. 140, says: “In pul- 
cherrimo Geometriae corpore duo sunt naevi, 
duae labes ...” etc., and these two blemishes 
are the theory of parallels and the doctrine of 
proportion; the very points in the Elements 
which now arouse our wondering admiration. 
But down to our very nineteenth century an 
ever renewing stream of mathematicians tried 
to wash away the first of these supposed stains 
from the most beauteous body of Geometry. 

The year 1799 finds two extraordinary young 
men striving thus 

‘‘To gild refined gold, to paint the lily. 

To cast a perfume o’er the violet.” 

At the end of that year Gauss from Braun- 
vSchweig writes to Bolyai Farkas in Klausen- 
burg (Kolozsvarf as follows: [ Abhandlungen 
der Koeniglichen Gesellschaft der Wissen- 
schaften zu Goettingen, Bd. 22, 1877.] 

‘‘ I very much regret, that I did not make use 
of our former proximity, to find out more 
about your investigations in regard to the first 
grounds of geometry ; 1 should certainly thereby 
have spared myself much vain labor, and would 
have become more restful than any one, such 
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as I, can be, so long as on such a subject there 
yet remains so much to be wished for. 

In my own work thereon I myself have ad- 
vanced far (though my other wholly hetero- 
geneous employments leave me little time 
therefor) but the way, which I have hit upon, 
leads not so much to the goal, which one 
wishes, as much more to making doubtful the 
truth of geometry. 

Indeed I have come upon much, which with 
most no doubt would pass for a proof, but 
which in my eyes proves as good as nothing. 

For example, if one could prove, that a rec- 
tilineal triangle is possible, whose content may 
be greater, than any given surface, then I am 
in condition, to prove with j)erfect rigor all 
geometry. 

Most would indeed let that pass as an axiom; 
I not; it might well be possible, that, how far 
apart soever one took the three vertices of the 
triangle in space, yet the content was always 
under a given limit. 

I have more such theorems, but in none do I 
find anything satisfying.” 

From this letter we clearly see that in 1799 
Gauss was still trying to prove that Euclid’s 
is the only non-contradictory system of geome- 
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tn', and that it is the S 3 \stem regnant in the 
external space of our physical experience. 

The first is false; the second can never be 
proven. 

Before another quarter of a century, Bolyai 
Janos, then unborn, had created another pos- 
sible universe; and, strangely enough, though 
nothing renders it impossible that the space of 
our physical experience may, this very year, 
be satisfactoril V shown to belong to Bolyai 
Janos, yet the same is not true for Euclid. 

To decide our space is Bolyai’s, one need 
only show a single rectilineal triangle who.se 
angle-sum measures less than a straight angle. 
And this could be shown to exist bj" imperfect 
mea.surements, such as human measurements 
mu.st alw^lys be. For example, if our in.stru- 
nients for angular measurement could be 
brought to measure an angle to within one 
millionth of a second, then if the lack were as 
great as two millionths of a .second, we could 
make certain its exi.stence. 

But to prove Euclid's system, we must show 
that a triangle’s angle-sum is exactly a straight 
angle, which nothing human can ever do. 

However this is anticipating, for in 1799 it 
seems that the mind of the elder Bolyai, Bolyai 
Farkas, was in preci.sely the same state as 
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that of his friend Gauss. Both were intensely 
trying to prove what now we know is inde- 
monstrable. And perhaps Bolyai got nearer 
than Gauss to the unattainable. In his “ Kurzer 
Grundriss eines Versuchs,”etc., p. 46, we read: 
“Koennten jede 3 Punkte, die nicht in einer 
Geraden sind, in eine Sphaere fallen, so waere 
das Eucl. Ax. XI. bewiesen.” Prischauf calls 
this “das anschaulichste Axiom.’’ But in his 
Autobiography written in Magyar, of which 
my Life of Bolyai contains the first transla- 
tion ever made, Bolyai Farkas says: “Yet I 
could not become satisfied with my different 
treatments of the question of |)arallels, which 
was ascribable to the long discontinuance of 
my studies, or more probably it was due to 
myself that I drove this problem to the point 
which robbed my rest, dc])rived me of tran- 
quillity.” 

It is wellnigh certain that Euclid tried his 
own calm, immortiil genius, and the genius of 
his race for perfection, against this self-same 
question. If so, the benign intellectual pride 
of the founder of the mathematical .schc^ol of 
the greatest of universities, Alexandria, would 
not let the question cloak it.self in the ob.scuri- 
ties of the infinitely great or the infinitely 
small. He would say to him.self : “Can I prove 
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this plain, straightforward, simple theorem: 
‘ ‘ those straights which are produced indefin- 
itely from less than two right angles meet.” 
[This is the form which occurs in the Greek 
of Eu.I. 29.] 

Let us not underestimate the subtle power 
of that old Greek mind. We can produce no 
Venus of Milo. Euclid’s own treatment of 
proportion is found as flawless in the chapter 
which Stolz devotes to it in 1885 as when 
through Newton it first gave us our present 
continuous number-system. 

But what fortune had this genius in the fight 
with its self-chosen simple theorem? Was it 
found to be deducible from all the definitions, 
and the nine “Common Notions,” and the five 
other Postulates of the immortal Elements? 
Not so. But meantime Euclid went ahead 
without it through twenty -eight propositions, 
more than half his first book. But at last 
came the practical pinch, then as now the tri- 
angle’s angle-sum. 

He gets it by his twenty-ninth theorem: “A 
straight falling upon two parallel straights 
makes the alternate angles equal.” 

But for the proof of this he needs that re- 
calcitrant proposition which has how long 
been keeping him awake nights and waking 
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him up mornings? Now at last, true man of 
science, he acknowledges it indemonstrable by 
spreading it in all its ugly length among his 
postulates. 

Since Schiaparelli has restored the astron- 
omical system of Eudoxus, and Hultsch has 
published the writings of Autolycus, we see 
that Euclid knew surface-spherics, was famil- 
iar with triangles whose angle-sum is more 
than a straight angle. Did he ever think to 
carry out for himself the beautiful system of 
geometry which comes from the contradiction 
of his indemonstrable postulate; which exists 
if there be straights produced indefinitely from 
less than two right angles yet nowhere meet- 
ing; which is real if the triangle’s angle-sum 
is less than a straight angle? 

Of how naturally the three systems of geom- 
etry flow from just exactly the attempt we 
suppose Euclid to have made, the attempt to 
demonstrate his postulate fifth, we have a most 
romantic example in the work of the Italian 
priest, Saccheri, who died the twenty-fifth of 
October, 1733. He studied Euclid in the edi- 
tion of Clavius, where the fifth postulate is 
given as Axiom 13. Saccheri says it should 
not be called an axiom, but ought to be dem- 
onstrated. He tries this seemingly simple 
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task; but his work swells to a quarto book of 
101 pages. 

Had he not been overawed by a conviction 
of the absolute necessity of Euclid’s sy.stem, 
he might have anticipated Bolyai Janos, who 
ninety years later not only discovered the new 
world of mathematics but appreciated the 
transcendent import of his discovery. 

Hitherto what was known of the Bolyais 
came wholly from the published works of the 
father Bolyai Farkas and from a brief article 
by Architect Fr. Schmidt of Budapest “Aus 
dem Leben zweier ungari.scher Mathematiker, 
Johann und Wolfgang Bolyai von Bolya.” 
Grunert’s Archiv, Bd. 48, 1868, p. 217. 

In two communications sent me in Septem- 
ber and October 1895, Herr Schmidt has very 
kindly and graciously put at my disposal the 
results of his subsequent researches, which I 
will here reproduce. But meantime I have 
from entirely another source come most unex- 
pectedly into possession of original documents 
so extensive, so precious that I have determined 
to issue them in a separate volume devoted 
wholly to the life of the Bolyais; but these are 
not used in the sketch here given. 

Bolyai Farkas was born February 9th, 1775, 
at Bolya, in that part of Transylvania (Er- 
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dely) called Szekelyf<>ld. He studied first at 
Enyed, afterward at Klausenburg (Kolozsvdr), 
then went with Baron Simon Kem^ny to Jena 
and afterward to Goettingen. Here he met 
Gauss, then in his 19th year, and the two 
formed a friendship which lasted for life. 

The letters of Gauss to his friend were sent 
by Bolyai in 18,55 to Professor Sartorius von 
Walterhausen, then working on his biography 
of Gauss. Everyone who met Bolyai felt that 
he was a profound thinker and a beautiful 
character. 

Benzenberg said in a letter written in 1801 
that Bolyai was one of the most extraordinary 
men he had ever known. 

He returned home in 1802, and in January, 
1804, was made professor of mathematics in 
the Reformed College of Maros-Vasarhely. 
Here for 47 years of active teaching he had 
for scholars nearly all the professors and no- 
bility of the next generation in Erdely. 

Sylve.ster has said that mathematics is poesy. 

Bolyai’s first published works were dramas. 

His first published book on mathematics was 
an arithmetic: 

Az arithmetica eleje. 8vo. i-xvi, 1-162 pp. 
The copy in the library of the Reformed Col- 
lege is enriched with notes by Bolyai Jdnos. 
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Next followed his chief work, to which he 
constantly refers in his later writings. It is 
in Latin, two volumes, 8vo, with title as fol- 
lows: 

TENTAMEN | JUVENTUTEM STUDIOSAM | 
IN ELEMENT A MATHESEJOS PURAE, ELEMEN- 
TARIS AC I SUBLIMIORIS, METHODO INTUI- 
TIVA, EVIDENTIA — | QUE HUIC PROPRIA, IN- 
TRODUCENDI. j 

CUM APPENDICE TRIPLICI. | Auctore Pro- 
fessore Matheseos et Physices Chemiaeque | 
Publ. Ordinario. | Tomus Primus. | Maros 
Vasarhelyini. 1832. | Typis Collegii Re- 
formatorum per JosEPHUM, et | SiMEONEM 
KALI de felstt Vist. | At the back of the title: 
Imprimatur. | M. Vdsarhelyini Die | 12 Octo- 
bris, 1829. | Paulus Horvath m. p. | Abbas, 
Parochus et CenvSor | Librorum. 

Tomus Secundus. | Maros Vasarhelyini. 
1833. I 

The first volume contains: 

Preface of two pages: Lectori salutem. 

A folio table: Explicatio signor um. 

Index rerum (I — XXXII). Errata 
(XXXIII— XXXVII). 

Pro tyronibus prima vice legentibus no- 
tanda sequentia (XXXVIII — LII). 

Err ores (LIII— LXVI). 
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Scholion (LXVII— LXXIV). 

Plurium errorum haud animadversorum 
numerus minuitur (LXXV — LXXVI). 

Recensio per auctorem ipsum facta 
(LXXVII— LXXVIll). 

Errores recentius detecti (LXXV — 
XCVIII). 

Now comes the body of the text (pages 
1—502). 

Then, with special paging, and a new title 
page, comes the immortal Appendix, here 
given in Lnglish. 

Professors Staeckel and Engel make a mis- 
take in their “ Parallellinien ” in supposing 
that this Appendix is referred to in the title 
of “Tentamen.” On page 241 they quote this 
title, including the words “Cum appendice 
triplici,” and say: “In dem dritten Anhange, 
der nur 28 Seiten umfasst, hat Johann Bolyai 
seine neue Geometrie entwickelt.” 

It is not a third Appendix, nor is it refer- 
red to at all in the words “Cum appendice 
triplici.” 

These words, as explained in a prospectus 
in the Magyar language, issued by Bolyai 
Farkas, asking for subscribers, referred to a 
real triple Appendix, which appears, as it 
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should, at the end of the book Tomus Secun- 
dus, pp. 265-322. 

The now world renowned Appendix by 
Bolyai Janos was an afterthought of the 
father, who prompted the son not “to occupy 
himself with the theory of parallels,” as 
Staeckel .says, but to translate from the Ger- 
man into Latin a condensation of his treatise, 
of which the jirinciples were di.scov^ered and 
properly appreciated in 1823, and which was 
given in writing to Tohann Walter von Lck- 
wehr in 1825. 

The father, without waiting for Vol. II, 
inserted this Latin translation, with .separate 
paging (1-26), as an Appendix to his Vol. I, 
where, counting a page for the title and a 
page “Explicatio signorum,” it has twenty- 
six numbered pages, followed by two unnum- 
bered pages of Errata. 

The treatise itself, therefore, contains only 
twenty-four pages — the most extraordinary 
two dozen pages in the whole history of 
thought! 

Milton received but a paltry /5 for his 
Paradise Lost; but it was at least plus 

Bolyai Janos, as we learn from Vol. II, p, 
384, of “ Tentamen,” contributed for the 
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printing of his eternal twenty-six pages, 104 
florins 50 kreuzers. 

That this Appendix was finished consider- 
ably before the Vol. I, which it follows, is 
seen from the references in the text, breath- 
ing a just admiration for the Appendix and 
the genius of its author. 

Thus the father says, p. 452: Diegans est 
conccptus similium, quern J. B. Appendicis 
Auctor dedit. Again, p. 489: Appendicis 
Auctor , rem acumine singulari aggressus, Ge- 
ometriam pro omni casu absolute veram posuit; 
quamvis e magna mole, tantum summe neces- 
saria, in Appendice hujus tomi exhibuerit, 
multis (ut tetraedri re.solutione generali, plu- 
ribusque aliis disquisitionibus elegantibus) 
brcvitatis studio omissis. 

And the volume ends as follows, p. 502; Nec 
operae pretium est plura referre; quum res 
tota exaltiori contemplationis puncto, in ima 
penetranti oculo, tractetur in Appendice se- 
quente, a quovis fideli veritatis purae alumno 
diagna legi. 

The father giv^es a brief resume of the re- 
sults of his own determined, life-long, desper- 
ate efiForts to do that at which Saccheri, J. H. 
Lambert, Gauss also had failed, to establish 
Duclid’s theory of parallels a priori. 
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He says, p. 490: “Tentamina idcirco quae 
olim feceram, breviter exponenda veniunt; ne 
saltern alius quis operam eandem perdat.” He 
anticipates J. Delboeuf’s “ Prolegom^nes phil- 
osophiques de la ^eometrie et solution des 
postulats, ” with the full consciousness in 
addition that it is not the solution, — that the 
final solution has crowned not his own intense 
efforts, but the genius of his son. 

This son’s Appendix which makes all pre- 
ceding space only a special case, only a species 
under a genus, and so requiring a de.scriptive 
adjective. Euclidean, this wonderful produc- 
tion of pure genius, this strange Hungarian 
flower, w'as saved for the w’orld after more 
than thirt 3 '-five years of oblivion, by the rare 
erudition of Professor Richard Baltzer of 
Dresden, afterw^ard professor in the Univer- 
sity of Giessen. He it was w’ho first did jus- 
tice publicly to the works of Lobachevski 
and Bolyai. 

Incited by Baltzer, in 1866 J. H()''el issued 
a French translation of Lobachevski’s Theory 
of Parallels, and in a note to his Preface says: 
“M. Richard Baltzer, dans la seconde edition 
de ses excellents Elements de Geometric, a, le 
premier, introduit ces notions e.xactes a la 
place qu’elles doivent occuper.” Honor to 
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Baltzer! But alas! father and son were al- 
ready in their graves! 

Fr. Schmidt in the article cited (1868) says: 
“It was nearly forty years before these pro- 
found views were rescued from oblivion, and 
Dr. R. Baltzer, of Dresden, has acquired im- 
perishable titles to the gratitude of all friends 
of science as the first to draw attention to the 
works of Bolyai, in the second edition of his 
excellent Elemente der Mathematik (1866-67), 
Following the steps of Baltzer, Professor 
Hoiiel, of Bordeaux, in a brochure entitled, 
Essai critique .sur les principes fondamentaux 
de la Geometrie ^lementaire, has given ex- 
tracts from Bolyai’s book, which will help in 
.securing for these new ideas the justice they 
merit.” 

The father refers to the son’s Appendix 
again in a subsequent book, Urtan elemei kez- 
dnknek [ Elements of the science of space for 
beginners | (1850-51 , pp. 48. In the College 
are preserved three sets of figures for this 
book, two by the author and one by his grand- 
son, a son of Janos. 

The last work of Bolyai Farkas, the only 
one composed in German, is entitled, 

Kurzer Grundriss eines Versuchs 

I. Die Arithmetik, durch zvekiiiiissig kons- 
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truirte BegrifFe, von eingebildeten und unend- 
lich-kleinen Grfissen gereinigt, anschaulich 
und logisch-streng darzustellen. 

II. In der Geometric, die Begriffe der ger- 
aden Linie, der Ebene, des Winkels allgemein, 
der winkellosen Formen, und der Krumraen, 
der verschiMenen Arten der Gleichheit u. d. 
gl. nicht nur .scharf zu bestimmen; sondern 
auch ihr Seyn im Raume zu bewei.sen: und da 
die Prage, oh zwey von der dritten geschnit- 
tene Geraden, wenn die summe der inner en 
Winkel nicht = 2 R, sich schneiden oder 
nicht? neimand auf der Erde ohne ein Axiom 
(wie Euklid das XI) aufzustellen, beantworten 
wird; die davon unabhiingige Geometric ab- 
zusondern; und eine auf die Ja — Antwort, 
andere auf das Nein so zu bauen, das die 
Pormeln der letzten, auf ein Wink auch in der 
ersten g'‘ltig seyen. 

Nach ein lateinischen Werke von 182^), M. 
Vasarhely, und eben daselbst gedruckten un- 
grischen. 

Maros Vasarhely 1851. 8vo. pp. 88. 

In this book he says, referring to his son’s 
Appendix : ‘ ‘ Some copies of the work pub- 

lished here were sent at that time to Vienna, 
to Berlin, to Goettingen. . . . From Goet- 
tingen the giant of mathematics, who from 
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his pinnacle embraces in the same view the 
stars and the abysses, wrote that he was sur- 
prised to see accomplished what he had be- 
gun, only to leave it behind in his papers.” 

This refers to 1832. The only other record 
that Gauss ever mentioned the book is a letter 
from Gerling, written October 31st, 1851, to 
Wolfgang Boylai, on receipt of a copy of 
‘‘Kurzer Grundriss.” Gerling, a scholar of 
Gauss, had been from 1817 Professor of As- 
tronomy at Marburg. He writes: ‘‘I do not 
mention my earlier occupation with the theory 
of parallels, for already in the year 1810-1812 
with Gauss, as earlier 1809 with J. F. Pfaff I 
had learned to perceive how all previous at- 
tempts to prove the Euclidean axiom had mis- 
carried. 1 had then also obtained preliminary 
knowledge of your works, and so, when I first 
1 1820] had to print something of my view 
thereon, I wrote it exactly as it yet stands 
to read on page 187 of the latest edition. 

“We had about this time [1819] here a law 
professor, Schweikart, w'ho was formerly in 
Charkov, and had attained to similar ideas, 
since without help of the Euclidean axiom he 
developed in its beginnings a geometry which 
he called Astral geometry. What he commun- 
icated to me thereon I sent to Gauss, who 
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then informed me how much farther already 
had been attained on this way, and later also 
expressed himself about the great acquisition, 
which is offered to the few expert judges in 
the Appendix to your book.” 

The “latest edition’’ mentioned appeared 
in 1851, and the passage referred to is; “This 
proof [of the parallel-axiom] has been sought 
in manifold ways by acute mathematicians, 
but yet until now not found with complete 
sufficiency. So long as it fails, the theorem, 
as all founded on it, remains a hypothesis, 
whose validity for our life indeed is suffici- 
ently proven by experience, whose general, 
necessary exactness, however, could be 
doubted without absurdity.” 

Alas! that this feeble utterance should have 
seemed sufficient for more than thirty years 
to the associate of Gauss and Schweikart, the 
latter certainly one of the independent discov- 
erers of the non-Euclidean geometry. But 
then, since neither of these sufficiently real- 
ized the transcendent importance of the mat- 
ter to publish any of their thoughts on the 
subject, a more adequate conception of the 
issues at stake could scarcely be expected of 
the scholar and colleague. How different with 
Bolyai Janos and Lobachevski, who claimed 
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at once, unflinchingly, that their discovery 
marked an epoch in human thought so momen- 
tous as to be unsurpassed by anything re- 
corded in the history of philosophy or of 
science, demonstrating as had never been 
proven before the supremacy of pure reason 
at the very moment of overthrowing what 
had forever seemed its surest possession, the 
axioms of geometry. 

On the 9th of March, 1832, Bolyai Parkas 
was made corresponding member in the math- 
ematics section of the Magyar Academy. 

As professor he exercised a powerful in- 
fluence in his country. 

In his private life he was a type of true 
originality. He wore roomy black Hungarian 
pants, a white flannel jacket, high boots, and 
a broad hat like an old-time planter’s. The 
smoke-stained wall of his antique domicile 
was adorned by pictures of his friend Gauss, 
of Schiller, and of Shakespeare, whom he 
loved to call the child of nature. His violin 
was his constant solace. 

He died November 20th, 1856. It was his 
wish that his grave should bear no mark. 

The mother of Bolyai Jdnos, n^e Arkosi 
Benko Zsuzsanna, was beautiful, fascinating. 
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of extraordinary mental capacity, but always 
nervous. 

Jdnos, a lively, spirited boy, was taught 
mathematics by his father. His progress was 
marvelous. He required no explanation of 
theorems propounded, and made his own dem- 
onstrations for them, always wishing his 
father to go on. “Like a demon, he always 
pushed me on to tell him more.” 

At 12, having passed the six classes of the 
Latin school, he entered the philosophic-cur- 
riculum, which he passed in two years with 
great distinction. 

When about 13, his father, prevented from 
meeting his classes, sent his son in his stead. 
The students said they liked the lectures of 
the son better than those of the father. He 
already played exceedingly well on the violin. 

In his fifteenth year he went to Vienna to 
K. K. Ingenieur-Akademie. 

In August, 1823, he was appointed “sous- 
lieutenant’’ and sent to Temesvar, where he 
was to present himself on the 2nd of Sep- 
tember. 

From Temesvfir, on November 3rd, 1823, 
Jdnos wrote to his father a letter in Magyar, 
of which a French translation was sent me bv 
Professor Koncz Jozsef on February 14th, 



Translator’s Introduction, xxvii 


1895. This will be given in full in my life of 
Bolyai; but here an extract will suffice: 

“My Dear and Good Father: 

‘ ‘ I have so much to write about my new 
inventions that it is impossible for the mo- 
ment to enter into great details, so I write 
you only on one-fourth of a sheet. I await 
your answer to my letter of two sheets; and 
perhaps I would not have written you before 
receiving it, if 1 had not wished to address to 
you the letter 1 am writing to the Baroness, 
which letter I pray you to send her. 

“First of all I reply to you in regard to the 
binominal. 

* * * * * * 

“Now to something else, so far as space 
permits. I intend to write, as soon as I have 
put it into order, and when possible to pub- 
lish, a work on parallels. 

“At this moment it is not yet finished, 
but the way which I have followed promises 
me with certainty the attainment of the goal, 
if it in general is attainable. It is not yet 
attained, but I have discovered such magnifi- 
cent things that I am myself astonished at 
them. 

‘ ‘ It would be damage eternal if they were 
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lost. When you see them, my father, you 
yourself will acknowledge it. Now I can not 
say more, only so much: that from nothing I 
have created another wholly new world. All 
that I have hitherto .sent you compares to this 
only as a house of cards to a castle. 

“P. S. — I dare to judge absolutely and with 
conviction of these works of my spirit before 
you, my father; I do not fear from you any 
false interpretation (that certainly I would 
not merit), which signifies that, in certain 
regards, I consider you as a second self.” 

Prom the Bolyai MSS., now the property of 
the College at Maros-Vd.sarhely, Fr. Schmidt 
has extracted the following statement by 
Jdnos: 

‘ ‘ First in the year 1823 have I pierced 
through the problem in its essence, though 
also afterwards completions yet were added. 

‘ ‘ I communicated in the year 1825 to my 
former teacher, Herr Johann Walter von Eck- 
wehr (later k. k. General) [in the Austrian 
Army], a written treatise, which is still in 
his hands. 

‘ ‘ On the prompting of my father I trans- 
lated my treatise into the Latin language, and 
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it appeared as Appendix to the Tentamen, 
1832.” 

The profound mathematical ability of Bol- 
yai Jdnos showed itself physically not only in 
his handling of the violin, where he was a 
master, but also of arms, where he was unap- 
proachable. 

It was this skill, combined with his haughty 
temper, which caused his being retired as Cap- 
tain on June 16th, 1833, though it saved him 
from the fate of a kindred spirit, the lamented 
Galois, killed in a duel when only 19. Bolyai, 
when in garrison with cavalry officers, was 
provoked by thirteen of them and accepted all 
their challenges on condition that he be per- 
mitted after each duel to play a bit on his 
violin. He came out victor from his thirteen 
duels, leaving his thirteen adversaries on the 
square. 

He projected a universal language for 
speech as we have it for music and for mathe- 
matics. 

He left parts of a book entitled: Principia 
doctrinae novae quantitatum imaginariarum 
perfectae uniceque satisfacientis, aliaeque dis- 
quisitiones analyticae et analytico - geome- 
tricae cardinales gravissimaeque; auctore 
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Johan. Bolyai de eadem, C. R. austriaco cavS- 
trensium captaneo pensionato. 

Vindobonae vel Maros Vasarhelyini^ 1853. 

Bolyai Parkas was a student at Goettingen 
from 1796 to 1799. 

In 1799 he returned to Kolozsvdr, where 
Bolyai Jdnos was born December 18th, 1802. 

He died January 27th, 1860, four years 
after his father. 

In 1894 a monumental stone w^as erected on 
his long-neglected grave in Maros- Vasarhely 
by the Hungarian Mathematico-Physical So- 
ciety. 
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sciRNTlAM SPATii ahsoluk veram exhibens: 

a veritate aut falsitak Aximatis XI EucUdei 
(a priori hmd unijuam deckknda) in- 
d'Opendenkm: adjecta ad casiim fal- 
sitalis, qiiadratura circuli 
j^eometrica. 


Auctore johanne bolyai de eadem, Gcometrarum 
in Exercitu Caesareo Regio Austriaco 
Castrensium Capitaneo. 




EXPLANATION OP SIGNS. 


The straight AB means the aggregate of all points situated 
in the same straight line with A and B. 

The sect AB means that piece of the straight AB between 
the points A and B. 

The ray AB means that half of the straight AB which com- 
mences at the point A and contains the point B. 

The plane means the aggregate of all points situated 
in ihe same plane as the three points (not in a 
straight) A, B, C. 

The hemi-plane ABC means that half of the plane ABC 
wliicli starts from the straight AB and contains the 
point C. 

ABC means the smaller of the pieces into which the plane 
ABC is parted by the rays BA, BC, or the non-reflex 
angle of which the sides are the rays BA, BC. 

ABCD (the point D being situated within / ABC, and the 
straights BA, CD not intersecting) means the portion 
of Z ABC comprised between ray BA, sect BC, ra}’^ 
CD; while BACD designates the portion of the plane 
ABC comprised between the straights AB and CD. 

_L IS ihe sign of peri)endicularity. 

11 is the sign of parallelism. 

Z means angle. 

rt. Z is right angle. 

st. / is straight angle. 

^ is the sign of congruence, indicating that two magni- 
tudes are superposable. 

AB^^CD means ZCAB~ZACD. 

x^_ a means x converges toward the limit a. 

A is triangle. 

Qr means the [circumference of the] circle of radius r. 

area ©r means the area of the surface of the circle of radius r. 
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§1. If the ray AM is not cut by the ray [s] 
M p N BN, situated in the same plane, but 
1 is cut by every ray BP comprised 
jy \ in the angle ABN, we will call ray 
1 BN parallel to ray AM; this is 
\ 1 designated by BN I! AM. 

\ \ 1 It evident that there is one 
^\\ i such ray BN, and only one, pass- 
ing through any point B (taken out- 
I side of the straight AM), and that 
Fio.i. the sura of the angles BAM, ABN 
can not exceed a st. Z ; for in moving BC 
around B until BAM+ABC=st. Z, somewhere 
ray BC first iloes not cut ray AM, and it is 
tlien BC i! AM. It is clear that BN II EM, 


wherever tlie point K be taken on the straight 
AM (su])posing in all such cases AM>AE). 

If while the point C goes away to infinity 
on ray A.M, always CD=CB, we will have con- 


stantly CDB-fCBD- NBC): but NBC-0; and 
so also ADB '-0. 
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§ 2. If BN II AM, we will have also CN II AM. 

For take D anywhere in MACN. 
If C is on ray BN, ray BD cuts 
ray AM, since BN II AM, and so 
also ray CD cuts ray AM. But 
if C is on ray BP, take BQ II CD; 
BO falls within the ZABN (§1), 
and cuts ray AM; and so also 
ray CD cuts ray AM. Therefore 
every ray CD (in ACN) cuts, in 
each cavse, the ray AM, without 
CN itself cutting ray AM. Therefore always 
CN II AM. 



§3. (Fig. 2.) If BR and CS and each II AM, 
and C is not on the ray BR, then ray BR and 
ray CS do not intersect. For if ray BR and 
ray CS had a common point D, then (^ 2) DR 
and DS would be each II AM, and ray DS (§ 1) 
would fall on ray DR, and C on the ray BR 
(contrary to the hypothesis). 

§ 4. If MAN MAB, we will have for every 
point B of ray AB, a point 
p C of rav AM, such that 
BCM-NAM. 

For (by § 1) is granted 
jj BDM>NAM, and so that 
MDP=MAN, and B falls in 



Fig. 3. 
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NADP. If therefore NAM is carried along 
AM until ray AN arrives on ray DP, ray 
AN will somewhere have necessarily passed 
through B, and some BCM=NAM. 

§ 5. If BN II AM, there is on the straight 
AM a point P such that FM— BN. 

I For by § 1 is granted BCM> CBN; 
c . and if CF=CB, and so FC^BC; 

1 evidently BFM<EBN. The point 
1 P is moved on EC, the angle BPM 
always being called u, and the an- 
f - gle PBN always v; evidently u is 

E 1 at first less than the corresponding 

1 V, but afterwards greater. Indeed 
iG « increases continuously from 
Fifi. I. BEM to BCM; since (by §4) there 
exists no angle >BEM and <BCM, to which 
u does not at some time become equal. Like- 
wise V decreases continuou.sly from EBN to 
CBN. There is therefore on EC a point F 
such that BFM=FBN. 

§ 6. If BN II AM and E anywhere in the 
straight AM, and G in the straight BN; then 
GN H E]\I and EM II GN. For (by 1) BN II EM, 
whence ^by §2) GN II EM. If moreover FM— 
BN ({<5);'^then MFBN^NBFM, and conse- 
quently (since BN II FM) also FM II BN, and 
(by what precedes ) EM II GN. 
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§ 7. If BN and CP are each II AM, and C 
N M ? not on the straight BN; also BN II CP. 
9 Por the rays BN and CP do not in- 
tersect (§3); but AM, BN and CP 
/ either are or are not in the same 
I / I plane; and in the first case, AM either 
y j, is or is not within BNCP. 

B ^ 

Fi<;. If AM, BN, CP are complanar, and 
AM falls within BNCP; then every ray BQ 
(in NBC) cuts the ray AM in some point D 
(since BN II AM) ; moreover, since DM II CP 
(§ 6), the ray DQ will cut the ray CP, and so 
BN II CP. 

But if BN and CP are on the same side of 
N p M AM; then one of them, for example 
I CP. falls between the two other 

I ? straights BN, AM : but every ray BQ 
1/ (in NBA) cuts the ray AM, and so 
/ also the straight CP. Therefore 
i e A BNIICP. 

Fio. 6. If the planes MAB, MAC make 
an angle; then CBN and ABN have in com- 
mon nothing but the ray BN, while the ray 
AM (in ABN) and the ray BN, and so also 
NBC and the ray AM have nothing in com- 
mon. 

But hemi-plane BCD. drawn through any 
ray BD (in NBA), cuts the ray AM, since ray 
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rnm p BQ cuts ray AM (as BN II AM'. 
I 0 Therefore in revolving the hemi-plane 
i I / BCD around BC until it begins to 
A I leave the ray AM, the hemi-plane 
i| / \ BCD at last will fall upon the hcmi- 
For the same rea.son this 
B ^ same will fall upon hemi-plane BCP. 
Fir.. 7. T'herefore BN falls in BCP. More- 
over, if BR II CP; then (because also AM II CP) 
by like reasoning, BR falls in BAM, and also 
(since BRilCPi in BCP. Therefore the 
straight BR, being common to the two planes 
MAB, PCB, of course is the straight BN, and 
hence BN II CP.* 


If therefore CP II AM, and B exterior to the 
plane CAM; then the intersection BN of the 
planes BAM, BCP is II as well to AM as to CP. 
§ 8. If BN II and — CP (or more briefly BN 
N M p II —CP', and AM (in NBCP) bisects 
/ o| 1 -L the sect BC; then BN II AM. 

For if ray BN cut ray AM, also 
ray CP would cut ray AM at the 
same point (because MABN= 



MACP), and this would be common 


fk;. 8. to the rays BN, CP themselves, al- 


ls 


* The third case beiu^ put before the other two, these can be 
demonstrated together with more brevity and elegance, like case 
2 of §10. [Autlior's iiote.J 
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though BN CP. But every ray BQ (in CBN) 
cuts ray CP; and so ray BQ cuts also ray AM. 
Consequently BN II AN. 

§9. If BN II AM, and MAP _lMAB, and the 
Z, which NBD makes with 
NBA (on that side of MABN, 
where MAP is) is <rt.Z; then 
MAP and NBD intersect. 

For let ZBAM=rt..^, and 
ACJ.BN (whether or not C 
falls on B), and CE_LBN (in 
NBD); by hypothesis ZACE 
<rt.Z, and AF (_LCE) will fall in ACE. 

Let ray AP be the intersection of the hemi- 
planes ABF, AMP (which have the point A 
common); since BAM J. MAP, ZBAP=ZBAM 
=rt.Z. 

If finally the hemi-plane ABF is placed upon 
the hemi-plane ABM (A and B remaining), ray 
AP will fall on ray AM; and since ACj_BN, 
and sect AF <sect AC, evidently sect AF will 
terminate within ray BN, and so BF falls in 
ABN. But in this position, ray BF cuts ray AP 
(because BN II AM) ; and so ray AP and ray BF 
(6) intersect also in the original position; and the 
point of section is common to the hemi-planes 
MAP and NBD. Therefore the hemi-planes 
MAP and NBD intersect. Hence follows eas- 
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ily that the hemi-planes MAP and NBD inter- 
sect if the sum of the interior angles which 
they make with MABN is <st. Z. 


§10. If both BN and CP II —AM; also is 



II AM (§ 8) ; likewise if hemi-plane BPS bisects 
J_ sect AC, is ER II AM; whence (§ 7) DQ II ER. 


Hence follows easily (by §9), the hemi- 
planes ODE and ERS intersect, and have (§7) 
their intersection FS H DO, and (on account of 
BN II DQ) also FSliBN. Moreover ifor any 
point of FS) FB— FA=FC, and the straight 
FS falls in the plane TGF, bisecting J_ sect BC. 
But (by §7) (since FSliBN) also GTllBN. 
In the same way is proved GT II CP. Mean- 
while GT bisects J_ sect BC; and so TGBN= 
TGCP (§1), and BN II ^CP. 

If BN, AM and CP are in a plane, let (fall- 
ing without this plane) FS II —AM; then (from 
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what precedes) PS il — both to BN and to CP, 
and so also BN II —CP. 

§ 11. Consider the ap^j^^regate of the point 
A, and all points of which any one B is sncli, 
that if BN II AM, al.so BN— AM; call it F ; but 
the intersection of F with any plane contain- 
ing the sect AM call L. 

F has a point, and one only, on any straight 
II AM; and evidently L is divided by rav AM 
into two congruent oarts. 

Call the ray AM the axis of L. Evidently 
also, in any plane containing the sect AM, there 
is for the axis ray AM a single L. Call any 
L of this sort the L of this ray AM (in the 
plane considered, being understood). Evi- 
dently by revolving L around AM we describe 
the F of which ray AM is called the axis, and in 
turn F may he ascribed to the axis ray AM. 

% 12. If B is anywhere on the E of ray A]\l, 
and BN II — AM (§11); then the L of ray AM 
and the E of ray BN coincide. For supi)ose, 
in di.stinction, E the E of ray BN. Eet C be 
anywhere in E\ and CPU —BN (§11). Since 
BN II —AM, so CP II —AM (§ 10), and so C also 
will fall on E. And if C is anywhere on E, and 
CP II ^AM; then CP II ^-BN (§ 10) ; and C also 
falls on E' (§11). Thus E and E are the 
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same; and every ray BN is also axis of and 
between all axes of this L, is — . 

The same is evident in the same way of F. 


§ 13. If BN 11 AM, and CP II BQ, andZBAM 
+ZABN=st. then also ZDCP+.<;^CDQ= 

st.Z. 


For let EA = 
EB, and EFM= 
DCP (§ 4). Since 
ZBAM+ZABN 
-St. Z = ZABN+ 
ZABG, we have 
ZEBG-ZEAF; 
1 and so if also BG 
=AF, thenAEBG 
= aEAF, ZBEG=ZAEF and G will fall on 
the ray FE. Moreover ZGFM+ZFGN=st. Z 
(since ZEGB-ZEFA). 

Also ( iN II FAI (^6). 

Therefore if MFRS^PCDQ, then RSliGN 
(^7), and R falls within or without the sect 
FG (unless sect CD — sect FG, where the thing 
now is evident). 

I. In the first case ZFRS is not >(st.Z — Z 
RFM = zFGN), since RSIlFM. But asRSlI 
GN, also ZFRS is uot <ZFGN; and .so ZFRS 
-ZFGN, and ZRFM+ZFRS-ZGFM+Z 


M £ N J. SO 
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PGN=st.Z. Therefore also ZDCP+ZCDQ 
=st. Z. 

11. If R falls without the sect FG; then 
ZNGR^ZMPR, and let MFGN^NGHL= 
LHKO, and so on, until FK=FR or begins to 
be >FR. Then KO II HL II FM (§7). 

If K falls on R, then KO falls on RS (§1); 
and so ZRFM+ZFRS=ZKFM+ZFK0'=Z 
KFM+ZFGN=st.Z; but if R falls within the 
sect HK, then (by I) ZRHL+ZKRS=st.Z = 
ZRFM+ZFRS=ZDCP+ZCDQ. 

§ 14. If BN II AM, and CP II DQ, and ZBAM 
+ZABN<st.Z; then also ZDCP+ZCDO< 
st. Z. 

For if ZDCP+ZCDO were not <st.Z, and 
so (by §1) were =vSt.Z, then (by §13) also Z 
BAM+ZABN=st.Z (contra hyp.). 

§15. Weighing §§ 13 and 14, the System of 
Geometry resting on the hypothesis of the 
truth of liitelid's Axiom XI is called i; and 
the system founded on the contrary hyfoth- 
[si esis is S. 

All things which arc not expressly said to 
be in 2' or in S, it is understood are enunci- 
ated absolutely , that is are asserted true 
whether 2 or S is realitv. 
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§16. If AM is the axis of any L; then L, 
in 2’ is a straight J_ AM. 

M p For suppose BN an axis from any 
1 point B of L; in 2, ZBAM+ZABN 
1 =st.Z, and so ZBAM=rt.Z. 

1 And if C is any point of the 
1 straight AB, and CP II AM; then 
B A c(by § 13) CP— AM, and so C on L 

Fl(=.12. 

But in S, no three points A, B, C on B or 
on F are in a straight. For some one of the 
axes AM, BN, CP (e. g. AM) falls between 
the two others; and then (by § 14) ZBAM and 
ZCAM are each <rt.Z. 

§17. L in S also is a line, and F a sur- 
face. For (by §11) any plane j_ to the axis 
ray AM (through any point of F) cuts F in 
[ the circumference of] a circle, of which the 
plane (by § 14) is J. to no other axis ray BN. 
If we revolve F about BN, any point of F (by 
§12) will remain on F, and the section of F 
with a plane not X ray BN will describe a sur- 
face; and whatever be the points A, B taken 
on it, F can so be congruent to itself that A 
falls upon B (by § 12) ; therefore F is a uni- 
form surface. 
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Hence evidently (by §§ 11 and 12) L is a uni- 
form line.* 

§ 18. The intersection with P of any plane, 
drawn through a point A of F obliquely to the 
axis AM, is, in S, a circle. 

For take A, B, C, three points of this sec- 
tion, and BN, CP, axes; AMBN and AMCP 
make an angle, for otherwise the plane deter- 
mined by A, B, C (from § 16) would contain 
AM, (contra hyp.). Therefore the planes bi- 
secting J_ the sects AB, AC intersect (§ 10) in 
some axis ray FS (of F), and FB=FA=FC. 
w p Make AH _!_ FS, and re- 

M s volve FAH about FS; A 

I „ will describe a circle of 

I',' radius HA, passing 

[ through B and C, and sit- 

' [' '' J uated both in F and in (9 
X — the plane ABC; nor have 

kk:. 13. p' plane ABC any- 

thing in common but O HA (§16). 

It is also evident that in revolving the por- 
tion FA of the line L (as radius) in F around 
F, its extremity will describe O HA. 

* It is not necessary to restrict the demonstration to the system 
S; since it may easily be so set forth, that it holds absolutely for 
S and for 2’. ' 
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§ 19. The perpendicular BT to the axi.s 
BN of Iv (falling in the plane of L) i.s, in S, 
tangent to L. For L has in ray 
BT no point except B (§ 14), 
but if BQ falls in TBN, then 
the center of the section of the 
-Q plane through BO perpendicular 
to TBN with the F of ray BN 

-T . . . 

Kio. n. (§ 18) is evidently located on ray 
BQ; and if sect BQ is a diameter, evidently 
ray BQ cuts in Q the line L of ray BN. 

§ 20. Any two points of F determine a line 
L (§§ 11 and 18); and since (from 16 and 19) 
L is_L to all its axes, every Z of lines L in F is 
equal to the Z of the planes drawn through its 
sides perpendicular to F. 

§ 21. Two L form lines, ray AP and ray 
PM o BD, in the same F, making with 
\ ; a third L form AB, a sura of inte- 

\ ; rior angles ^-'st.Z, intersect. 

V (By line AP in F, is to be 
B understood the line L drawn 
Fig. 15. through A and P, but by ray AP 
that half of this line beginning at A, in which 
P falls. 1 

For if AM, BN are axes of F, then the hemi- 
planes AMP, BND intersect (§ 9) ; and F cuts 
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their intersection (by §§ 7 and 11); and so also 
ray AP and ray BD intersect. 

Prom this it is evident that Euclid’s Axiom 
XI and all things which are claimed in geome- 
try and plane trigonometry hold good abso- 
lutely in F, L lines being substituted in place 
of straights: therefore the trigonometric 
functions are taken here in the same sense as 


in 2’; and the circle of which the L form ra- 
dius = r in P, is = 2’^^/ and likewise area of 
Q>r (in F) = (by " understanding J^Ol in F, 
or the known 3 . 1415926 . . .) 

§ 22. If ray AB were the L of ray AM, and 
C on ray AM; and the ZCAB (formed l)y the 
y N p straight ray AM and the L form 
1 line ray AB), carried first along 1 
the ray AB, then along the ray 
I BA, always forward to infinity: 

j ^ — — the path CD of C will be the 

I I -^ line L of CM. 

Fig. i«. For let D be any point in line 

CD (called later L let DN be II CM, and B 
the point of L falling on the straight DN. We 
shall have BN— AM, and sect AC = sect BD, and 
so DN— CM, consequently D in L'. But if D in 
L' and DN II CM, and B the point of E on the 
straight DN; we shall have AM— BN and CM 
— DN, whence manifestly sect BD=sect AC, 
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and D will fall on the path of the point C, and 
L' and the line CD are the same. Such an L' is 
designated by L'lllL. 

§ 23. If the L form line CDF 111 ABE (§ 22), 
and AB=BE, and the rays AM, BN, EP are 
axes; manifestly CD=DP; and if any three 
points A, B, E are of line AB, and AB = n.CD, 
we shall also have AE=^n.CP: and so (mani- 
festly even for AB, AE, DC incommensurable), 
AB:CD=AE-CP, and AB^CD is independent 
of AB, and completely determined by AC. 

This ratio AB^CD is designated by the cap- 
ital letter (as X) corresponding to the small let- 
ter (as X) by which we represent the sect AC. 

§24. Whatever be ;r and ji',- (§23), Y=X’'. 

For, one of the quantities x, y is a multiple 
of the the other (e. g. y of x), or it is not. 

If v=n.;r, take ;r=AC=CG=(jH-&c., until 
we get AH=y. 

Moreover, take CD iii GK ;ii HL. 

We have ((§ 23) X=AB:CD-CD:GK=GK: 
HE; and so AB_ f ABl “ 

i HE” I CD j 
or Y=X°=XG 

If X, y are multiples of f, suppose x=mi, 
and y—ni; (by the preceding) X^^I”, Y=r‘, 
consequently n v 

Y=X“-X^ 
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The same is ea.sily extended to the case of 
the incommensurability of x and r. 

But if q=y — X, manifestlv 0=Y:X. 

It is also manifest that in 2', for any x, we 
have X— 1, but in S is X>1, and for any AB 
and ABE there is such a CDEj.i AB, that CDF 
= AB, whence AMBN^AMEP, though the 
first be any multiple of the second; which in- 
deed is singular, but evidently does not prove 
the absurdity of S. 


§25. In any reciilineal Iriang/c , the u'r- 
cics with radii equal to its sides are as the 
sines of the opposite angles. 

For take ZABC = rt.Z, 

' and AM_lBAC, and BN and 
CP AM; we sliall have CAB 
_LAMBN, and so (since CB_L 
^ \l \ FA), CBJ_A(MBN, conse- 
quently CPBN^AMBN. 

Suppose the F of ray CP 

Tji.. ]7. cuts the straij^hts BN, AM 
respectively in U and E, and the bands CPBN, 
CPAM, BNAM along the L form lines CD, 
CE, DE. Then (§ 20) ZCDE= the angle of 
NDC, NDE, and so =rt.Z; and by like reason- 
ing ZCED== ZCAB. But (by § 21 ) in the L line 
A CDE (supposing always here the radius =1), 
EC:DC=l:sin DEC-lAsin CAB. 
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Also (by § 21) 

EC:DC=OEC:ODC(inF) = OAC:OBC (§18); 


and so is also 

OAC:OBC=l:sin CAB; 
whence the theorem is evident for any triangle. 

^ 26. In any spherical triangle, the sines 
of the sides are as the sines of the angles 
opposite. 


For take AABC=rt.Z, and 
CED X to the radius ( )A of the 
sphere. We shall have CED X 
A( )B, and (since also BOC X 
BOA), CDxOB. But in the 
triangles CEO, CDO (by §25) 
0EC:0< )C:OL)C=sin COE : 1 : sin C(.)D=sin 



AC : 1 : sin BC; meanwhile also (§ 25) OEC : 
OUC=sin CDE : sin CED. Therefore, sin 
AC : sin BC-sin CDE ; sin CED; but CDE- 
rt.Z — CBA, and CED“CAB. Consequently 
sin AC : sin BC=1 ; sin A. 
Spherical tr igonometry , flowing from this, 
is thus established independently of Axiom 
XI. 


§ 27. If AC and BD are X AB, and CAB is 
carried along the straight AB; we shall have, 
designating by CD the path of the point C, 
CD : AB=sin u : sin v. 
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For take DE J.CA; 
in the triangles ADE, 
ADB (by § 25) 

OED : OAD : OAB= 
sin w : 1 : sin v. 

In revolving BACD 
about AC, B describes OAB, and D describes 
OED; and designate here by sOCD the path 
of the said CD. Moreover, let there be any iis] 
polygon BFG. . . inscribed in OAB. 

Passing through all the sides BF, FG, &c., 
planes j. to OAB we form also a polygonal fig- 
ure of the same number of sides in sOCD, and 
we may demonstrate, as in § 23, that CD : AB 
= DH : BF=HK : FG, &c., and so 
DH+HK &c. ; BF+FG &c. : =CD ; AB. 

If each of the sides BF, FG . . . approaches 
the limit zero, manifestly 

BF+FG+...^0AB and 
DH+HK+...=OED. 

Therefore also OED : OAB=CD ; AB. But 
we had OED : OAB=sin u : sin v. Conse- 
quently 

CD : AB=sin u : sin v. 

If AC goes away from BD to infinity, CD : 
AB, and so also sin u : sin v remains constant; 
but u=x\.. (§ 1)» and if DM II BN, v^z; 

whence CD : AB=1 : sin z. 



Fi<i 10. 
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§ 28 . 

AC—x: 


The path called CD will be denoted by CD 
AB. 

If BN II —AM, and C in ra)' AM, and 
we shall have (§ 23) 

X=sin u ; sin v. 

For if CD and AE are _L BN, 
and BP _L AM; we shall hav’e (as 
in § 27) 

OBF : ODC = sin u : sin v. 

But evidently BF=AE: therefore 
OKA : OCD = sin : sin v. 

But in the P form surfaces of 
AM and CM (cutting AMBN in AB and CG) 
(by §21) 

GEA:ODC=AB:CG=X. 
Therefore also 

X = sin u : sin v. 



Kk;. 20. 


§29. If ZBAM^rt.Z, and sect AB^jr, and 

BN II AM, we shall 
have in S 

Y=cotan ^ u. 
For, if sect AB = 
_ sect AC, and CP II 
° AM (and so BN II — 
CP), and ZPCD= 
.^^QCD; there is given (§19) DSj_ray CD, so 
that DS il CP, and so (§ 1) DT II CQ. Moreover, 
if BE then (§ 7) DS II BN, and so (§ 6) 
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BNiiES, and (since DT II CG) BQllET; con- 
sequently (§1) ZEBN=ZEBQ. Let BCF be 
an L-line of BN, and PG, DH, CK, EL, L form 
lines of PT, DT, CQ and ET; evidently (§22) 
HG=DP=DK— HC; therefore, 

CG-2CH=2z^. 

Likewise it is evident BG— 2BL=2.2’. 


But BC=BG— CG; wherefore y—z—v, and 
so (§24) Y=Z:V. 

Finally (§28) 

Z = 1 : sin u, 

and V=1 : sin (rt.Z-y^ u), 
consequently cotan ^ u. 

§ 30. However, it is easy to sec (by § 25) usi 
that the solution of the problem of Plane 



Trigonometry, in S, requires 
the expression of the circle 
in terms of the radius; but 
this can by obtained by the 
rectification of L. 

Let AB, CM, C'M' be 1 
ray AC, and B anywhere in 
ray AB; we shall have (§ 25) 
sin u : sin v=OP : Qy, 


Fig. 22. 


and rin n ' ; sin v' —Q)P ' : Qy ' ; 


and so 


sin u ^ sin w _ / 
— . 0 ;'=-^ — T-oy • 

sin V sin V 
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But (by § 27) sin v : sin v' =cos u : cos u ; 

,, sin u ^ sin u' ^ , 

consequently .Qr= ;,Qy ; 

cos u " cos u 

or Qy : Qy '—ta.n u' : tan «=tan zv : tan w' . 

Moreover, take CN and C'N' II AB, and CD, 
C'D' L-form lines j_ straight AB; we shall 
have also (§21) 

Oy ' Qy' =r : r , and so 

r : r —tan w : tan w' . 

Now let p beginning from A increase to in- 
finity; then w~^Zy and w'^z\ whence also 
r : r =tan z : tan z' . 


Designate by i the constant 

r : tan z {independent of r ) ; 
w'hilst y^O, 


r 

y 


i tan z , . , 

-=1, and so 

y 


r-r i. From § 2‘>, tan ^ ( Y- Y“') ; 

tan ^ 

therefore ^ 


or (§ 24) 2jv.I‘ 


But we know the limit of this expreSvSion 
(where y-I^O) is 

^ Therefore 

nat. log 1 
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— . 1 -—■?=?. and 

nat. log 1 

1=^=2.7182818..., 

which noted quantity shines forth here also. 

If obviously henceforth i denote that sect of 
which the I=e, we shall have 
r=i tan .r. 

But (§ 21) Ojy=2-r/ therefore 

Or=2rttai, = 

= -;f vtY-Y-') (l>y§24). 
nat. log 1 

§31. For the trigonometric solution of all 
right-angled rectilineal triangles (whence the 
resolution of all triangles is ea.sy , in S, three n^j 
equations suffice : indeed (a, b denoting the 
sides, c the hypo then use, and «, the angles 
opposite the sides) an equation expressing the 
relation 

IvSt, between a, c, «; 

2d, between a, u, 

3d, between a, b, c; 
of course from these equations 
emerge three others by elim- 
ination. 

Prom §§ 28 and 30 

1 : sin «=(C— C“') : (A— A”') = 

Jv-eT ] : [ gV-^T J (equation for c, a and a). 



Fic. 23. 
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II . From § 27 follows (if ;SM II rN) 
cos a: sin ; 9 = 1 : sin u; but from § 29 

1 : sin «^=^(A+A~‘); 

therefore cos « sin / 9 = 3 ^(A+A~') = */^ 

(equation for «, ,? and d). 

III. If ati ' I [iar, and /5,3i' and yy'Waa' (§ 27 ), 
and ti'a'y' _L da' 5 manifestly (as in § 27 ) 


rf 


^ • = >4(A+A-'); 

Sin u 


£r = ^(B+B-' ; 

and (C+C“M ; consequently 

yyC+C-')=%{A+A-').}4{B+B-'), or 

(equation for a, b and c). 

If rt.Z, and 

Qc : Qa=\ ; sin «, and 
QC ; o(i/=, 9 <»l=l : cos «, 

and so (denoting by Qytr, for any x, the product 
Qx.Qx) manifestly 

Ga“+0^^'=0r^. 

But (by § 27 and II) 

Od—Qb.y 2 {A+A~'}, consequently 

r 1 -n- 1/ r i --i"f »' -i'lvr “ --?v 

[e'-ey = A [ei+e' } ■ [e' -c< j +[e'-e'j 
another equation for a, b and c (the second 
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member of which may be easily reduced to a 
form symmetric or invariable). 

Finally, from 

^=j(A+A-'), and we f^et 
Sin ;i sin « 

(by III) 

cot o. cot , 5 — 2 ^ ^ j j ^ 

(equation for a, ,9, and c. 

§ 32. It still remains to show briefly the 
mode of resolving />ro^/cws in S, which being 
accomplished (throi.gh the more olwious exam- 
ples), finally will be candidly said what this 
theory shows. 

I. Take AB a line in a plane, and y=/[x) 
^ its equation in rectangular co- 
ordinates, call dz any increment 
of .S’, and respectively dx, dy, dn 
the increments of x. of y, and of 
the area n, corresponding to 
this l'/s'/ take BIFii Ch', and ex- 
BH 

press (from § 31) bv means of v, and seek 
dx ■ 

the limit of when dx tends towards the 
dx 

limit zero (which is understood where a limit 
of this sort is sought) : then will become known 
(ly 

also the limit of and so tan HBG: and 
BH 



115 ] 
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(since HBC manifestly is neither > nor <, and 
so —rt.A), the tangent at B of BG will be de- 
termined by y. 

II. It can be demonstrated 
dz' 

df+BR- ' 

dz 

Hence is found the limit of and thence, 

dx 

by intej^ration, .r (expressed in terms of x. 

And of any line given in the concrete, the 
ecjuation in S can be found; e. g. , of L. For 
if ray AM be the axis of L; then any ray CB 
from ray AM cuts L [since (by §19) any 
straight from A except the straight AM will 
cut L |; but (if BN is axis) 

X-Fsin CBN (§28), 
and Y^cotan >2 CBN (§29), whence 
Y-X+\X--1. 


or 


-- 




the e(|uation sought. 
Hence we cet 


{/y 

dx 


LX(X— 1) 


and 


BH 

dx 


: sin CBN=X; and so 


dv 

BH 


=(X-1) 


ii(ii 
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l+g^.=X=(X=-l)->, 

and~iX(X'-l) *, and 

^=X^(X" — 1) whence, by inte- 

ax 

gration, we get (as in § 30) 

-1)^-^ cot CBN. 

III. Manfestly 

du . HF CBH 
dx dx 

which (unless given in y) now first is to be ex- 
pressed in terms of v; whence we get u by 
integrating. 

— D If AB— AC=^, CD=r, and 
~ ■ 

CABDC=5,- we might show (as 
in II) that 

] 

and, integrating, 5=)^// 

This can also be deduced apart from inte- 


gration. 

For example, the equation of the circle (from 
§ 31, III), of the straight (from § 31, II), of a 
conic (by what precedes), being expressed, the 
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areas bounded by these lines could also be ex- 
pressed. 

We know, that a surface 111 to a plane fig- 
ure/* (at the distance g), is to p in the ratio of 
the second powers of homologous lines, or as 

f 1 “ 

^ ie‘-e>J : 1 . 

It is easy to see, moreover, that the calcula- 
tion of volume, treated in the same manner, 
requires two integrations (since the differen- 
tial itself here is determined only by integra- 
tion); and before all must be investigated the 
volume contained between / and / and the ag- 
gregate of all the straights _L/ and joining 
the boundaries of / and t. 

We find for the volume of this solid (whether 
by integration or without it) 

{ ^ 1 

y^pi J +%Pq. 

The surfaces of bodies may also be deter- 
mined in S, as well as the curvatures, the 
involutes, and evolutes of any lines, etc. 

As to curvature; this in S either is the curv- 
ature of L, or is determined either by the 
radius of a circle, or by the distance to a 
straight from the curve ||| to this .straight; since 
from what precedes, it may easily be shown, 
that in a plane there are no uniform lines other 
than L-lincs, circles and curves III to a straight. 
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IV. 


For the circle (as in III) Qx 


dx 



Ox, whence (by §29), integrating^ 
area Qx=tA~ [gr_ 2 -j-Jf j . 

For the area CABDC=«^ (inclosed by an 
L form line AB=/', the HI to this, 
CD=y, and the sects AC=BD=;i;) 

; and (§ 24) y—re~^, and so 
dx 

(integrating) j _gT] . 

If X increases to infinity, then, in 

Fjg. 20. “2? , I 

S, e > -t;0, and so u^ri. By the si^e 

of MABN, in future this limit is understood. 

In like manner is found, if ^ is a figure on 

F, the space included by p and the aggregate 

of axes drawn from the boundaries of p is 

equal to 1^//. 

VI. If the angle at the cen- 
ter of a segment of a sphere 
is 2u, and a great circle is/, 
and X the arc FC (of the angle 
«)i (§25)^ 

l:sin «/=/:OBC, 
and hence OBC=/ sin u. 

"Ztz 



Meanwhile and dx— 

/.TT 
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Moreover, 

ax 
du 2jr 


=OBC, and hence 

sin u, whence (integrating) 


„ ver sin Uj« 

2 3 ;;;^ P . 


27r 


The F may be conceived on which P falls 
(passing through the middle F of the seg- 
ment) ; through AF and AC the planes FEM, 
CEM are placed, perpendicular to F and cut- 
ting F along FEG and CE; and consider the 
L form CD i^from C J. to FEG), and the L form 
CF; (§20) CEF=«/, and (§21) 

FD ver sin u , >. 

P 2r. 

But (§ 21) /=-.FGD; therefore 

^-=::.FD.FDG. But (§21) 
FD.FDG=FC.FC; consequently 
^=7r.FC.FC=area gFC, in F. 
Now let BJ=CJ=r/ (§30) 
2r=i{Y—Y-'), and so (§21) 
area 02/" (inF) =-r(Y— 

Fig. 28 . Also(/F) 



area o2>'=-2i"(Y'— 2+Y~") ; 
therefore, area ©2^ (in F) =area 02>', and so 
the surface i of a segment of a sphere is 
equal to the surface of the circle described 
with the chord FC as a radius. 
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Fia. -JSt. 


Hence the whole surface of the sphere 

=area oFG=FDG.^=^, 

and the surfaces of spheres are to each other 
as the second powers of their great circles. 

VII. In like manner, in S, the volume of 
the sphere of radius x is found 

the surface j^cneratcd by the rev- 
olution of the line CD about AB 

"B and the body described by CABDC 

But in what manner all things treated 
from {IV) even to here, also may be reached 
apart from integration , for the sake of brev- 
ity is suppressed. 

It can be demonstrated that the limit of 
every expression containing the letter i (and 
so resting upon the hypothesis that i is given), |i9] 
when i increases to infinity, expresses the 
quantity simply for 2' (and so for the hypoth- 
esis of no /), if indeed the equations do not be- 
come identical. 

But beware lest you understand to be sup- 
posed, that the system itself may be varied 
(for it is entirel}^ determined in itself and by 
itself) ; but only the hypothesis , which may be 
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done successively, as long as we are not con- 
ducted to an absurdity. Supposing therefore 
that, in such an expression, the letter i, in 
case S is reality, designates that unique quan- 
tity whose \—e; but if 2’ is actual, the said 
limit is supposed to be taken in place of the 
expression: manifestly all the expressions or- 
iginating from the hypothesis of the reality 
of S {in this sense) will be true absolutely , 
although it be completely unknown whether 
or not I is reality 

So e. g. from the expression obtained in § 30 
easily (and as well by aid of differentiation as 
apart from it) emerges the known value in 2’, 
Qx=.2-x; 

from I (§ 31) suitably treated, follows 
1 : sin a=c : a; 

but from II 

cos « , , 

— — 1, and so 
sin ii 

the first equation in III becomes identical, and 
so is true in 2', although it there determines 
nothing; but from the second follows 
c'-a-yb'. 

These arc the known fundamental equa- 
tions of plane trigonometry in 2’. 
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Moreover, we find (from § 32) in the area 
and the volume in III each =Pq; from IV 
area Qx=:-oc\ 

(from VII) the globe of radius *;i; 

= *-x\ etc. 

The theorems enunciated at the end of VI 
are manifestly /rue unconditionally. 

§ 33. It still remains to .set forth (as prom- 
ised in § 32) what this theory means. 

I. Whether - or some one S is reality, re- 
mains undecided. 

II. All things deduced from the hypothesis 
of the falsity of Axiom XI (always to be un- 
derstood in the sense of § 32) are absolutely 
true, and so in this sense, depend upon no 
hypothesis. 

There is therefore a plane trigonometry a 
priori, in which the system alone really re- 
mains unknown ; and so where remain un- 
known solely the absolute magnitudes in the 
expressions, but where a single known case 
would manifestly fix the whole svstem. But 
spherical trigonometry is established abso- 
lutely in § 26. 

(And we have, on F, a geometry wholly an- 
alogous to the plane geometry of 1.) 

III. If it were agreed that 2’ exists, nothing 
more would be unknown in this respect; but 



Science Absolute op Space. 


37 


if it were established that i does not exist, 
then (§31), (e. g.) from the sides x, y, and the 
rectilineal angle they include being given in a 
special case, manifestly it would be impossible 
in itself and by itself to solve absolutely the 
triangle, that is, to determine a priori the 
other angles and the ratio of the third side to 
the two given; unless X, Y were determined, 
for which it would be necessary to have in 
concrete form a certain sect a whose A was 
known; and then i would be the natural unit 
for length (just as e is the base of natural 
logarithms). 

If the existence of this i is determined, it 
will be evident how it could be constructed, 
at least very exactly, for practical use. 

IV. In the sense explained (I and II), it is 
evident that all things in space can be solved 
by the modern analytic method (within just 
limits strongly to be praised). 

V. Finally, to friend!}^ readers will not be 
unacceptable; that for that case wherein not - 
but S is reality, a rectilineal figure is con- 
structed equivalent to a circle. 

§ 34. Through D we may draw DM II AN in 
the following manner. From D drop DB_L AN; 
from any point A of the straight AB erect AC 
IAN (in DBA), and let fall DCIAC. We 
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will have (§ 27) OCD : OAB=l : sin z, pro- 
vided that DM II BN. But sin 
z is not >1; and so AB is 
not > DC. Therefore a quad- 
„ rant described from the cen- 

A hJ o 

Fio. 30 . ter A in BAC, with a radius 
=DC, will have a point B or 0 in common with 
ray BD. In the first case, manifestly Z—x\..^\ 
but in the second case (§ 25) 

(OAO=OCD) : OAB=l : sin AOB, 
and so z=AOiB. 

If therefore we take . 2 '=AOB, then DM will 
be II BN.‘ 

§ 35. If S were reality; we may, as follows, 
draw a straight j_ to one arm of an acute angle, [2*1 
which is II to the other. 

Take AM J. BC, and 
suppose AB=BC so 
•small (by § 19), that 
'• if we draw BN II AM 
(§ 34), ABN > the 

]'i.;.31. ■. 1 

given angle. 

Moreover draw CP II AM (§34); and take 
NBG and PCD each equal to the given angle; 
rays BG and CD will rut; for if ray BG (fall- 
ing by construction within NBC) cuts ray CP 
in E; we shall have (.since BN — CP), .^EBC< 
ZECB, and so EC<EB. Take EF=EC, EFR 
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=ECD, and FS II EP; then PS will fall within 
BPR. For since BN II CP, and so BNllEP, 
and BN II PS; we shall have (§ 14) 

ZFBN+ZBPS< (st.Z=PBN+BFR) ; 
therefore, BPS<BPR. Consequently, ray PR 
cuts ray EP, and so ray CD also cuts ray EG 
in some point D. Take now DG=DC and 
DGT=DCP=GBN; we shall have (since CD — 
GD) BN— GT— CP. Let K (§ 19) be the point 
of the L-form line of BN falling in the ray BG, 
and KL the axis; we shall have BN— KL, 
and so BKL=BGT=DCP; but also KL^CP: 
therefore manifestly K fall on G, and GT II BN. 
But if HO bisects -LBG, we shall have con- 
structed HO II BN. 

§ 36. Having given the ray CP and the 
5 ^ ^ plane MAB, take CB _L the 

plane MAB, BN (in plane 
BCPjlBC, and CQ II BN 
(§ 34) ; the intersection of ray 
CP (if this ray falls within 
BCO) with ray BN (in the 
Fig. 32. plane CBN), and so w’ith the 
plane MAB is found. And if we are given 
the two planes PCO, MAB, and we have CB 
_L to plane MAB, CR ± plane PCQ; and (in 
plane BCR) BNIBC, CS^CR, BN will fall 
in plane MAB, and CS in plane PCQ; and the 
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intersection of the straight BN Ayith the 
straight CS (if there is one) having been found, 
the perpendicular drawn through this inter- 
section, in PCQ, to the straight CS will mani- 
festly be the intersection of plane MAB and 
plane PCQ. 

§ 37. On the straight AM II BN, is found such 

an A, that AM— BN. If (by [ 22 ] 
§ 34) we construct outside 
of the plane NBM, GT I 
^ BN, and make BGJ.GT, 
GC=GB, and CPllGT; 
and so place the hemi- 
plane TGD that it makes 
with hemi-plane TGB an angle equal to that 
which hemi-plane PC A makes with hemi-plane 
PCB; and is sought (by §36) the intersection 
straight DQ of hemi-plane TGD with hemi- 
plane NBD; and BA is made i-DQ. 

We shall have indeed, on account of the sim- 
ilitude of the triangles of L lines produced on 
the F of BN (§ 21', manifestly DB=DA, and 
AM^BN. 

Hence easily appears (L-lines being given by 
their extremities alone) we may also find a 
fourth proportional, or a mean proportional, 
and execute in this way in F, apart from Ax- 
iom XI, all the geometric constructions made 
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I 


Fig. 34 . 


on the plane in I. Thus e. g, a perigon can 
be geometrically divided into any special num- 
ber of equal parts, if it is permitted to make 
this special partition in i. 

§ 38. If we construct (by § 37) for example, 
NBQ=J^ rt.Z, and make (by 
§ 35) , in S, AM _L ray BQ and 1 
BN, and determine (by § 37) 
IM— BN; we shall have, if I A 
=;r,(§28),X=l:sin5^rt.Z=2, 
and X will be constructed geometrically. 

And NBQ may be so computed, that lA dif- 
fers from i less than by anything given, which 
happens for sin NBQ=Vg. 

§ 39. If (in a plane) PQ and ST are ||! to the 
straight MN (§27), and AB, CD are equal 
perpendiculars to MN; manifestly aDEC= 
aBEA; and so the angles 
(perhaps mixtilinear) ECP, 
— N EAT will fit, and EC=EA. 
If, moreover, CF=AG, then 
aACP=aCAG, and each 
is half of the quadrilateral 



A G 

Fig. 35 . 


FAGC. 


If FAGC, HAGK are two quadrilaterals of 
this sort on AG, between PQ and ST; their 
equivalence (as in Euclid) is evident, as also 
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the equivalence of the triangles AGC, AGH, 
standing on the same AG, and having their 
vertices on the line PQ. Moreover, ACF= 
CAG, GCQ=CGA, and ACF+ACG+GCQ= 
st.Z (§32); and so also CAG+ACG+CGA= izsj 
st.Z; therefore, in any triangle ACG of this 
sort, the sum of the three angles =st. Z. But 
whether the straight AG may have fallen upon 
AG (which III MN), or not; the equivalence of 
the rectilineal triangles AGC, AGH, as well 
of themselves, as of the sums of their angles, 
is evident. 


§ 40. Equivalent triangles ABC, ABD, 

(henceforth rectilineal), hav- 

have the 

M sums of their angles equal. 

bisect AC and 
BC, and take (through C) 
^ Fifi. 36 . PQlliMN; the pomt D will 
fall on line PQ. 

For, if ray BD cuts the straight MN in the 
point F, and so (§ 39) the line PQ at the dis- 
tance EF=EB; we shall have aABC= aABF, 
and so also A ABD— A ABF, whence D falls 
at F. 


But if ray BD has not cut the straight MN, 
let C be the point, where the perpendicular bi- 
secting the straight AB cuts the line PQ, and 
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let GS=HT, so, that the line ST meets the 
ray BD prolonged in a certain K (which it is 
evident can be made in a way like as in § 4); 
moreover take SR=SA, ROlllST, and O the 
intersection of ray BK with RO; then aABR 
= aABO (§39), and so aABC>aABD (con- 
tra hyp.). 

§ 41. Equivalent triangles ABC, DEF 
have the sums of their triangles equal. 

^ j, ^ For let MN bisect 

^T7r° 

M . /Haj -4 / W bisect DF and FE; 


H F n 


y V \ and take RS III MN, 

^ ^ O ^ and TO III PQ; the per- 

pendicular AG to RS 
will equal the perpendicular DH to TO, or one 
for example DH will be the greater. 

In each case, the ODF, from center A, has 
w'ith line-ray GS some point K in common, 
and (§39) aABK= aABC=aDEF. But the 
aAKB (by § 40) has the same angle-sum as 
aDFE, and (by § 39) as aABC. Therefore 
also the triangles ABC, DEF have each the 
same angle-sum. 

In S the inverse of this theorem is true. 


For take ABC, DEF two triangles having 
equal angle-sums, and aBAIv=aDEF; these 
will have (by what precedes) equal angle-sums, 
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and so also will aABC and aABL, and hence 
manifestly 

BCL+BLC+CBL=st.Z. 

However (by § 31), the angle-sum of any tri- 124| 
angle, in S, is <st..^. 

Therefore L falls on C. 

§ 42. Let u be the supplement of the angle- 
sum of the A ABC, but v of aDBP; then is 
AABC: aDEF=:« : V. 



K ^ ir^ 
Fig, 38. 


For \i p be the area of each 
of the triangles ACG, GCH, 
HCB, DFK, KFE; and 
aABC=»?.^, and aDEF= 
n.p; and 5 the angle-sum of 
any triangle equivalent to// 


manifestly 

‘5t. Z — z/ = 7n.s—{m—V) st. Z =st. Z— z;z(st. Z _5) ; 
and ?z=;w(st. Z— 5 ); and in like manner V— 
zz(st.Z— 5 ). 

Therefore aABC : aDEF=w : n=u\v. 

It is evidently also easily extended to the 
case of the incommensurability of the triangles 
ABC, DEF. 

In the same way is demonstrated that tri- 
angles on a sphere are as the excesses of the 
sums of their angles above a st.<. 

If two angles of the spherical A are right, 
the third z will be the said excess. But 
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(a great circle being called p) this A is mani- 
festly 

=^I«32,VI); 

consequently, any triangle of whose angles the 


excess is 2 , is 


4 ^-. 


§ 43. Now, in S, the area of a rectilineal a 
is expressed by means of the sum of its angles, 
in' M n' n , If AB increases to infinity: 

(§42) aABC : (rt.Z— z;) 
will be constant. But ABC 
-■--BACN (§ 32, V), and rt.Z 
—u—v=z (§ 1); and so 
BACN : ^=aABC : (rt. Z- 
; z<t-z/)=BAC'N' 

D ' Moreover, manifestly (§ 30-) 
Fig. 39. BDCN : BD'C'N' = r : r' = 

tan z : tan z' . 

But for;F'=^o, we have 

BD'C'N' . , ^ , tan , 

BAC'N'" f' ^ ‘“ f’ 
consequently, 

BDCN : B ACN = tan 



But (§32) 

BDCN=r.»=»' tan z; 
therefore, BACN=.^.^% 
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Designating henceforth, for brevity, any tri- 
angle the supplement of whose angle-sum is z 
by A, we will therefore have h=z.i^. 

w s Hence it readily flows 

that, if OR 1AM and 
ROfAB, the area com- 
prehended between the 
„ ^ straights OR, ST, BC [»] 

Fig. 40. ’ 

(which is manifestly the 
absolute limit of the area of rectilineal tri- 


angles increasing without bound, or of a for 
.^^st.Z), is =-r’= area ©?, in F. 

This limit being denoted by □, moreover 
(by § 30) ?rr^=tan"^. □ = area Qr in F (§ 21) = 
area ©5 (by §32, VI) if the chord CD is called s. 

If now, bisecting at right angles the given 
radius 5 of the circle in a plane (or the L form 
radius of the circle in F), we construct (by 
§ 34) DBf— CN; by dropping CA J. DB, and 


M 



Fig. 41, 


erecting CM _L CA, we shall 
get z; whence (by § 37), assum- 
ing at pleasure an L form 
radius for unity, tanV can be 
determined geometrically by 
means of two uniform lines 
of the same curvature (which, 
their extremities alone being 
given and their axes con- 
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structed, manifestly may be compared like 
straights, and in this respect considered equiv- 
alent to straights). 

Moreover, a quadrilateral, ex. gr. regular 
= o is constructed as folloAvs; 

Take ABC=rt..i^^, BAC=^ rt. 

ACB=| rt. Z, and BC=x. 

By mere square roots, X (from 
§ 31, II) can be expressed and (by 
§ 37) constructed; and having X 
(by § 38 or also §§ 29 and 35), x itself can be 
determined. And octuple a ABC is manifestly 
= □ , and by this a plane circle of radius s is 
geometrically squared by means of a recti- 
linear figure and uniform lines of the same 
species (equivalent to straights as to compari- 
son inter se ) ; but an F form circle is plani- 
fied in the same manner: and we have either 
the Axiom XI of Euclid true or the geomet- 
ric quadrature of the circle, although thus 
far it has remained undecided, which of these 
two has place in reality. 

Whenever tan“r is either a whole number, 
or a rational fraction, whose denominator (re- 
duced to the simplest form) is either a prime 
number of the form 2“+! (of which is also 
2=2®+l), or a product of however many prime 
numbers of this form, of which each (with the 



7 

/ 

/ 


A 


Fig . 42. 
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exception of 2, which alone may occur any 
number of times) occurs only once as factor, 
we can, by the theory of polygons of the illus- 
trious Gauss (remarkable invention of our, 
nay of every age) (and only for such values w 
of z), construct a rectilineal figure =tan^^o = 
area 0s. For the division of d (the theorem 
of § 42 extending easily to any polygons) mani- 
festly requires the partition of a st. Z, which 
(as can be shown) can be achieved geomet- 
rically only under the said condition. 

But in all such cases, what precedes con- 
ducts easily to the desired end. And any rec- 
tilineal figure can be converted geometrically 
into a regular polygon of n sides, if n falls 
under the Gaussian form. 

It remains, finally (that the thing may be 
completed in every respect), to demonstrate 
the impossibility (apart from any supposition), 
of deciding a priori, whether or some S 
(and which one) exists. This, however, is re- 
served for a more suitable occasion. 



APPENDIX 1. 


REMARKS ON THE PRECEDING TREATISE, 
BY BOLYAI EARKAS. 

[From Vol. J1 of Tentamen, pp. 380-383.] 

Finally it maybe permitted to add something 
appertaining to the author of the Appendix in 
the first volume, who, however, may pardon me 
if something I have not touched with his acute- 
ness. 

The thing consists briefly in this: the form- 
ulas of spherical trigonometry (demonstrated 
in the said Appendix independently of Euclid’s 
Axiom 'K\) coincide with the formulas of plane 
trigonometry^ if (in a way provisionally speak- 
ing) the sides of a spherical triangle are ac- 
cepted as reals, hut of a rectilineal triangle 
as imaginaries; so that, as to trigonometric 
formulas, the plane may be considered as an 
imaginary sphere, if for real, that is accepted 
in which sin rt. Z = l. 

Doubtless, of the Euclidean axiom has been 
said in volume first enough and to spare: for 
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the case if it were not true, is demonstrated 
(Tom. I. App., p. 13), that there is given a cer- 
tain L for which the I there mentioned is 
(the base of natural logarithms), and for this 
case are established also {ibidem, p. 14) the 
formulas of plane trigonometry, and indeed so, 
that (by the side of p. 19, ibidem) the formulas 
are still valid for the case of the verity of the 
said axiom; indeed if the limits of the values 
are taken, supposing that truly the 

Euclidean system is as if the limit of the anti- 
Euclidean (for oo). 

Assume for the cavSe of i existing, the unit 
= i, and extend the concepts sine and cosine 
also to imaginary arcs, so that, p designating 
an arc whether real or imaginary, 
p;-i -i^n 

^ is called the 

■) 


cosine of />, and 


Pi'-i 

e —e 


-Pv-i 


2v'^ 

the sine oi P (as Tom. I., p. 177). 
Hence for q real 


is called 


q -q — 

e-e e —e 


2^-l 


2^'=l 

sin(^\— 1) 


=sin(— ^v'— 1) 
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So 


q — q — qv—i-v-i q\_i.v'_i 

e +e e +e , 

— 2 — = 2 — =cos(— ^v— 1 ) 


=cos(^V_i); 

if of course also in the imaginary circle, the 
sine of a negative arc is the same as the sine 
of a positive arc otherwise equal to the first, 
except that it is negative, and the cosine of a 
positive arc and of a negative (if otherwise 
they be equal) the same. 

In the said Appendix^ § 25, is demonstrated 
absolutely, that is, independently of the said 
axiom; that, in any rectilineal triangle the 
sines of the circles areas the circles of radu 
equal to the sides opposite. 

Moreover is demonstrated for the case of i 
existing, that the circle of radius v is 

~~i ] > which, for i=l, becomes 

Therefore (§ 31 ibidem), for a right-angled 
rectilineal triangle of which the sides are a 
and b, the hypothenuse c, and the angles oppo- 
site to the sides a, b, c are a, rt. Z, (for ?=1), 
in I, 

l:sin a-T:(d—e~''):Tr{e'"-e~’'}; 

and so 


l:sin« =■ 


2\CI ■ 2V_i ■ 


Whence 1 : sin « 
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= — sin (cV_i):— sin (aVUT). And hence 
1 : sin a=sin (cV_l) : sin (aV_i). 

In II becomes 

cos a ; sin /9=cos (izv'3l) ; 1 ; 


in III becomes 

cos (a^^)=cos (<2»^).COS 
These, as all the formulas of plane trigonom- 
etry deducible from them, coincide completely 
with the formulas of spherical trigonometry: 
except that if, ex. gr., also the sides and the 
angles opposite them of a right-angled spheri- 
cal triangle and the hypothenuse bear the same 
names, the sides of the rectilineal triangle are 
to be divided by v' — 1 to obtain the formulas for 
the spherical triangle. 

Obviously we get (clearl}' as Tom. ,11., p. 2S2), 
from I, 1 : sin «=sin c :sin a; 

from II, 1 :cos «=sin,? :cos a; 

from III, cos r=cos a cos b. 

Though it be allowable to pass over other 
things; yet I have learned that the reader 
may be offended and impeded by the deduc- 
tion omitted, (Tom. I., App., p. 19) [in § 32 at 
end] : it will not be irrelevant to show how, ex. 
gr., from 


f'+e 


if- ■- 


‘] [e'+e 


— b ' 


follows 
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(the theorem of Pythagoras for the Euclidean 
system); probably thus also the author de- 
duced it, and the others also follow in the 
same manner. 

Obviously we have, the powers of e being ex- 
pressea by series (like Tom. I., p. 168), 




2i‘^ 


^ 2/' 2. 3. r' ‘ 2.3.4./' 

-k _ VI 


and so 


Ic 

y 




3.4./' 


3. 4. 5. 6./* 


_o_ 


(designating by 


u kc'' 

the sum of all the terms after I ; and we 
/- 1-) 

have while /-'- oo. For all the terms 

Jc^ • • 

which follow — are divided by /“; the first 

. Jc 

term will be and any ratio <^; and 

3.4?- ■ I 

though the ratio everywhere should remain 

this, the sum would be ^Tom. I., p. 131), 

(a^]_ 

2A.y' i 

which manifestly ^-0, while Z^^^oo. 

And from 



54 Science Absolute of Space. 


1 r — (a+b) a— b — (a— b) 

e^+e ‘-i 1 +e i ‘ +e “ ‘ J 

follows (for w, V, X taken like u) 

2+-^-5 I +^+ 

And hence 

2 a'+2a3-i-d^+a~-2a6i-6^-{-v+x-w 
c 2 ' 

which =^a'+^. 



APPENDIX 11. 


SOME POINTS IN JOHN BOLYAI 'S APPENDIX 
COMPARED WITH LOB ACHE VSKI, 

BY WOLFGANG BOLYAI. 

[From Kurzer Grundriss^ p. 82 .] 


Lobachevski and the author of the Appendix 
each consider two points A, B, of the sphere- 
limit, and the corresponding axes 
ray AM, ray BN (§ 23). 

They demonstrate that, if «, /t’, 
y designate the arcs of the circle 
limit AB, CD, HL, separated by 
segments of the axis AC=1, AH 
-X, we have 



f-1 

UJ 


Lobachevski represents the value of - by 


e having some value >1, dependent on the 
unit for length that we have chosen, and able 
to be supposed equal to the Naperian base. 

The author of the Appendix is led directly 
to introduce the base of natural logarithms. 
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If we put and y, y' are arcs situated at 
the distances y, i from a, we shall have 

whence Y=li 

r r 

He demonstrates afterward (§ 29) that, if u 
is the angle which a straight makes with the 
perpendicular y to its parallel, we have 
Y=cot \u. 

Therefore, if we put we have 


Y=tan 

* 1— tan z tan \u 

whence we get, having regard to the value of 
tan \u-Y~\ 


tan = 

If now y is the semi-chord of the arc of 

circle-limit 2r, we prove (§ 30) that = 

tan 


constant. 

Representing this constant by and making 
y tend toward zero, we have 

— —1, whence 

2v 

2>'=2 i tan z-^i — 

r 
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or putting 



l=el. 


kV^e^^^\=kl (l+i), 

-J being infinitesimal at the same time as k. 
Therefore, for the limit, 1 = / and consequently 
\^.e. 

The circle traced on the sphere-limit with 
the arc r of the curve-limit for radius, has for 
length 2^^. Therefore, 

OjK=2)rr=2r» tan z=tA (Y— Y~'). 

In the rectilineal a where a, /J designate the 
angles opposite the sides a, b, we have (§ 25) 

sin «:sin /?=Oa:0^=s/(A — A“'): B~’) 

=sin :sin 

Thus in plane trigonometry as in spherical 
trigonometry, the sines of the angles are to 
each other as the sines of the opposite sides, 
only that on the sphere the sides are reals, 
and in the plane we must consider them as 
imaginaries, just as if the plane were an 
imaginary sphere. 

We may arrive at this proposition without a 
preceding determination of the value of 1. 

If we designate the constant ^ ^ by q, we 


shall have, as before 

Q,y=.q (Y-Y-'), 
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whence we deduce the same proportion as 
above, taking for i the distance for which the 
ratio I is equal to e. 

If axiom XI is not true, there exists a de- 
terminate i, which must be substituted in the 
formulas. 

If, on the contrary, this axiom is true, we 
mu.st make in the formulas /= oo. Because, in 

this case, the quantity i*^ always =1, the 

sphere-limit being a plane, and the axes being 
parallel in Euclid’s sense. 

The exponent must therefore be zero, and 
consequently /= oo. 

It is easy to see that Bolyai’s formulas of 
plane trigonometry are in accord with those of 
Lobachevski. 

Take for example the formula of § 37, 
tan II ((z)=sin B tan // {/>), 
a being the hypothenuse of a right-angled tri- 
angle, p one side of the right angle, and B the 
angle opposite to this side. 

Bolyai’s formula of § 31, I, gives 

1 :sin B=(A-A-*):(P-P~'). 

Now, putting for brevity, \ii we 

have tan 2P' '■ tan 3iz' = (cot a' — tan a' ) : (cot p' 
—tan />') = (A— A“') :(P— P ')=rl ; sin B. 



APPENDIX III. 


LKiHT FROM NON -EUCLIDEAN SPACES ON THE 
TEACHING OF ELEMENTARY GEOMETRY. 


Bv G. B. IIai.sti;d. 


As foreshadowed by Bolyai and Riemann, 
founded by Cayley, extended and interpreted 
for hyperbolic, parabolic, elliptic spaces by 
Klein, recast and applied to mechanics by Sir 
Robert Ball, projective metrics may be looked 
upon as characteristic of what is hif^hest and 
most peculiarly modern in all the bewildering 
range of mathematical achievement. 

Mathematicians hold that number is wholly 
a creation of the human intellect, while on the 
contrary our space has an empirical element. 
Of possible geometries we can not ^ 2 Ly a priori 
which shall be that of our actual .space, the 
space in which we move. Of course an ad- 
vance so important, not only for mathemat- 
ics but for philosophy, has had some metaphy- 
sical opponents, and as long ago as 1878 I 
mentioned in my Bibliography of Hyper- 
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Space and Non-Euclidean Geometry (American 
Journal of Mathematics, Vol. I, 1878, Vol. II, 
1879) one of these, Schmitz-Dumont, as a sad 
paradoxer, and another, J. C. Becker, both of 
whom would ere this have shared the oblivion 
of still more antiquated fighters against the 
light, but that Dr. Schotten, praiseworthy for 
the very attempt at a comparative planimetry, 
happens to be himself a believer in the a priori 
founding of geometry, while his American re- 
viewer, Mr. Ziwet, was then also an anti-non- 
Euclidean, though since converted. 

He says, ‘ ‘ we find that some of the best Ger- 
man text books do not try at all to define what 
is space, or what is a point, or even what is a 
straight line.” Do any German geometries de- 
fine space? I never remember to have met one 
that does. 

In experience, what comes first is a bounded 
surface, with its boundaries, lines, and their 
boundaries, points. Are the points whose 
definitions are omitted anything different or 
better? 

Dr. Schotten regards the two ideas “direc- 
tion” and “distance” as intuitively given in 
the mind and as so simple as to not require 
definition. 

When we read of two jockeys speeding 
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around a track in opposite directions, and 
also on page 87 of Richardson’s Euclid, 1891, 
read^ “The sides of the figure must be pro- 
duced in the same direction of rotation ; . . . 
going round the figure always in the same 
direction,’’ we do not wonder that when Mr. 
Ziwet had written: “he therefore bases the 
definition of the straight line on these two 
ideas,” he stops, modifies, and rubs that out 
as follows, “or rather recommends to eluci- 
date the intuitive idea of the straight line 
possessed by any well-balanced mind by means 
of the still simpler ideas of direction” [in a 
circle] “and distance” [on a curve]. 

But when we come to geometry as a science, 
as foundation for work like that of Cayley and 
Ball, I think with Professor Chrystal: “It is 
essential to be careful with our definition of a 
straight line, for it will be found that vir- 
tually the properties of the straight line de- 
termine the nature of space. 

‘ ‘ Our definition shall be that two points in 
general determine a straight line.” 

We presume that Mr. Ziwet glories in that 
unfortunate expression “a straight line is the 
shortest distance between two points,’’ still 
occurring in Wentworth (New Plane Geom- 
etry, page 33), even after he has said, page 5, 
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“the length of the straight line is called the 
distance between two points.’ ’ If the length 
of the one straight line between two points is 
the distance between those points, how can the 
straight line itself be the shortest distance? 
If there is only one distance, it is the longest 
as much as the shortest distance, and if it is 
the length of this shorto-longest distance 
which is the distance then it is not the 
straight line itself which is the longo-shortest 
distance. But Wentworth also says: “ Of all 
lines joining two points the shortest is the 
straight line.’’ 

This general comparison invoh^es the meas- 
urement of curves, which involves the theory 
of limits, to say nothing of ratio. The very 
ascription of length to a curve involves the 
idea of a limit. And then to introduce this 
general axiom, as does Wentworth, only to 
prove a very special case of itself, that two 
sides of a triangle are together greater than 
the third, is surely bad logic, bad pedagogy, 
bad mathematics. 

This latter theorem, according to the first 
of Pascal’s rules for demonstrations, should 
not be proved at all, since every dog knows it. 
But to this objection, as old as the sophists, 
Simson long ago answered for the science of 
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geometry, that the number of a.ssumptions 
ought not to be increased without necessity ; 
or as Dedekind has it: “ IVas beweisbar ist, 
soli in dcr Wissenschaft nicht ohne Bcweis 
geglaubt wcrden." 

Professor W. B. Smith (Ph. D., Goettingen), 
has written: “ Nothing could be more unfor- 
tunate than the attempt to lay the notion of 
Direction at the bottom of Geometry.” 

Was it not this notion which led so good a 
mathematician as John Casey to give as a 
demonstration of a triangle’s angle-sum the 
procedure called ‘‘a practical demonstration” 
on page 87 of Richard.son’s Euclid, and there 
described as ‘‘laying a ‘straight edge’ along 
one of the sides of the figure, and then turn- 
ing it round so as to coincide with each side in 
turn.” 

This assumes that a segment of a straight 
line, a sect, may be translated without rota- 
tion, which assumption readil}" comes to view 
when you try the procedure in two-dimensional 
spherics. Though this fallacy was exposed by 
so eminent a geometer as Olaus Henrici in so 
public a place as the pages of ‘Nature,’ yet it 
has just been solemnly reproduced by Pro- 
fessor G. C. Edwards, of the University of 
California, in his Elements of Geometry: Mac- 
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Millan, 1895. It is of the greatest importance 
for every teacher to know and connect the 
commonest forms of assumption equivalent to 
Euclid’s Axiom XI. If in a plane two straight 
lines perpendicular to a third nowhere meet, 
are there others, not both perpendicular to 
any third, which nowhere meet? Euclid’s 
Axiom XI is the assumption No. Playfair’s 
answers no more simply. But the very same 
answer is given by the common assumption of 
our geometries, usually unnoticed, that a circle 
may be passed through any three points not 
costraight. 

This equivalence was pointed out by Bolyai 
Farkas, who looks upon this as the simplest 
form of the assumption. Other equivalents 
are, the existence of any finite triangle whose 
angle-sum is a straight angle; or the existence 
of a plane rectangle; or that, in triangles, the 
angle-sum is constant. 

One of Legendre’s forms was that through 
every point within an angle a straight line 
may be drawn which cuts both arms. 

But Legendre never saw through this mat- 
ter because he had not, as we have, the eyes 
of Boh'ai and Lobachevski to see with. The 
same lack of their eyes has caused the author 
of the charming book “ Euclid and His Modern 
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Rivals,” to give us one more equivalent form: 
‘ ‘ In any circle, the inscribed equilateral tetra- 
gon is greater than any one of the segments 
which lie outside it.” (A New Theory of 
Parallels by C. L. Dodgson, 3d. E)d., 1890.) 

Any attempt to define a straight line by 
means of “direction” is simply a case of “ar- 
gumentum in circulo.” In all such attempts 
the loose word “direction” is used in a sense 
which presupposes the straight line. The 
directions from a point in Euclidean space are 
only the oo" rays from that point. 

Rays not costraight can be said to have the 
same direction only after a theory of parallels 
is presupposed, assumed. 

Three of the exposures of Professor G. C. 
Edwards’ fallacy are here reproduced. The 
first, already referred to, is from Nature, \o\. 
XXIX, p. 453, March 13, 1884. 

‘ ‘ I select for discussion the ‘ quaternion 
proof ” given by Sir William Hamilton. . . . 
Hamilton’s proof consists in the following: 

“ One side AB of the triangle ABC is turned 
about the point B till it lies in the continuation 
of BC; next, the line BC is made to slide along 
BC till B comes to C, and is then turned about 
C till it comes to lie in the continuation of AC. 
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“ It is now again made to slide along CA till 
the point B comes to A, and is turned about A 
till it lies in the line AB. Hence it follows, 
since rotation is independent of translation, 
that the line has performed a whole revolution, 
that is, it has been turned through four right 
angles. But it has also described in succession 
the three exterior angles of the triangle, hence 
these are together equal to four right angles, 
and from this follows at once that the interior 
angles are equal to two right angles. 

“To show how erroneous this reasoning is — 
in spite of Sir William Hamilton and in spite 
of quaternions — I need only point out that it 
holds exactly in the same manner for a triangle 
on the surface of the sphere, from which it 
would follow that the sum of the angles in a 
spherical triangle equals two right angles, 
whilst this sum is known to be always greater 
than two right angles. The proof depends 
only on the fact, that any line can be made to 
coincide with any other line, that two lines do 
so coincide when they have two points in com- 
mon, and further, that a line may be turned 
about any point in it without leaving the sur- 
face. But if instead of the plane we take a 
spherical surface, and instead of a line a great 
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circle on the sphere, all the.se conditions are 
again satisfied. 

“The reasoning employed must therefore 
be fallacious, and the error lies in the words 
printed in italics; for these words contain an 
assumption which has not been proved. 

“(). Henrici." 

Perronet Thomp.son, of Queen’s College, 
Cambridge, in a book of which the third edi- 
tion is dated 1830, says: 

“Professor Playfair, in the Notes to his 
‘Elements of Geometry’ [1813], has proposed 
another demonstration, founded on a remark- 
able non causa pro causa. 

“It purports to collect the fact [Eu. L, 32^ 
Cor., 2 I that (on the sides being successively 
prolonged to the same hand) the exterior 
angles of a rectilinear triangle are together 
equal to four right angles, from the circum- 
stance that a straight line carried round the 
perimeter of a triangle by being applied to all 
the sides in succession, is brought into its old 
situation again; the argument being, that be- 
cause this line has made the sort of somerset 
it would do by being turned through four 
right angles about a fixed point, the exterior 
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angles of the triangle have necessarily been 
equal to four right angles. 

“The answer to which is, that there is no 
connexion between the things at all, and that 
the result will just as much take place where 
the exterior angles are avowedly not equal to 
four right angles. 

“Take, for example, the plane triangle formed 
by three small arcs of the same or equal circles^ 

as in the margin; 
and it is manifest 
that an arc of this 
circle may be Car- 
rie d round pre- 
cisely in the way 
described and re- 
turn to its old sit- 
uation, and yet 
there be no pre- 
tense for infer- 
ring that the exterior angles were equal to 
four right angles. 

“And if it is urged that these are curved 
lines and the statement made was of straight; 
then the answer is by demanding to know, 
what property of straight lines has been laid 
down or established, which determines that 
what is not true in the case of other lines is 
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true in theirs. It ha.s been .shown that, as a 
general proposition, the connexion between a 
line returning to its place and the exterior 
angles having been equal to four right angles, 
is a non sequitur; that it is a thing that may 
be or may not be; that the notion that it re- 
turns to its place because the exterior angles 
have been equal to four right angles, is a mis- 
take. From which it is a legitimate conclu- 
sion, that if it had pleased nature to make the 
exterior angles of a triangle greater or less 
than four right angles, this would not have 
created the smalle.st impediment to the line’s 
returning to its old situation after being car- 
ried round the sides; and consequently the 
line’s returning is no evidence of the angles 
not being greater or less than four right 
angles.” 

Charles L. Dodgson, of Christ Church, Ox- 
ford, in his “Curiosa Mathematica,” Part I, 
pp. 70-71, 3d Ed., 1890, says: 

“Yet another proce.ss has been invented — 
quite fascinating in its brevity and its ele- 
gance — which, though involving the same fal- 
lacy as the Direction-Theory, proves Euc. I, 
32. without even mentioning the dangerous 
word ‘Direction.’ 
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^ “We are told to take 
y/ any triangle ABC; to 

^ p.y' produce CA to D; to 

\~/\ make part of CD, viz., 

^ y A D, revolve, about A, 

\ into the position ABB; 

\ then to make part of this 

f' line, viz., BE, rev'olve, 

about B, into the position BCF ; and lastly to 
make part of this line, viz., CF, revolve, about 
C, till it lies along CD, of which it originally 
formed a part. We are then assured that it 
must have revolved through four right angles: 
from which it easily follows that the interior 
angles of the triangle are together equal to 
two right angles. 

“The disproof of this fallacy is almost as 
brief and elegant as the fallacy itself. We 
first quote the general principle that we can 
not reasonably be told to make a line fulfill 
two conditions, cither of which is enough by 
itself to fix its position: e. g., given three 
points X, Y, we can not reasonably be told 
to draw a line from X which .shall pass 
through Y and Z: we can make it pass 
through Y, but it mu.st then take its chance 
of passing through Z; and vice versa. 

‘ ‘ Now let us suppose that, while one part of 
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AE, viz., BE, revolves into the position BE, 
another little bit of it, viz., AG, revolves, 
through an equal angle, into the position AH; 
and that, while CF revolves into the position 
of lying along CD, AH revolves— and here 
comes the fallacy. 

“You must not say ‘revolves, through an 
equal angle, into the position of lying along 
AD,’ for this would be to make AH fulfill two 
conditions at once. 

“If you say that the one condition involves 
the other, you are virtually asserting that the 
lines CF, AH are equally inclined to CD— and 
this in consequence of AH having been so 
drawn that these same lines are equally in- 
clined to AE. 

“That is, you are asserting, ‘A pair of lines 
which are equally inclined to a certain trans- 
versal, are so to any transversal.’ [Deducible 
from Euc. I, 27, 28, 29.]’’ 






GEOMETRICAL RESEARCHES ON 

THE THEORY OF PARALLELS 


BY NICHOLAS LOBACHEVSKI 


TRANSLATED BY DR. GEORGE BRUCE HALSTED 


DOVER PUBLICATIONS, INC. NEW YORK 
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Prove all things, hold fast that which is good,” does not mean dem- 
onstrate everything. From nothing assumed, nothing can be proved. 
“Geometry without axioms,” was a book which went through several 
editions, and still has historical value. But now a volume with such a 
title would, without opening it, be set down as simply the work of a 
paradoxer. 

The set of axioms far the most influential in the Intellectual history 
of the world was put together in Egypt; but really it owed nothing to 
the Egyptian race, drew nothing from the boasted lore of Egypt’s 
priests. 

The I*apyrus of the Rhind, belonging to the British Museum, but 
given to the world by the erudition of a German Egyptologist, Eisen- 
lohr, and a German historian of mathematics, Cantor, gives us more 
knowledge of the state of mathematics in ancient Egypt than all else 
previously accessible to the modem world. Its whole testimony con- 
firms with overwhelming force the position that Geometry as a science, 
strict and self-conscious deductive reasoning, was created by the subtle 
intellect of the same race whose bloom in art still overawes us in the 
Venus of Milo, the Apollo Belvidere, the Laocoon. 

In a geometry occur the most noted set of axioms, the geometry of 
Euclid, a pure Greek, professor at the University of Alexandria. 

Not only at its very birth did this typical product of the Greek genius 
assume sway as ruler in the pure sciences, not only does its first efflor- 
escence carry us through the splendid days of Theon and Hypatia, but 
unlike the latter, fanatics can not murder it; that dismal flood, the dark 
ages, can not drown it. Like the phcenix of its native Egypt, it rises 
with the new birth of culture. An Anglo-Saxon, A delard of Bajh, 
finds it clothed in Arabic vestments in the land of the Alhambra. Then 
clothed in Latin, it and the new-born printing press confer honor on 
each other. Finally back again in its original Greek, it is published 
first iu queenly Basel, then in stately Oxford. The latest edition In 
Greek is from Leipsic's learned presses. 

|B1 
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How the first translation into our cut-and-thrust, survival-of-the*fitteBt 
English was made from the Greek and Latin by Henricus Billingsly, 
Lord Mayor of London, and published with a preface by John Dee the 
Magician, may be studied in the Library of our own Princeton, where 
they have, by some strange chance, Billingsly’s own copy of the Arabic- 
Latin version of Camjiaiius bound with the Editio Ih-lnceps in Greek 
and enriched with his autograph emendations. Fh'cn to-day in the vast 
system of examinations set by Cambridge, Oxford, and the British gov- 
ernment, no proof will be accepted which infringes Euclid’s order, a 
sequence founded upon his set of axiom.s. 

The American ideal is success. In twenty years the American maker 
expects to be improved upon, superseded. The Greek ideal was per. 
fection. The Greek Epic and Lyric poets, the Greek sculptors, remain 
unmatched. The axioms of the Greek geometer remained unquestioned 
for twenty centuries. 

How and where doubt came to look toward them is of no ordinary 
interest, for this doubt was epoch-making in the history of mind. 

Among Euclid’s axioms was one differing from the others in pro- 
lixity, whose place fluctuates in the manuscripts, and which is not used 
in Euclid’s first twenty-seven propositions. Moreover it is only then 
brought in to prove the inverse of one of these already demonstrated. 

All this suggested, at Europe’s renaissance, not a doubt of the axiom, 
but the possibility of getting along without it, of deducing it from the 
other axioms and the twenty -seven propositions already proved. Euclid 
demonstrates things more axiomatic by far. He proves what every dog 
knows, that any two sides of a triangle are together greater than the 
third. Yet when he has perfectly proved that lines making with a 
transversal equal alternate angles are parallel, in order to prove the in- 
verse, that parallels cut by a transversal make equal alternate angles, he 
brings in the un wieldly postulate or axiom: 

‘‘ If a straight line meet two straight lines, so as to make the two in- 
terior angles on the same side of it taken together less than two right 
angles, these straight lines, being continually produced, shall at length 
meet on that side on which are the angles which are less than two right 
angles.” 

Do you wonder that succeeding geometers wished by demonstration 
to push this un wieldly thing from the set of fundamental axioms. 
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NmnerouB and desperate were the attempts to deduce it from reason- 
ings about the nature of the straight line and plane angle. In the 
“ Encyclopcedie der Wissenschaften und Kunste; Von Ersch und Gru- 
ber;” Leipzig, 1838; under “Parallel,” Sohncke says that in mathe- 
matics there is nothing over which so much has been spoken, written, 
and striven, as over the theory of parallels, and all, so far (up to his 
time), without reaching a definite result and decision. 

Sumo acknowledged defeat by taking a new definition of i)araUels, as 
for example the stupid one, “Parallel lines are everywhere equally dis- 
tant,” still given on page 33 of Schuyler’s Geometry, which that author, 
like many of his unfortunate prototypes, then attempts to identify with 
Euclid’s definition by pseudo-reasoning which tacitly assumes Euclid’s 
postulate, e. g. he says p. 35: “For, if not parallel, they aro not every- 
where equally distant; and since they lie in the same plane; must ap- 
proach when produced one way or the other; and since straight lines 
continue in the same direction, must continue to approach if produced 
farther, and if sufficiently produced, must meet.” This is nothing but 
Euclid’s assumption, diseased and contaminated by the introduction of 
the indefinite term “direction.” 

How much better to have followed the third class of his predecessors 
who honestly assume a new axiom differing from Euclid’s in form if 
not in essence. Of these the best is that called Playfair’s; “Two lines 
which intersect can not both be parallel to the same line.” 

The German article mentioned is followed by a carefully prepared 
list of ninety-two authors on the subject. In English an account of 
like attempts was given by Perronet Thompson, Cambridge, 1833, and 
is brought up to date in the charming volume, “Euclid and his Modern 
Rivals,” by C. L. Dodgsou, late Matlieuiatieal Lecturer of Christ Church, 
Oxford, the Lewis Carroll, author of Alice in Wonderland. 

All this shows how ready the world was for the extraordinary flaming- 
forth of genius from different parts of the world which was at once to 
overturn, explain, and remake not only all this subject but as conse* 
quence all philosophy, all ken-lore. As was the case with the dis- 
covery of the Conservation of .Energy, the independent irruptions 
of genius, whether in Russia, Hungary, Germany, or even in Canada 
gave everywhere the same results. 

At first these results were not fully understood even by the brightest 
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Intellects. Thirty years after the publication of the book he mentions, 
we see the brilliant Clifford writing from Trinity College, Cambridge, 
April 2, 1870, “Several new ideas have come to me lately: First I 
have procured Lobachevski, ‘Etudes G^m^triques sur la ThCwie 
des Parallels’ - - - a small tract of which Gauss, therein quoted, 
says: L'auteur a traits* la matl^re en main de maitre et avee le veritable 
esprit g^m^trique. Je crois devoir appeler votre attention sur ee livre, 
dont la lecture ne peut manquer de vous causer le plus vif plaisir.’ ” 
Then says Clifford : “It is quite simple, merely Euclid without the 
vicious assumption, but the way the things come out of one another is 
quite lovely.” 

The first axiom doubted is called a “vicious assumption,” soon no 
man sees more clearly than Clifford that all are assumptions and none 
vicious. He had been reading the French translation by Hoiiel, pub- 
lished in 186C, of a little book of 01 pages published in 1S40 in Berlin 
under the title Geometrische Uutersucliungen zur Theorie der Parallel- 
linien by Nicolas Lobachevski (1793-1850), the first public expression 
of whose discoveries, however, dates back to a discourse at Kasan on 
February 12, 1826. 

Under this commonplac'e title who would have suspected the dis- 
covery of a new spaw in which to hold our universe and ourselves, 

A new kind of universal space; the idea is a hard one. To name it, 
all the space in which we think the world and stars live and move and 
have their being was ceded to Euclid as his by right of pre-emption, 
description, and occupancy ; tlien the new space and its quick-following 
fellows could be called Non-Euclidean. 

Gauss in a letter to Schumacher, dated Nov. 28, lv84r>, mentions that 
as far back as 1792 he had started on this path to a new universe. 
Again he says: “La g^om^trie non-euclidienne ne renferme en elle 
rien de contradictoire, quoique, h. premiere vue, beaucoup de ses rf*sul- 
tats alett I'air de paradoxes. Ces contradictions appa rents doivent etre 
regard^es comme I’effet d’une illusion, due ii I'habitude que nous avons 
prise de bonne heure de considf*rer la geometric euclidienne comme 
rigoureuse.” 

But here we see in the last word the same imperfection of view as in 
Clifford's letter. The perception has not yet come that though the non- 
Euclidean geometry is rigorous, Euclid is not one whit less so. 
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A former friend of Gauss at Goettingen was the Hungarian Wolfgang 
Bolyai. His principal work, published by subscription, has the follow- 
ing title: 

Tentamen Juventutem studiosam in elementa Matbeseos purae, ele- 
mentarls ac sublimioris, methodo intuitiva, evidentiaquo huic propria, in- 
troducendi. Tomus Primus, 1832; Secundus, 1833. 8vo. Maros-VH- 
sftrhelyinl. 

In the first volume with special numbering, appeared the celebrated 
Appendix of his son John Bolyai with the following title : 

APPENDIX. 

SciENTiAM sPATii ahsolutc vemm exhibens: u vcritatc aut falnitate 
A.riomatiH XI EucHdei (a priori hand unquam dccidcndn) indcpcndcn- 
tcm. Auctore Johanne Bolyai de eadem, (^eometrarum in Exercitu 
Caesareo Regio Austriaco Castrensium Capitaiieo. (26 pages of text). 

This marvellous Appendix has been translated into French, Italian, 
English and (Jerman. 

In the title of Wolfgang Bolyai's last work, the only one he com- 
posed in German (88 pages of text, 1851), occurs the following: 

“und da die Frage, oh zwcy von der dritten qeschnitienp Oeraden, 
xrvnn die summc der inneren Winkcl nichf=2R, nich Hchnciden odor 
nicht? niemand auf der Erde ohne ein Axiom (wie Euclid das XI) 
aufzustellen, beantwortcii wird ; die davoii unabhiengigc Geometric 
abzusoridern ; und eine auf die Jc-Antwort, andere auf das Xcin so zu 
baueu, dass die Formeln der letzcu, auf ein Wink auch in der ersten 
giiltig seyen.” 

The author mentions Lobachevski's Geometrische Untersuchungen, 
Berlin, 1840, and compares it with the work of his son John Bolyai, 
“au sujet duquel il dit: ‘Quelques exemplaires de I’ouvrage public ici 
ont envoyOs A cette (^poque i) Vienne, il Berlin, h Goettingue. . . De 
Goettlngue le g6ant mathOmatique, [Gauss] qui du sommet des hauteurs 
embrasse du meme regard les astres et la profondeur des abimes, a ^^crit 
qu’il ^tait ravi de voir ex^cut^ le travail qu’il avait commence* pour le 
laisser aprds lui dans ses papiers.”” 

In fact this first of the Non-Euclldean geometries accepts all of Eu- 
clid’s axioms but the last, which it flatly denies and replaces by its con- 
tradictory, that the sum of the interior angles made on the same side of 
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a transversal by two straight lines may bo less than a straight angle 
without the lines meeting. A perfectly consistent and elegant geometry 
then follows, in which the sum of the angles of a triangle is always less 
than a straight angle, and not every triangle has its vertices concyclic. 
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In geometry I find certain imperfections which 1 hold to be the rea- 
son why this science, apart from transition into analytics, can as yet 
make no advance from that state in which it has come to us from Euclid. 

As belonging to these imperfections, I consider the obscurity in the 
fundamental concepts of the geometrical magnitudes and in the manner 
and method of representing the measuring of these maguitudes, and 
finally the momentous gap in the theory of parallels, to fill which all ef- 
forts of mathematicians have been so far in vain. 

For this theory Legendre s endeavors have done nothing, since he 
was forced to leave the only rigid way to turn into a side path and take 
refuge in auxiliary theorems which he illogically stro^ e to exhibit as 
necessary axioms. My first essay on the foundations of geometry 1 jnib- 
lished in the Kasan Mesacnga for the year 1829. In the hope of having 
satisfied all requirements, T undertook hereupon a treatment of the whole 
of this science, and published my work in separate parts in the 
leJirUn Schriftcn der UmveisiUvi Kasan" for the years 1836, 1837, 1838, 
under the title “New Elements of Geometry, with a complete Theory 
of Parallels. ” The extent of this work perhaps hindered my country- 
men from following such a subject, which since Legendre had lost its 
inLerest. Yet I am ot tlie opinion that the Theory of Parallels should 
nut lose Its claim to tlie attention of geometers, and therefore 1 aim to 
t^ive here the substance of my investigations, remarking beforehand that 
contrary to the opinion of Legendre, all other imperfections — for ex- 
amjile, the definition of a straight line — show themselves foreign here 
and without any real inlluence on the theory of parallels. 

In order not to fatigue my reader with the multitude of those theo- 
rems whose proofs present no difliculties, 1 prefix here only those of 
which a knowledge is necessary for what follows. 

1. A straight lino fits upon itself in all its positions. By this I m'aan 
that during the revolution of the surface containing it the straight line 
does not change its place if it goes through two unmoving points in the 
surfac(‘- {/. c., if we turn the surface containing it about two points of 
the lino, the line does not move.) 

[Ill 
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2. Two straight lines can not intersect in two points. 

3. A straight line sufficiently produced both ways must go out 
beyond all bounds, and in such way cuts a bounded plain into two parts. 

4. Two straight lines peipendicular to a third never intersect, how 
far soever they be produced. 

6. A straight line always cuts another in going from one side of it 
over to the other side; {i. e., one straight line must cut another if it 
has points on both sides of it.) 

0. Vertical angles, where the sides of one are productions of the 
sides of the other, are equal. This holds of plane rectilineal angles 
among themselves, as also of plane surface angles : [i. e . , dihedral angles.) 

7. Two straight lines can not intersect, if a third cuts them at the 
same angle. 

8. In a rectilineal triangle equal sides lie opposite equal angles, and 
inversely. 

9. In a rectilineal triangle, a greater side lies opposite a greater 
angle. In a right-angled triangle the hypothenuse is greater than either 
of the other sides, and the two angles adjacent to it are acute. 

10. Rectilineal triangles are congruent if they have a side and two 
angles equal, or two sides and the included angle equal, or two sides and 
the angle opposite the greater equal, or three sides equal. 

11. A straight line which stands at right angles upon two other 
straight lines not in one plane with it is perpendicular to all straight 
lines drawn through the common intersection point in the plane of those 
two. 

12. The intersection of a sphere with a plane is a circle. 

13. A straight line at right angles to the intersection of two per- 
pendicular planes, and in one, is perpendicular to the other. 

14. In a spherical triangle equal sides lie opposite equal angles, and 
inversely. 

15. Spherical triangles are congruent (or symmetrical) if they have 
two sides and the included angle equal, or a side and the adjacent angles 
equal. 

From here follow the other theorems with their explanations and 
proofs. 
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16. All straight lines which in a plane go out from a point can, 
with reference to a given straight line in the same plane, he divided 
into two classes — into cutting and noUcutting. 

The boundary lines of the one and the other class of those lines will 
be called parallel to the given line. 

From the point A (Fig. 1) let fall upon the 
line BC the perpendicular AD, to which again 
draw the perpendicular AE. 

In the right angle E AD either will all straight 
lines which go out from the point A meet the 
line DC, as for example AF, or some of them, 
like the perpendicular AE, will not meet the 
line DC. In the uncertainty whether the per- 
pendicular AE IS the only line which does not 
meet DC, we will assume it may be possible that 
there are still other lines, for example AG, Fia. 1. 

which do not cut DC, how far soever they may be prolonged. In pass- 
ing over from the cutting lines, as AF, to the not-cutting lines, as AG, 
we must come upon a line AH, parallel to DC, a boundary line, upon 
one side of which all lines AG are such as do not meet the line DC, 
while upon the other side every straight line AF cuts the line DC. 

The angle HAD between the parallel HA and the perpendicular AD 
is called the parallel angle (angle of parallelism), which we will here 
designate by f! (p) for AD m p. 

If n (p) IS a right angle, so will the prolongation AE' of the perpen- 
dicular AE likewise be parallel to the prolongation DB of the line DC, 
in addition to which we remark that in regard to the four right angles, 
which are made at the point A by the perpendiculars AE and AD, 
and their prolongations AE' and AD', every straight line which goes 
out from the point A, either itself or at least its prolongation, lies in one 
of the two right angles which are turned toward BC, so that except the 
parallel EE' all others, if they are sufficiently produced both ways, must 
intersect the line BC. 

If // (p) < + t:, then upon the other side of AD, making the same 
angle DAK = // (p) will lie also a line AK, parallel to the prolonga- 
tion DB of the line DC, so that under this assumption we must also 
make a distinction of sides in parallelism. 
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All remuDing lines or their prolongations within the two right angles 
turned toward BC pertain to those that intersect, if they lie within the 
angle HAK = 2 // (p) between the parallels; they pertain on the other 
hand to the non-intersecting AG, if they he upon the other sides of the 
parallels AH and AK, in the opening of the two angles EAH = | z 
- II (p), E'AK = I r - /7 (p), between the parallels and EE' the per- 
pendicular to AD. Upon the other side of the perpendicular EE' will 
in like manner the prolongations AH' and AK' of the parallels AH and 
AK likewise be parallel to BC; the remaining lines pertain, if in the 
angle K'AH', to the intersecting, but if in the angles K'AE, H'AE' 
to the non-intersecting. 

In accordance with this, for the assumption //(p) = | r. the lines can 
be only intersecting or parallel; bui if we assume that //(p) < | ff, then 
we must allow two parallels, one on the one and one on the other side; 
in addition we must distinguish the remaining lines into non-intersectr 
ing and intersecting. 

For both assumptions it serves as the mark of parallelism that the 
line becomes intersecting for the smallest deviation toward the side 
where lies the parallel, so that if AH is parallel to DC, every line AF 
cuts DC, how small soever the angle HAF may be. 
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17. A straight Une maintains the tharacUristie of parallelism at all its 
points. 

Given AB (Fig. 2) parallel to CD, to which latter AC is perpendic 

a 
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Fig. 2. 

nlar. We will consider two points taken at random on the line AB and 
its production beyond the perpendicular. 

Let the point E lie on that side of the perpendicular on which AB is 
looked upon as parallel to CD. 

Let fall from the point E a perpendicular EK on CD and so draw EF 
that it falls within the angle BEK. 

Connect the points A and F by a straight line, whoso production then 
(by Theorem 16) must cut CD somewhere in G. Thus we get a triangle 
ACG, into which the line EF goes; now since this latter, from the con- 
struction, can not cut AC, and can not cut AG or EK a second time 
(Theorem 2), therefore it must meet CD somewhere at H (Theorem 3). 

Now let E' be a point on the production of AB and E'K' perpendic- 
ular to the production of the line CD; draw the line E'F' making so 
small an angle AE'F' that it cuts AC somewhere in F'; making the 
same angle with AB, draw also from A the line AF, whose production 
will cut CD in G (Theorem 16.) 

Thus we get a triangle AGC, into which goes the production of the 
line E'F' ; since now this line can not cut AC a second time, and also 
can not cut AG, since the angle BAG = BE'G', (Theorem 7), therefore 
must it meet CD somewhere in G'. 

Therefore from whatever Doints E and E' the lines EF and E'F' go 
out, and however little they may diverge from the line AB, yet will 
they always cut CD, to which AB is paralleL j 
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18. Two lines are always mutually parallel. 

Let AC be a perpendicular on CD, to which AB is parallel 
if we draw from C the line 
CE making any acute angle 
ECD with CD, and let fall 
from A the perpendicular AF 
upon CE, we obtain a right- 
angled triangle ACF, in which 
AC, lieing the hypothenuse, 
is greater than the side AP 
(Theorem 9.) 0 

Make AG = AP, and slide 

the figure EFAB until AF coinciues with AG, when AB and FE wiJ 
take the position AK and GH, such that the angle BAK = FAC, con 
Bequcntly AK must cut the line DC somewhere in K (Theorem 16), thus 
forming a triangle AKC, on one side of which the perpendicular GH 
intersects the line AK in L (Theorem 3), and thus determines the dis 
tance AL of the intersection point of the lines AB and CE on the line 
AB from the point A. 

Hence it follows that CE will always intersect AB, how small soever 
may be the angle ECD, consequently CD is parallel to AB (Theorem 1 6.) 

19. Jn a rectilineal triangle the sum of the thne angles can not he greater 
than two right angles. 

Suppose in the triangle ABC (Fig. 4) the sum of the three angles is 
equal to ^ > then choose in case 
of the inequality of the sides the 
smallest BC, halve it in D, draw 
from A through D the line AD 
and make the prolongation of it, 

DE, equal to AD, then join the ^ 
point E to the point C by the 
straight line EC. In the congruent triangles ADB and CDE, the angle 
ABD = DCE, and BAD = DEC (Theorems 6 and 10); whence follows 
that also in the triangle ACE the sum of the three angles must be equal 
to ;r + a; but also the smallest angle BAC (Theorem 9) of the triangle 
ABC in passing over into the new triangle ACE has been cut up into 
the two parts EAC and AEG. Continuing this process, continually 
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halving the aide opposite the smallest angle^ we must finally attain to a 
triangle in which the sum of the three angles is tt wherein are 

two angles, each of which in absolute magnitude is less than -J-a; since 
now, however, the third angle can not be greater than tt, so must a be 
either null or negative. 

20. If in any rectilineal triangle the sum of the three angles is equal to 
two right angles^ so is this also the case for every other triangle. 

If in the rectilineal triangle ABC (Fig. 5) the sum of the three angles 
= then must at least two of its angles, A 
and C, be acute. Let fall from the vertex of 
the third angle B upon the opposite side AC 
the perpendicular p. This will cut the tri- 
angle into two right-angled triangles, in each 
of which the sum of the three angles must also be tt, since it can not in 
either be greater than and in their combination not less than tt. 

So we obtain a right-angled triangle with the perpendicular sides p 
and q, and from this a quadrilateral whose opposite sides are equal and 
whose adjacent sides p and q are at right angles (Fig. 6.) 

By repetition of this quadrilateral we can make another with sides 
np and q, and finally a quadrilateral ABCD with sides at right angles 
to each other, such that AB = np, AD = mq, DC = np, BC = inq, where 

71 


c 

Fia. 6. 

m and n are any whole numbers. Such a quadrilateral is divided by 
the diagonal DB into two congruent right-angled triangles, BAD apd 
BCD, in each of which the sum of the three angles = t:. 

The numbers n and m can be taken suflBciently great for the right- 
angled triangle ABC (Fig. 7) whose perpendicular sides AB = np, BC 
= mq, to enclose within itself another given (right-angled) triangle BDE 

as soon as the right-angles fit each other. 

2 — par. 



R 



Fio. 
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Drawing the line DC, we obtain right-angled triangles of which every 
BucceBsive two have a side in common. 

The triangle ABC is formed by the union of the two triangles ACD 
and DCB, in neither of which can the sum of the angles be greater than 
TT't consequently it must be equal to 7:, in order that the sum in the 
compound triangle may be equal to tt. 


c 



In the same way the triangle BDC consists of the two triangles DEC 
and DBE, consequently must in DBE the sum of the three angles be 
equal to ;r, and in general this must be true for every triangle, since 
each can be cut into two right-angled triangles. 

From this it follows that only two hypotheses are allowable: Either 
is the sum of the three angles in all rectilineal triangles equal to ;r, or 
this sum is in all less than 7:. 

2I0 J^om a given point we can always draw a straight line that shall 
make with a given straight line an angle as smalt as zoe choose. 

Let fall from the given point A (Fig. 8 ) upon the given line BC the 


A 



perpendicular AB ; take upon BC at random the point D , draw the line 
AD- make DE = AD, and draw AE. 
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In the right-angled triangle ABD let the angle ADB = a; then must 
in the isosceles triangle ABE the angle AEB be either -J-a or less (Theo- 
rems S and 20). Continuing thus we finally attain to such an angle, 
AEB, as is less than any given angle. 

22. If two perpendiculars to the same straight line are parallel to each 
oiher^ then the sum of the three angles in a rectilineal triangle is equal to two 
right angles. 

Let the lines AB and CD (Fig. 9) be parallel to each other and per- 
pendicular to AC. 

Draw from A the lines AE 
and AF to the points E and F, 
which are taken on the line CD 
at any distances FC > EC from 
the point C. 

Suppose in the right-angled tri- 
angle ACE the sum of the three angles is equal to r" — r/, m the tri- 
angle AEF equal to — ^9, then must it in triangle ACF equal t: ^ a 
— 1 ^, where ,7 and can not be negative. 

F'urther, let the angle BAF = a, AFC = b, so is a ^9 = a — b; now 
})y revolving the line AF away from the perpendicular AC we can make 
the angle a between AF and the parallel AB as small as we choose; so 
also can we lessen the angle b, consequently the two angles a and ^ 
can have no other magnitude than a = 0 and ^9 = 0. 

It follows that in all rectilineal triangles the sum of the three angles 
IS either 7 : and at the same time also the parallel angle II (p) = ;r for 
every lino p, or for all triangles this sum is < ;r and at the same time 
also II (p) < h 

The first assumption serves as foundation for the ordinary geometry and 
plane trigonometry. 

The second assumption can likewise be admitted without leading to 
any contradiction in the results, and founds a new geometric science, 
to which 1 have given the name Imaginary Geometry^ and which I in- 
tend here to expound as far as the development of the equations be- 
tween the sides and angles of the rectilineal and spherical triangle. 

23. F'or every given angle ,7 there i s a line p such that 77 (p) = t7. 

Let AB and AC (Fig. 10) be two straight lines which at the inter. 

section point A make the acute angle a] take at random on AB a point 




20 


THEORY OF PARALLELS. 


B' ; from this point drop B' A' at right angles to AC ; make A' A" “ 
AA' ; erect at A" the perpendicular A^B'; and so continue until a per- 



pendicular CD is attained, which no longer intersects AB. This must 
of necessity happen, for if in the triangle AA'B' the sum of all three 
angles is equal to r — a, then in the triangle ABW it equals ;r — 2a, 
in triangle AA''B" less than - — 2a (Theorem 20), and so forth, until 

It finally becomes negative and thereby shows the impossibility of con- 
structing the triangle. 

The perpendicular CD may be the very one nearer than which to the 
point A all others cut AB; at least in the passing over from those that 
cut to those not cutting such a perpendicular FG must exist. 

Draw now from the point F the line FH, which makes witli FG the 
acute angle HFG, on that side where lies the point A. From any point 
H of the line FII let fall upon AC the perpendicular HK, whose pro- 
longation consequently must cut AB somewhere in B, and so makes a 
triangle AKB, into which the prolongation of the line FH enters, and 
therefore must meet the hypothenuse AB somewhere in M. Since the 
angle GFH is arbitrary and can be taken as small as we wish, therefore 
FG IS parallel to AB and AF = p. (Theorems 16 and 18.) 

One easily sees that with the lessening of p the angle a increases, while, 
for p 0, it approaches the value with the growth of p the angle 
a decreases, while it continually approaches zero for p =00 . 

Since we are wholly at liberty to choose what angle we will under 
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Btand by the symbol [J (p) when the line p is expressed by a negative 
number, so we will assume 

an equation which shall hold for all values of p, positive as well as neg- 
ative, and for p = 0. 

24 . The farther paralkl lines are prolonged on the side of their paral 
Mim, the more they approach one another. 

If to the line AB (Fig. 11) two perpendiculars AC = BD are erected 
and their eiid-iioiiits (' ;iii(l 1 » joined by 
a straight line, then will the (luadrihit- 
eral CARD have two right angles jit 
A and B, but two acute angles at C 
and I) (Theorem 211) which are equal 
to one another, as wo can easily see ______ 

^ E 

by thinking the quadrilateral super- Fio 11. 

imposed upon itself so that the line HI) falls upon AC and AC upon 

RI). 

Halve AB and erect at the mid-point E the lino EF periiendieular to 
AB. This line must also be ])erpendicuhir to CE, sinc(‘ the quadrilat- 
erals CAEF and FEME fit one another if we so place one on the other 
that the line EF n^maiiis in the same i»osition. Hence the line CD can 
not be parallel to AB, but tlie parallel to AB for tin* point C, namely 
Ct;, must incline toward AB (Theorem 16) and out from the perpendic- 
ular BD a part BG < CA. 

Since C is a random point in the line 06, it follows that CG itself 
nears AB the more the farther it is prolonged. 
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25 . Two straighi lines which are parallel to a third are also parallel to 
each other. 



We will first assume that the three lines AB, CD, EF (Pig. 12) lie in 
one plane. If two of them in order, AB and CD, are parallel to the 
outmost one, EF, so arc AB and CD parallel to each other. In order 
to prove this, let fall from any point A of the outer line AB upon the 
other outer line PE, the perpendicular AE, which will cut the middle 
line CD in some point C (Theorem 3), at an angle DCE < J ;r on the 
side toward EF, the parallel to CD (Theorem 22). 

A perpendicular AG let fall upon CD from the same point, A, must 
fall within the opening of the acute angle ACG (Theorem 9); every 
other line AH from A drawn within the angle BAG must cut EF, the 
parallel to AB, somewhere in H, how small soever the angle BAH may 
be; consequently will CD in the triangle AEH cut the line AH some- 
where in K, since it is impossible that it should meet EF. If AH from 
the point A went out within the angle CAG, then must it cut the pro* 
longation of CD between the points C and G in the triangle CAG. 
Hence follows that AB and CD are parallel (Theorems 16 and 18). 

Were both the outer lines AB and EF assumed parallel to the middle 
line CD, so would every line AK from the point A, drawn within the 
angle B AE, cut the line CD somewhere in the point K, how small soever 
the angle BAK might be. 

Upon the prolongation of AK take at random a point L and join it 
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with C by the line CL, which must cut EF somewhere in M, thus mak- 
ing a triangle MCE. 

The prolongation of the line AL within the triangle MCE can cut 
neither AC nor CM a second time, consequently it must meet EF some* 
where in H ; therefore AB and EF are mutually parallel. 



Now let the parallels AB and CD (Fig. 13) lie in two planes whose 
intersection line is EF. From a random point E of this latter let 
fall a perpendicular EA upon one of the two parallels, e. y., upon AB, 
then from A, the foot of the perpendicular EA, let fall a new perpen- 
dicular AC upon the other parallel CD and join the end-points E and C 
of the two perpendiculars by the line EC. The angle BAG must be 
acute (Theorem 22), consequently a perpendicular CG from C let fall 
upon AB meets it in the point G upon that side of CA on which the 
lines AB and CD are considered as parallel. 

Every line EH [in the plane FEAB], however little it diverges from 
EF, pertains with the line EC to a plane which must cut the plane of 
the two parallels AB and CD along some line CH. This latter line cuts 
AB somewhere, and in fact in the very point H which is common to all 
three planes, through which necessarily also the line EH goes; conse- 
quently EF is parallel to AB. 

In the same way wo may show the parallelism of EF and CD. 

Therefore the hypothesis that a line EF is parallel to one of two other 
parallels, AB and CD, is the same as considering EF as the intersection 
of two planes in which two parallels, AB, CD, lie. ^ 

Consequently two lines are parallel to one another if they are parallel 
to a third line, though the three be not co-planar. 

The last theorem can be thus expressed: 

Three planes intersect in lines which are all parallel to each other if the 
parallelisvi of two is presupposed. 
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26. Triangles standing opposite to one another on the spdiere are equiva 
lent in surface. 

By opposite triangles we here understand such as are made on both 
sides of the center by the intersections of the sphere with planes ; in such 
triangles, therefore, the sides and angles are in contrary order. 

In the opposite triangles ABC and A'B'C' (Fig. 14, where one of 
them must be looked upon as represented turned about), we have the 
aides AB — A'B', BC = B'C', CA = C'A', and the corresponding angles 



at the points A, B, C are likewise equal to those in the other triangle at 
th points A', B', C'. 

Through the three points A, B, C, suppose a plane passed, and upon 
it from the center of the sphere a perpendicular dropped whose pro- 
longations both ways cut both opposite triangles in the points D and D' 
of the sphere. The distances of the first T) from the points ABC, in 
arcs of great circles on the sphere, must be equal (Theorem 12) as well 
to each other as also to the distances D'A', D'B', D'C', on the other 
triangle (Theorem 6), consequently the isosceles triangles about the points 
D and D' in the two spherical triangles ABC and A'B'C' are congruent. 

In order to judge of the equivalence of any two surfaces in general, 
I take the following theorem as fundamental : 

Two surfaces are equivalent when they arise from the mating or separating 
of equal parts. 

27. A three-sided solid angle equals the half sum of the surface angles 
a right-angle. 

In the spherical triangle ABC (Fig. 15), where each side < ;r, desig- 
nate the angles by A, B, C; prolong the side AB so that a whole circle 
ABA'B'A is produced; this divides the sphere into two equal parta 
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In that half in which is the triangle ABC, prolong now the other two 
sides through their common intersection point C until they meet the 
circle in A' and B'. 



In this way the hemisphere is divided into four triangles, ABC, ACB', 
B'CA', A'CB, whose size may be designated by P, X, Y, Z. It is evi. 
dent that here P-|-X = B, P-{-Z = A. 

The size of the spherical triangle Y equals that of the opposite triangle 
ABC', having a side AB in common with the triangle P, and whose 
third angle C' lies at the end-point of the diameter of the sphere which 
goes from C through the center D of the sphere (Theorem 26). Hence 
it follows that 

P -j- Y C, and since P-f-X-j-Y -j-Z — ;r, therefore we have also 
P - ^ (A + B -|- C “ Try 

We may attain to the same conclusion in another way, based solely 
upon the theorem about the equivalence of surfaces given above. (Theo- 
rem 26.) 

In the spherical triangle ABC (Pig- 16), halve the sides AB and BC, 
and through the mid-points D and 
E draw a great circle; upon this let 
fall from A, B, C the perpendiculars 
AF, BH, and CG. If the perpendic- > 
ular from B falls at H between D and 
E, then will of the triangles so made 
BDH-=AFD,andBHE=:EGC(The. V 
orems 6 and 15), whence follows that Fig. 16. 

the surface of the triangle ABC equals that of the quadrilateral AFGO 
(Theorem 26). 
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If the point H coincides with the middle point E of the side BC (Fig. 

B 17), only two equal right-angled triangles, ADF 
^ and BDE, are made, by whose interchange the 

j equivalence of the surfaces of the triangle ABC 
and the quadrilateral AFEC is established. 

If, finally, the point H falls outside the triangle 
A ABC (Fig. 18 ), the perpendicular CGr goes, in 

Fig. 17. consequence, through the triangle, and so we go 

over from the triangle ABC to the quadrilateral AFCC by adding the 

R 



Fig. 18 . 


triangle FAD — DBH, and then taking away the triangle CGE — : EBH. 

Supposing in the spherical quadrilateral AFGC a great circle passed 
through the points A and G, as also through F and C, then will their 
arcs between AG and FC equal one another (Theorem 1 5), consequently 
also the triangles FAC and ACG be congruent (Theorem 1 5), and the 
angle FAC equal the angle ACG. 

Hence follows, that in all the preceding cases, the sum of all three 
angles of the spherical triangle equals the sum of the two equal angles 
in the quadrilateral which are not the right angles. 

Therefore we can, for every spherical triangle, in which the sum of 
the three angles is S, find a quadrilateral with equivalent surface, in 
which are two right angles and two equal perpendicular sides, and 
where the two other angles are each -J^S. 
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Let now ABCD (Pig. 19) be the spherical quadrilateral, where the 
sides AB ^ - DC are perpendicular to BC, and the angles A and D 
each ^S. 



Prolong the sides AD and BC until they cut one another in E, and 
further beyond E, make DE — EF and let fall upon the prolongation 
of BC the perpendicular FG. Bisect the whole arc BG and join the 
mid-point H by great-circle-arcs with A and F. 

The triangles EPG and DCE are congruent (Theorem 15), so P 6 = 
DC AB. 

The triangles ABH and HGP are likewise congruent, since they are 
right angled and have equal perpendicular sides, consequently AH and 
AP pertain to one circle, the arc AHF — r, ADEF likewise = tt, the 
angle HAD ^ HFE := - BAH = |S - HFG |S - HFE-EPG 

HAD-;r+^S; consequently, angle HFE = ^( 8 — 7 :); or what 
is the same, this equals the size of the lune AHFDA, which again is 
equal to the quadrilateral ABCD, as we easily see if we pass over from 
the one to the other by first adding the triangle EPG and then BAH 
and thereupon taking away the triangles equal to them DCE and HFG. 

Therefore |(S— 7 r) is the size of the quadrilateral ABCD and at the 
same time also that of the spherical triangle in which the sum of the 
three angles is equal to S. 
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28 . If three planes cut each other in parallel lines^ then the sum of the 
three surface angles equals two right angles. 

Let AA', BB' CC' (Fig. 20) be three parallels made by the inter- 
section of planes (Theorem 25). Take upon them at random three 


A 



points A, B, C, and suppose through these a plane passed, which con- 
sequently will cut the planes of the parallels along the straight lines 
AB, AC, and BC. Further, pass through the line AC and any point 
D on the BB', another plane, whose intersection with the two planes of 
the parallels AA' and BB', CC' and BB' produces the two lines AD 
and DC, and whose inclination to the third plane of the parallels AA' 
and CC' we will designate by w. 

The angles between the three planes in which the parallels lie will 
be designated by X, Y, Z, respectively at the lines AA', BB', CC'; 
finally call the linear angles BDC — - a, ADC — b, ADB -- c. 

About A as center suppose a sphere described, upon which the inter- 
sections of the straight lines AC, AD AA' with it determine a spherical 
triangle, with the sides p, q, and r. Call its size Opposite the side 
q lies the angle w, opposite r lies X, and consequently opposite p lies 
the angle 7r+2«2— (Theorem 27). 

In like manner CA, CD, CC' cut a sphere about the center C, and 
determine a triangle of size y9, with the sides p', q', r', and the angles, w 
opposite q', Z opposite r', and consequently opposite p'. 

Finally is determined by the intersection of a sphere about D with 
the lines DA, DB, DC, a spherical triangle, whose sides are 1, m, n, and 
the angles opposite them i^'-fX — 2«, and Y. Consequently 

its size ^ = -J- (X-|- Y -|-Z — n) — a — 

Decreasing w lessens also the size of the triangles a and so that 
a+jff — w can be made smaller than any given number. 
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In the iriangle d can likewise the sides 1 and m be lessened even to 
vanishing (Theorem 21), consequently the triangle S can be placed with 
one of its sides 1 or m upon a great circle of the sphere as often as you 
choose without thereby filling up the half of the sphere, hence d van- 
ishes together with w; whence follows that necessarily we must have 

X+Y+Z--:r 

29 . In a rectilineal triangle^ the perpendiculars erected at the mid-points 
of the sides either do not mevtj or they all three cut each other in one point. 

Having pre-supposed in the triangle ABC (Fig. 21), that the two per- 
pendiculars ED and DF, which are erected upon the sides AB and BC 
at their mid points E and F, intersect in the point D, then draw within 
the angles of the triangle the lines DA, DB, DC. 

In the congruent triangles ADE and BDE (Theorem 10), we have 
AD- BD, thus follows also that BD — CD; the 
triangle ADC is hence isosceles, consequently the 
perpendicular dropped from the vertex D upon the 
base AC falls upon G the mid point of the base. 

The proof remains unchanged also in the case 
when the intersection point D of the two perpen- 
diculars ED and FD falls in the line AC itself, or 
falls without the triangle. 

In case we therefore pre-suppose that two of those perpendiculars do 
not intersect, then also the third can not meet with them. 

30 . The perpendiculars which arc erected upon the sides of a rectilineal 
triangle at their mid-points^ must all three he parallal to each other^ so soon 
as the parallelism of two of them is presupposed. 

In the triangle ABC (Fig. 22) let the lines DE, FG, HK, be erected 
perpendicular upon the sides at their mid- 
points D, F, H. We will in the first place 
assume that the two perpendiculars DE and 
FG are parallel, cutting the line AB in L 
and M, and that the perpendicular HK lies 
between them. Within the angle BLE draw 
from the point L, at random, a straight line 
LG, which must cut FG somewhere in G, 
how small soever the angle of deviation GLE may be. (Theorem 16). 


c 
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Since in the triangle LGM the perpendicular HK can not meet with 
MG (Theorem 29), therefore it must cut LG somewhere in P, whence 
follows, that HK is parallel to DE (Theorem 1 6), and to MG (Theorems 
18 and 25). 

Put the side BC — 2a, AC 2b, AB = 2c, and designate the an- 
gles opposite these sides by A, B, C, then we have in the case just 
considered 

A = /7(b)-/7(c), 

B= 77 (a)— 77(c), 

C = 77(a)+77(b), 

as one may easily show with help of the lines AA', BB', CC', which 
are drawn from the points A, B, C, parallel to the perpendicular HK 
and consequently to both the other pc’q)endicular8 DE and FG (Theo- 
rems 23 and 25). 

Let now the two perpendiculars HK and FG be parallel, then can 
the third DE not cut them (Theorem 29), hence is it either parallel to 
them, or it cuts AA'. 

The last assumption is not other than that the angle 
C>77(a)+77(b.) 

If we lessen this angle, so that it becomes equal to 11 (a) 77(b), 

while we in that way give the line AC the new position CQ, (Fig. 23), 
and designate the size of the third side BQ by 2c', then must the angle 
CBQ at the point B, which is increased, in accordance with what is 
proved above, be equal to 

//(a)-/7(c')>/7(a)-77(c), 
whence follows c' >c (Theorem 23). 


A 



Jn the triangle ACQ are, however, the angles at A and Q equal, 
hence in the triangle ABQ must the angle at Q be greater than that at 
the point A, consequently is AB>BQ, (Theorem 9); that is c>c'. 

31. We call boundary line {oricycle) that curve lying in a plane for 
which all perpendiculars erected at the midpoints of chords are paiallel to 
each other. 
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In conformity with this definition we can represent the generation of 
a boundary line, if we draw to a given line AB (Fig. 24) from a given 



point A in it, making different angles CAB — /7(a), chords AC=2a; 
the end C of such a chord will lie on the boundary line, whose points 
we can thus gradually determine. 

The perpendicular BE erected upon the chord AC at its mid-point D 
will be parallel to the line AB, which we will call the Axis of the bound- 
ary line. In like manner will also each perpendicular FG erected at the 
mid-point of any chord AH, be parallel to AB, consequently must this 
peculiarity also pertain to every perpendicular KL in general which is 
erected at the mid-point K of any chord CH, between whatever points 
G and H of the boundary line this may be drawn (Theorem 30). Such 
perpendiculars must therefore likewise, without distinction from AB, 
be called Axes of the boundary line. 

32. A circle with continually iiicreasmg radius merges into the houndfu y 
line. 

Given AB (Fig. 25) a chord of the boundary line; draw from thv^ 
end-poincs A and B of the chord two axes 
AC and BF, which consequently will 
make with the chord two equal angles 
BAG - ABF - ^ ./ (Theorem 31). 

Upon one of these axes AC, take any- 
where the point E as center of a circle, 
and draw the arc AF from the initial point 
A of the axis AC to its intersection point 
F with the other axis BF. 

The radius of the circle, FE, corresponding to the point F will make 
on the one side with the chord AF an angle AFE = and on the 
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Other side with the axis BF, the angle EFD = It follows that the 
angle between the two chords BAF--^ a — ^ (Theorem 22); 
whence follows, a— 

Since now however the angle y approaches the limit zero, as well in 
consequence of a moving of the center E in the direction AC, when F 
remains unchanged, (Theorem 21), as also in consequence of an ap- 
proach of F to B on the axis BP, when the center E remains in its 
position (Theorem 22), so it follows, that with such a lessening of the 
angle also the angle a — or the mutual inclination of the two chords 
AB and AF, and hence also the distance of the point B on the bound- 
ary line from the point F on the circle, tends to vanish. 

Consequently one may also call the boundary-line a circle with in- 
finitely great radius. 

33. Let A A' — BB' x (Figure 26). be t 
the side from A to A', which parallels serve 
as axes for the two boundary arcs (arcs on 
two boundary lines) AB=5, A'B^ —j?', then is 
a' - - se — I 

where e is independent of the arcs 5, a' and of 
the straight line a:, the distance of the arc s' from s. 

In order to prove this, assume that the ratio of the arc s to s' is 
equal to the ratio of the two whole numbers n and m. 

Between the two axes AA', BB' draw yet a third axis CC', which 
so cuts oS from the arc AB a part AC -- t and from the arc A'B' on 
the same side, a part A'C' t'. Assume the ratio of < to s equal to 
that of the whole numbers p and y, so that 

n p 

S — _ a ', / $. 

m q 

Divide now s by axes into nq equal parts, then will there be mq such 
parts on s* and np on t. 

However there correspond to these equal parts on s and t likewise 
equal parts on s' and consequently we have 

V s' 

t s 

Hence also wherever the two arcs t and t' may be taken between the 
two axes AA' and BB', the ratio of t to remains alwaya the same, as 


wo lines parallel toward 


Fig. 26 . 
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long as the distance x between them remains the same. If we there- 
fore for «= I, put s= es\ then we must have for every x 

s'=se 

Since 6 is an unknown number only subjected to the condition 6>i, 
and further the linear unit for x may be taken at will, therefore we may, 
for the simplification of reckoning, so choose it that by e is to be un- 
derstood the base of Napierian logarithms. 

We may here remark, that 5 ^= 0 for x — 00 , hence not only does 
the distance between two parallels decrease (Theorem 24), but with the 
prolongation of the parallels toward the side of the parallelism this at 
last wholly vanishes. Parallel lines have therefore the character of 
asymptotes. 

34. Boundary surface (orisphere) we call that surface which arises 
from the revolution of the boundary line about one of its axes, which, 
together with all other axes of the bound ary -line, will be also an axis 
of the boundary-surface. 

A chord is inclined at equal angles to such axes drawn through its end- 
points, wheresoever these two end-points may he taken on the boundary-surface. 

Let A, B, C, (Fig. 27), be three points on the boundary-surface; 



AA', the axis of revolution, BB' and CC' two other axes, hence AB 
and AC chords to which the axes are inclined at equal angles A^AB 
=:B'BA, A'AC r^C'CA (Theorem 31.) 
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Two axes BB', CC', drawn through the end-points of the third chord 
BC, are likewise parallel and lie in one plane, (Theorem 25). 

A perpendicular erected at the mid-point D of the chord AB 
and in the plane of the two parallels AA', BB', must be parallel to the 
three axes AA', BB', CC', (Theorems 23 and 25); just feuch a perpen- 
dicular EE' upon the chord AC in the plane of the parallels AA', CC' 
will be parallel to the three axes AA', BB', CC', and the perpendicular 
DD'. Let now the angle between the plane in which the parallels AA' 
and BB' lie, and the plane of the triangle ABC be designated by fl (a), 
where a may be positive, negative or null. If a is positive, then erect 
FD a within the triangle ABC, and in its plane, perpendicular upon 
the chord AB at its mid-point D. 

Were a a negative number, then must FD — - a be drawn outside the 
triangle on the other side of the chord AB; when a=0, the point P 
coincides with D. 

In all cases arise two congruent right-angled triangles AFD and DFB, 
consequently we have FA -- FB. 

Erect now at F the line FF' perpendicular to the plane of the tri- 
angle ABC. 

Since the angle D'DF — 11(a), and DF— a, so FF' is parallel to 
DD' and the line EE', with winch also it lies in one plane perpendicu- 
lar to the plane of the triangle ABC. 

Suppose now in the plane of the parallels EE', FF' upon EF the per- 
pendicular EK erected, then will this be also at right angles to the plane 
of the triangle ABC, (Theorem 13), and to the line AE lying in this 
plane, (Theorem 11), and consequently must AE, which is perpendicu- 
lar to EK and EE', be also at the same time perpendicular to FE, 
(Theorem 11). The triangles AEF and FEC are congruent, since they 
are right-angled and have the sides about the right angles equal, hence is 
AF ^ FC FB 

A perpendicular from the vertex F of the isosceles triangle BFC let 
fall upon thu base BC, goes through its mid-point G; a plane passed 
through this perpendicular FG and the line FF' must be perpendicular 
to the plane of the triangle ABC, and cuts the plane of the parallels 
BB', CC', along the line GG', which is likewise parallel to BB' and 
CC', (Theorem 25); since now CG is at right angles to FG, and hence 
at the same time also to GG', so consequently is the angle C'CG 
= B'BG, (Theorem 23). 
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Hence follows, that for the boundary-surface each of the axes may 
be considered as axis of revolution. 

Principal-plane we will call each plane passed through an axis of the 
boundary surface. 

Accordingly every Principal-plane cuts the boundary-surface in the 
boundary line, while for another position of the cutting plane this in- 
tersection is a circle. 

Three principal planes which mutually cut each other, make with 
each other angles whose sum is :r, (Theorem 28). 

These angles we will consider as angles in the boundary-triangle 
whose sides are arcs of the boundary-line, which are made on the bound- 
ary surface by the intersections with the three principal planes. Con- 
sequently the same interdependence of the angles and sides pertains to 
the boundary-triangles, that is proved in the ordinary geometry for the 
rectilineal triangle. 

35. In what follows, we will designate the size of a line by a letter 
with an accent added, g. x', in order to indicate that this has a rela, 
tion to that of another line, which is represented by the same letter 
without accent which relation is given by the equation 

n(x)-\- n (x') — -j.T. 

Let now ABC (Fig. 28) be a rectilineal right-angled triangle, where 
the hypothenuse AB = c, the other sides AC — b, BC a, and the 



angles opposite them are 

bag -/ 7(a), ABC-/7(^). 
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At the point A erect the line AA' at right angles to the plane of the 
tnangle ABC, and from the points B and C draw BB' and CC' parallel 
to AA'. 

The planes in which these three parallels lie make with each other 
the angles: I] {a) at A A', a right angle at CC' (Theorems 1 1 and 13), 
consequently /7(a') at BB' (Theorem 28). 

The intersections of the lines BA, BC, BB' with a sphere described 
about the point B as center, determine a spherical triangle in which 
the sides are mn = ri{c), kn = 77 (/9), mk — /7(a) and the opposite angles 
are /7i(b), in- 

Therefore we must, with the existence of a rectilineal triangle whose 
sides are a, b, c and the opposite angles 77 (a), 77 (/9) also admit the. 
existence of a spherical triangle (Fig. 29) with the sides /7(c), 77 (/9), 
/7(a) and the opposite angles 77(b), 77(a'), 



Of these two triangles, however, also inversely ihe existence of the 
spherical triangle necessitates anew that of a rectilineal, which in con- 
sequence, also can have the sides a, a\ and the oppsite angles 77(b'), 
/7(c), iff. 

Hence we may pass over from a, b, c, a, to b, a, c, a, and also to a, 
a', b', c. 

Suppose through the point A (Fig. 28) with AA' as axis, a bound- 
ary-surface passed, which cuts the two other axes BB', CC', in B'' and 
C", and whose intersections with the planes the parallels form a bound- 
ary-triangle, whose sides are B^C" = p, C' A ~ y, B" A — r, and the 
angles opposite them 77(o), 77(a'), ^;r, and where consequently (Theo- 
rem 34): 

p = r sin 77(a), q—r cos f7(a). 

Now break the connection of the three principal-planes along the line 
BB', and turn them out from each other so that they with all the lines 
lying in them come to lie in one plane, where consequently the arcs p, 
qj r will unite to a single arc of aboundary-line, which goes through the 
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point A and has AA' for axis, in such a manner that (Fig, 30) on the 
one side will lie, the arcs q and the side b of the triangle, which is 



perpendicular to AA' at A, the axis CC' going from the end of b par- 
allel to A A' and through C' the union point of j) and the side a per- 
pendicular to CC' at the point C, and from the end-point of a the axis 
BB' parallel to AA' which goes through the end-point B'^ of the arc^j. 

On the other side of AA' will lie, the side c perpendicular to AA' at 
the point A, and the axis BB' parallel to AA', and going through the 
end-point B' of the arc r remote from the end point of b. 

The size of the line CC" depends upon b, which dependence we will 
express by CC" = / (b). 

In like manner we will have BB" = / (c). 

If we describe, taking CC' as axis, a new boundary line from the 
point C to its intersection D with the axis BB' and designate the arc 
CD by /, then is BD f (a). 

BB" — BD-)-DB" — BD-|-CC", consequently 
/(c)=/(a)+/(b). 

Moreover, we perceive, that (Theorem 33) 

— r sin n{u) ^ 

If the perpendicular to the plane of the triangle ABC (Fig. 28) were 
erected at B instead of at the point A, then would the lines c and r remain 
the same, the arcs q and t would change to i and the straight lines a 
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and b into b and sl, and the angle //(a) into / 7 (^), consequently we 
would have 

y = r sin / 7 (^) 

whence follows by substituting the value of g, 
cos 77 (u) — sin 77 (^) 
and if we change a and ^ into b' and c, 

sin 77 (b) = sin 77 (c) e ; 

further, by multiplication with 

sin 77 (b) e-^‘‘>=sin 77 (c)e-^l®) 

Hence follows also 

sin 77 (a) sin 77 (b) 

Since now, however, the straight lines a and b are independent ol' 
one another, and moreover, for b= 0 , /(b)= 0 , 77 (b)— so we have 
for every straight line a 

0 -/(a)_gijj 77(a). 

Therefore, 

sin 77 (c) = sin 77 (a) sin 77 (b), 
sin 77(/9) = cos 77(a) sin 77(a). 

Hence we obtain besides by mutation of the letters 
sin 77 (a) — cos /7(j9) sin 77(b), 
cos 77(b) =r cos 77(c) cos 77(a), 
cos 77 (a) — cos 77 (c) cos 77 (^). 

If we designate in the right-angled spherical triangle (Fig. 29) the 
sides 77 (c), 77(/?), 77 (a), with the opposite angles 77(b), 77 (a/), by the 
letters a, b, c, A, B, then the obtained equations take on the form of 
those which we know as proved in spherical trigonometry for the right- 
angled triangle, namely, 

sin a=:sin c sin A. 
sin b=sin c sin B, 

COB A=cos a sin B, 
cos B=cos b, sin A, 
cos c=cos cos b; 

fron. which equations we can pass over to those for all spherical tri- 
angles in general. 

Hence ^herical trigonometry is not dependent upon whether in a 
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rectilineal triangle the sum of the three angles is equal to two right 
angles or not. 

86. We will now consider anew the right-angled rectilineal triangle 
ABC (Fig. 31), in which the sides are a, b, c, and the opposite angles 
n(al 77 (^), i;r. 


Prolong the hypothenuse c through 
the point B, and make BD=^; at the 
point D erect upon BD the perpendicu- 
lar DD', which consequently will be 
parallel to BB', the prolongation of the 
side a beyond the point B. Parallel to 
DD' from the point A draw AA', which 
is at the same time also parallel to CB^, 
(Theorem 25), therefore is the angle 
A'AD=//(c+^), 

A'AC= n (b), consequently 

/7(b)=/7(.)+//m 



A b C 

Fro. 31. 



If from B we lay off ^ on the hypoth- 
enuse c, then at the end point D, (Pig. 
32), within the triangle erect upon AB 
the perpendicular DD', and from the 
point A parallel to DD' draw AA', so 
will BC with its prolongation CC' be the 
third parallel; then is, angle CAA'=/7 
(b), DAA'=//(c— ^), consequently /7(c — 
^)=n(a)-\- 11(h). The last equation is 
then also still valid, when c=^, or c<^. 

If c=j9 (Fig. 33), then the perpendicu- 
ular A A' erected upon AB at the point A 


Fio. 32. 
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is parallel to the side BC=a, with its prolongation, CC^ consequently 


Pm. 33. 

we have /7(a)+/7(b)= J tt, whilst also /7(c — (Theorem 23). 

If c<^, then the end of ^ falls beyond the point A at D (Fig. 34) 
upon the prolongation of the hypolhenuse AB. Here the perpendicu- 
lar DD' erected upon AD, and the line A A' parallel to it from A, will 

likewise be parallel to the side BC=a, 
with its prolongation CC'. 

Here we have the angle DAA' = U 
(^ — c), consequently 
/7(a)+/7(b) =;:-y/(^_c)=/7(c-^), 
(Theorem 23). 

The combination of the two equations 
found gives, 

277(b)=/7(c — /?)+/7(c+^), 
2/7(«)=- /7(c— /9)— /7(c+/3), 
whence follows 

cos /7(b) cos [ ^/7(c— /7(c+y9)] 
cos 11(a) cos [ \ /7(c— ^ //(c+^)] 
Substituting here the value, (Theo- 
rem S'S) 

cos n (b) 

=co8/7(c), 

cos 77 (of) 

we have [tan \n (c)]2^tan (c — p) tan -^77 (c+/?). 

Since here y? is an arbitrary number, as the angle 77 (/5) at the one 


n 





THBOEY OF PARALLELS. 


41 


side of c may be chosen at will between the limits 0 and ^;r, conse- 
quently ^ between the limits 0 and oo , so we may deduce by taking 
consecutively y9=c, 2c, 3c, &c., that for every positive number «, [tan^ 
/7(c)] “~tan^/7(wc). 

If we consider n as the ratio of two lines x and c, and assume that 
cotJ/7(c)=e‘=, 

then we find for every line x in general, whether it be positive or nega- 
tive, tan^/7(x)— e— * 

where e may be any arbitrary number, which is greater than unity, 
since /7(x)— 0 for x=qo . 

Since the unit by which the lines are measured is arbitrary, so we 
may also understand by 6 the base of the Napierian Logarithms. 

37. Of the equations found above in Theorem 35 it is sufficient to 
know the two following, 

sin /7(c)~ sin // (a) sin ff (b) 
sin/7 (a)— sm 77(b) cos /7(^), 

applying the latter to both the sides a and b about the right angle, in 
order irom the combination to deduce the remaining two of Theorem 
35, without ambiguity of the algebraic sign, since here all angles are 
acute. 

In a similar manner we attain the two equations 
(1.) tan /7(c)=Bin //(a) tan /7(a), 

(2.) cos /7(a)- cos /7(c) cos // (^9). 


We will now consider a rectilineal triangle whose sides are a, b, c, 
(Pig- 35) and the opposite angles A, B, C. 

If A and B are acute angles, then the 
perpendicular p from the vertex of the 
angle C falls within the triangle and cuts 
the side c into two parts, x on the side of 
the angle A and c — x on the side of the 
Fig. 35. angle B. Thus arise two right-angled 

triangles, for which we obtain, byapphcation of equation (1), 
tan /7(a)=sin B tan /7(p), 
tan /7(b)— sin A tan/7(p). 
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which equations remain unchanged also when one of the angles e. g. 
is a right angle (Fig. 36) or and obtuse angle (Fig. 37). 

c c 




Therefore we have universally for every triangle 

(3.) sin A tan /7(a)— sin B tan /7(b). 

For a triangle with acute angles A, B, (Fig. 35) we have also (Equi^ 
tlon 2), 

cos //(z)=rC 08 A COS /7(b), 
cos /7(c— x)=cos B cos /7(a) 

which equations also relate to triangles, in which one of the angles A 
or B is a right angle or an obtuse angle. 

As example, for B=4r: (Fig. 3G) we must take x=c, the first equa- 
tion then goes over into that which we have found above as Equation 2, 
the other however, is self-sufficing. 

For B>^t (Fig. 37) the first equation remains unchanged, instead 
of the second, however, we must write correspondingly 
cos /7(x— c)=co8 (r:— B) cos //(a); 
but we have cos //(x— c)= — cos /7(c— x) 

(Theorem 23), and also cos (;r— B)= — cos B. 

If A is a right or an obtuse angle, then must c— x and x be put for 
X and c— X, in order to carry back this case upon the preceding. 

In order to eliminate x from both equations, we notice that (Theo- 
rem 36) 


C08/7(c — x)= 


1 — [tan^ /7(c — x) ]2 
1 [tan \ //(c — x) ] ■ 
1 — e®* — 


1— [tan ^/7(c)]»[cot|/7(x)]» 
1 +[tan |/7(c)]*[cot 
cos /7(c)— cos/7(x) 


1 — cos /7(c)cos/7(x) 
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If we substitute here the expression for cos /7(x), cob/7(c — ^x), we ob- 
tain 

COB /7(a) COS B4'Cos/7(b) cos A 


cos/7(c)= 


1 +co8/I(a) cos /7(b) cosA cosB 


whence follows 


COB /7(a) co8B= cob /7(c)— co^ co8/7(b) 

^ * 1 — cos A cos /7(b) COS //(c) 

and finally 

[sin /7(c) ]* = [1 — COS B cos //(c) cos //(a) ] [1 -cos A cos //(b) cos //(c) ] 
In the same way we must also have 

(^•) 

[sin ^(a) ] * = [1 — cos C cos // (a) cos // (b) ] [ 1 — cos B cos /? (c) cos // (a) ] 
[sin //(b) =[1 — cos A cos fl (b)cos //(c) ] [1 — cos C cos //(a) cos //(b)] 

From these three equations we find 

” =[1— COB Acos n (b)COB/7(c)]». 

Hence follows without ambiguity of sign, 

(5.) cos A COB //(b) cos //(c) ^ 1 . 

' ' ' ^ ^ ‘ sm //(a) 

If we substitute here the value of sin //(c) corresponding to equa- 
tion (3.) 


sin //(c)=-- ^^^ - tan // (a) cos [J (c) 


then we obtain 


COB 77 (c) = COB /7(a) Bin C 

^ ^ sin A8in//(b)-|-cosAsinCco8/7(a)coB//(b); 
but by substituting this expression for cos //(c) in equation (4), 

(6.) cot A sin C sin // (b)-|-cos C— 

' ^ ^ ' cos //(a) 

By elimination of sin //(b) with help of the equation (3) comes 

cos /7(a) ^ , 

cos /7(b) 

In the meantime the equation (6) .gives by changing the letters^ 

COB . ^( ^ B ainC sin // (a)+co8C. 
cos //(b) 


( cos C= 1 — ^I^^ sin C sin 77 (a). 
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From the last two equations follows^ 

\ A . r* ^ sin B sin C 

(7.) cos A4-C0S B cos C— , 

' ' smy/(a) 

All four equations for the interdependence of the sides a, b, c, and 
the opposite angles A, B, C, in the rectilineal triangle will therefore be, 
[Equations (3), (5), (6), (7).] 

^sin A tan // (a) == sin B tan // (b), 

i COS A COS n (b) cos /7(c) -| 

\cot A sin C sin // (b) + cos C = 

‘ cos U (a) 

A I T3 n 'sinBsinC 

cos A -4- cos B cos C = . 

^ sin 11 (a) 

If the sides a, b, c, of the triangle are very small, we may content our- 
selves with the approximate determinations. (Theorem 36.) 
cot n (a) = a, 
sin //(a) = 1 — Ja* 
cos 11 (a) = a, 

and in like manner also for the other sides b and c. 

The equations 8 pass over for such triangles into the following: 
b sin A = a sin B, 
a 2 -j- c2 — 2bc cos A, 
a sin ( A -j- C) r= b sin A, 
cos A + cos (B -|- C) = 0. 

Of these equations the first two are assumed in the ordinary geom- 
etry; the last two lead, with the help of the first, to the conclusion 
A + B + C = ,T. 

Therefore the imaginary geometry passes over into the ordinary, when 
we suppose that the sides of a rectilineal triangle are very small. 

I have, in the scientific bulletins of the University of Kasan, pub- 
lished certain researches in regard to the measurement of curved lines, 
of plane figures, of the surfaces and the volumes of solids, as well as in 
relation to the application of imaginary geometry to analysis. 

The equations (8) attain for themselves already a sufficient foundation 
for considering the assumption of imaginary geometry as possible. 
Hence there is no means, other than astronomical observations, to use 
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for judging of the exactitude which pertains to the calculations of the 
ordinary geometry. 

This exactitude is very far-reaching, as I have shown in one of my 
investigations, so that, for example, in triangles whose sides are attain- 
able for our measurement, the sum of the three angles is not indeed dii- 
ferent from two right-angles by the hundreath part of a second. 

In addition, it is worthy of notice that the four equations (8) of 
plane geometry pass over into the equations for spherical triangles, if 
we put a 1, b aJ— 1, c y'— 1, instead of the sides a, b, c; with this 
change, however, we must also put 


1 


sin /7(a) =- 

^ ' cos (a), 

cos 77(a) = (\/— 1) tan a, 


tan 77 (a) =- 


1 


sina(^— 1), 
and similarly also for the sides b and c. 

In this manner we pass over from equations (8) to the following: 
sin A sin b = sin B sin a, 
cos a = cos b cos c -j- sin b sin c cos A, 
cot A sin C -f- cos C cos b = sin b cot a, 
cos A = cos a sin B sin C — cos B cos G. 




TRANSLATOR’S APPENDIX. 


ELLIPTIC GEOMETRY. 

Gauss himself never published aught upon this fascinating subject, 
Geometry Non-Euclidean; but when the most extraordinary pupil of 
his long teaching life came to read his inaugural dissertation before the 
Philosophical Faculty of the University of Goettingen, from the three 
themes submitted it was the choice of Gauss which fixed upon the one 
“ Ueber die Hypothesen welche der Geometrie zu Grunde liegen.” 

Gauss was then recognized as the most powerful mathematician in the 
world. I wonder if he saw that here his pupil was already beyond him, 
when in his sixth sentence Riemann says, “ therefore space is only a 
special case of a three-fold extensive magnitude,” and continues: 
“From this, however, it follows of necessity, that the propositions of 
geometry can not be deduced from general magnitude-ideas, but that 
those peculiarities through which space distinguishes itself from other 
thinkable threefold extended magnitudes can only be gotten from ex- 
perience. Hence arises the problem, to find the simplest facts from 
which the metrical relations of space are determinable — a problem 
which from the nature of the thing is not fully determinate; for there 
may be obtained several systems of simple facts which suffice to deter- 
mine the metrics of space; that of Euclid as weightiest is for the pres- 
ent aim made fundamental. These facts are, as all facts, not necessary, 
but only of empirical certainty; they are hypotheses. Therefore one 
can investigate their probability, which, within the limits of observation, 
of course is very great, and after this judge of the allowability of their 
extension beyond the bounds of observation, as well on the side of the 
immeasurably great as on the side of the immeasurably small." 

Riemann extends the idea of curvature to spaces of three and ihtre 
dimensions. The curvature of the sphere is constant and positive, and 
on it figures can freely move without deformation. The curvature of 
the plane is constant and zero, and on it figures slide without stretching. 
The curvature of the two-dimentional space of Lobachevski and 

[ITJ 
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Bolyai completes the group, being constant and negative, and in it fig- 
ures can move without stretching or squeezing. As thus corresponding 
to the sphere it is called the pseudo-sphere. 

In the space in which we live, we suppose we can move without de- 
formation. It would then, according to Riemann, be a special case of 
a space of constant curvature. 'We presume its curvature null. At 
once the supposed fact that our space does not interfere to squeeze us 
or stretch us when we move, is envisaged as a peculiar property of our 
space. But is it not absurd to speak of space as interfering with any- 
thing? If you think so, take a knife and a raw potato, and try to cut 
it into a seven-edged solid. 

Further on in this astonishing discourse comes the epoch-making idea, 
that though space be unbounded, it not therefore infinitely great. 
Riemann says: “In the extension of space-constructions to the im- 
measurably great, the unbounded is to be distinguished from the in- 
finite; the first pertains to the relations of extension, the latter to the 
size-relations. 

“That our space is an unbounded three-fold extensive manifoldness, is 
a hyjiothesis, which is applied in each ar»prehensi(>n of the outer world, 
according to which, in each moment, the domain of actual perception is 
filled out, and the possible places of a souglit object constructed, and 
which in these applications is continually confirmed. The unbounded- 
ness of space possesses therefore a greater empirical certainty than any 
outer experience. From this however the Infinity in no way follows. 
Rather would space, if one presumes bodies independent of place, that 
is ascribes to it a constant curvature, necessarily be finite so soon as this 
curvature had ever so small a positive value. One would, by extend- 
ing the beginnings of the geodesics lying in a surface-element, obtain 
an unbounded surface with constant positive curvature, therefore a sur- 
face which in a homaloidal three-fold extensive manifoldness would 
take the form of a sphere, and so is finite.” 

Here we have for the first time in human thought the marvelous per- 
ception that universal space may yet be only finite. 

Assume that a straight line is uniquely determined by two points, but 
take the contradictory of the axiom ^hat a straight line is of infinite 
size; then the .straight line returns into itself, and two having inter- 
sected get back to that intersection point. 
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A bibliography of noii-Euclidoaii literature down to the year 1878 
was given by Halst(‘d, “Amcricd)} Jounwl of Mathematics,** vols. i, ii, 
containing 81 authors and 174 titles, and reprinted in the collected 
works of Lobachevski (Kazan, ISSd) giving 124 authors and 272 titles. 
This was incorporated in Boiiola’s Bibliograi)hy of the Foundations of 
Beometry (1899) reprinted (1902) at Kolozsvfir in the Bolyai Memorial 
Volume. In 1911 ai)peared the volume: Bibliography of Non-Euclidean 
Geometry by Duncan M. Y. Summerville; Bondon, Harrison and Sons. 

The Introduction says: “The present work was begun about nine 
years ago. It was intended as a continuation of Ilalsted’s bibliography, 
but it soon became evident that the growth of the subject rendered such 
diffuse treatment practically impossible, and short abstracts of the 
works would have to be dispensed with. The object is to produce as 
far as possible a complete reiiository of the titles of all works from 
the earliest times up to the i>reseut which deal with the extended 
conception of space, and to form a guide to the literature in an easily 
accessible form. It includes the theory of jiarallels, non-euclidean ge- 
ometry, the foundatiour. of geometry, and sjjuce of n dimensions.” 

In 1918 Teubiier issued in two parts Paul Stiicked’s important book: 
Wolfgang und Johann Bolyai, (ieometrische Untersuchungen. John com- 
pares Lobachevski’s researches with his own. The profound philosoidiic 
import of non-euclidean geometry forms an integrant part of “The 
Foundations of Science,” bj II. Poincare; A’ol. I of the series Science 
and Education, The Science Press. New York City, 1914. The Transac- 
tions of the Royal Society of Canada, Vol. XII, Section III, contains 
a striking Presidential Address by Alfred Baker on The Foundations 
of Geometry. Of the cognate works issued by The Open Court Pub. 
Co., we mention only Euclid’s Parallel Postulate by Withers. Scores 
of errors are pointed out in “Non-Euclidean Geometry in the Encyclo- 
paidia Britannica,” Science, May 10, 1912. 

And now at last the theory of relativity has made non-euclidean 
geometry a powerful machine for advance in physics. 

Says Vladimir Varicak in a remarkable lecture, “Ueber die nicht- 

[ 40 ] 
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euklidlBCbe Interpretation der Relativtheorie” (Jahresber. D. Math. 
Ver., 21, 103-127), 

I postulated that the phenomena happened in a Lobachevski space, 
and reached by very simple geometric deduction the formulas of the 
relativity theory. Assuming non-euclidean terminology, the formulas 
of the relativity theory become not only essentially simplified, but 
capable of a geometric interpretation wholly analogous to the Inter- 
pretation of the classic theory in the euclidean geometry. And this 
analogy often goes so far, that the very wording of the theorems of 
the classic theory may be left unchanged. 
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physical entities, elementary particles and wave mechanics. Presentation is popular and may 
be followed by most people with little or no scientific training. "Fine practical preparation 
for a time when laws of nature, human institutions ... are undergoing a critical examina- 
tion without parallel," Waldemar Kaempffert, N. Y. TIMES. 192pp. 5% x 8. 

T428 Paperbound $1.35 


PIONEERS OF SCIENCE, 0. Lodge. Eminent scientist-expositor’s authoritative, yet elementary 
survey of great scientific theories. Concentrating on individuals — Copernicus, Brahe, Kepler, 
Galileo, Descartes, Newton, Laplace, Herschel, Li-'d Kelvin, and other scientists — the author 
presents their discoveries in historical order adding biographical material on each man and 
full, specific explanations of their achievements. The clear and complete treatment of the 
post-Newtonian astronomers is a feature seldom found in other books on the subject Index. 
120 illustrations, xv + 404pp. 5% x 8. T716 Paperbound $1.50 


THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d'Abro. Einstein’s 
special and general theories of relativity, with their historical implications, are analyzed in 
non-technical terms. Excellent accounts of the contributions of Newton, Riemann, Weyl, 
Planck, Eddington, Maxwell, Lorentz and others are treated in terms of space and time, 
equations of electromagnetics, finiteness of the universe, methodology of science. 21 dia- 
grams. 482pp. 5% X 8. T2 Paperound $2.00 

THE RISE OF THE NEW PHYSICS, A. d’Abro. A half-million word exposition, formerly titled 
THE DECLINE OF MECHANISM, for readers not versed in higher mathematics. The only thor- 
ough explanation, in everyday language, of the central core of modern mathematical physical 
theory, treating both classical and modern theoretical physics, and presenting m terms 
almost anyone can understand the equivalent of 5 years of study of mathematical physics. 
Scientifically impeccable coverage of mathematical-physical thought from the Newtonian 
system up through the electronic theories o* Dirac and Heisenberg and Fermi’s statistics. 
Combines both history and exposition, provides a broad yet unified and detailed view, with 
constant comparison of classical and modern views on phenomena and theories. "A must for 
anyone doing serious study in the physical sciences," JOURNAL OF THE FRANKLIN INSTITUTE 
"Extraordinary faculty . . to explain ideas and theories of theoretical physics in the lan- 
guage of daily life," ISIS First part of set covers philosophy of science, drawing upon the 
practice of Newton, Maxwell, Poincar^, Einstein, others, discussing modes of thought, experi- 
ment, interpretations of causality, etc. in the second part, 100 pages explain grammar and 
vocabulary of mathematics, with discussions of functions, groups, series, Fourier series, etc. 
The remainder is devoted to concrete, detaHed coverage of both classical and quantum 

physics, explaining such topics as analytic mechanics, Hamilton's principle, wave theory of 
light, electromagnetic waves, groups of transformations, thermodynamics, phase rule. Brownian 
movement, kinetics, special relativity, Planck’s original quantum theory, Bohr’s atom, 

Zeeman effect, Broglie’s wave mechanics, Heisenberg’s uncertainty, Eigen-values, matrices, 
scores of other important topics Discoveries and theories are covered for such men as Alem- 
bert, Born, Cantor, Debye, Euler, Foucault, Galois, Gauss, Hadamard, Kelvin, Kepler, Laplace, 
Maxwell, Pauli, Rayleigh, Volterra, Weyl, Young, more than 180 others. Indexed 97 illustra- 
tions. IX + 982pp. 5 ¥b X 8. T3 Volume 1, Paperbound $2.00 

T4 Volume 2, Paperbound $2.00 

CONCERNING THE NATURE OF THINGS, Sir William Bragg. Christmas lectures delivered at 
the Royal Society by Nobel laureate Why a spinning ball travels in a curved track, how 
uranium is transmuted to lead, etc. Partial contents atoms, gases, liquids, crystals, metals, 
etc. No scientific background needed, wonderful for intelligent child 32pp. of photos, 57 
figures. XII + 232pp. 5% x 8. T31 Paperbound $1.35 

THE UNIVERSE OF LIGHT, Sir William Bragg. No scientific training needed to read Nobel 

Prize winner's expansion of his Royal Institute Christmas Lectures. Insight into nature of 

light, methods and philosophy of science Explains lenses, reflection, color, resonance, 
polarization, x-rays, tne specuum, Newton’s work with prisms, Huygens’ with polarization, 
Crookes’ with cathode ray, etc Leads into clear statement oi 2 major hiotorical theories 
of light, corpuscle and wave Dozens of experiments you can do. 199 illus., including 2 
full-page color plates 293pp 5% x 8. S538 Paperbound $1.85 



TEACH YOURSELF books. For adult self-study, for refresher and supplementary study. 

The most effective series of home study mathematics books on the market! With absolutely 
no outside help, they will teach you as much as any similar college or high-school course, 
or Will helpfully supplement any such course. Each step leads directly to the next, each 
question is anticipated. Numerous lucid examples and carefully-wrought practice problems 
illustrate meanings. Not skimpy outlines, not surveys, not usual classroom texts, these 204- 
to 380-page books are packed with the finest instruction you'll find anywhere for adult 
self-study. 

TEACH YOURSELF ALGEBRA, P. Abbott. Formulas, coordinates, factors, graphs of quadratic 
functions, quadratic equations, logarithms, ratio, irrational numbe-s, arithmetical, geomet- 
rical series, much more. 1241 problems, solutions. Tables 52 illus. 307pp. 67/a x 4V4. 

Clothbound S2.00 

TEACH YOURSELF GEOMETRY, P. Abbott. Solids, lines, points, surfaces, angle measurement, 
triangles, theorem of Pythagoras, polygons, loci, the circle, tangents, symmetry, solid geometry, 
prisms, pyramids, solids of revolution, etc. 343 problems, solutions. 268 illus 334pp. 
67/8 X 4V4. Clothbound S2.00 

TEACH YOURSELF TRIGONOMETRY, P. Abbott. Geometrical foundations, indices, logarithms, 
trigonometrical ratios, relations between sides, angles of triangle, circular measure, trig! 
ratios of angles of any magnitude, much more. Requires elementary algebra, geometry! 
465 problems, solutions. Tables. 102 illus. 204pp. 6^8 x 4V4 Clothbound S2.00 

TEACH YOURSELF THE CALCULUS, P. Abbott. Variations in functions, differentiation, solids 
of revolution, series, elementary differential equations, areas by integral calculus, much mOre. 
Requires algebra, trigonometry. 970 problems, solutions. Tables. 89 illus. 380pp. 67 /b x 4V4 

Clothbound $2.00 

TEACH YOURSELF THE SLIDE RULE, B. Snodgrass. Fractions, decimals, A D scales, log-log 
scales, trigonometrical scales, indices, logarithms. Commercial, precision, electrical, dual- 
istic, Brighton rules. 80 problems, solutions. 10 illus 207pp 67/8 x 4V4 Clothbound $2.00 

See also TEACH YOURSELF ELECTRICITY, C. W. Wilman; TEACH YOURSELF HEAT ENGINES, 
E. De Vine; TEACH YOURSELF MECHANICS, P. Abbott. 


* * * 


HOW DO YOU USE A SLIDE RULE? by A. A. Merrill. Not a manual for mathematicians and engin- 
eers, but a lucid step-by-step explanation that presents the fundamental rules clearly enough 
to be understood by anyone who could benefit by the use of a slide rule in his work or 
business. This work concentrates on the 2 most important operations multiplication and 
division. 10 easy lessons, each with a clear drawing, will save you countless hours in your 
banking, business, statistical, and other work First publication. Index. 2 Appendixes. 10 
illustrations 78 problems, all with answers vi + 36pp. 6Va x 9V4. T62 Paperbound 60( 

THEORY OF QPERAIION OF THE SLIDE RULE, J. P. Ellis. Not a skimpy ‘‘instruction manual’’, 
but an exhaustive treatment that will save you uncounted hours throughout your career Sup- 
plies full understanding of every scale on the Log Log Duplex Decitrig type of slide rule. 
Shows the most time-saving methods, and provides practice useful in the widest yariety of 
actual engineering situations. Each operation introduced in terms of underlying logarithmic 
theory. Summary of prerequisite math. Fitst publication. Index. 198 figures. Over 450 prob- 
lems with answers. Bibliography. 12 Appendices, ix + 289pp 5^ x 8. 

S727 Paperbound $1.50 

ARITHMETICAL EXCURSIONS: AN ENRICHMENT OF ELEMENTARY MATHEMATICS, H. Bowers and 
J. Bowers. For students who want unusual methods of arithmetic never taught m school; for 
adults who want to increase their number sense. Little known facts about the most simple 
numbers, arithmetical entertainments and puzzles, figurate numbers, number chains, mysteries 
and folklore of numbers, the “Hin-dog-abic" number system, etc. First publication. Index. 
529 numbered problems and diversions, all with answers. Bibliography 50 figures, xu 4« 
320pp. 5% X 8. T770 Paperbound $1.65 

APPLIED MATHEMATICS FOR RADIO AND COMMUNICATIONS ENGINEERS, C. E. Smith. No 

extraneous material here' — only the theories, equations, and operations essential and im- 
mediately useful for radio work. Can be used as refresher, as handbook of applications and 
tables, or as full home-study course. Ranges from simplest arithmetic through calculus, series, 
and wave forms, hyperbolic trigonometry, simultaneous equations in mesh circuits, etc. 
Supplies applications right along with each math topic discussed. 22 useful tables of func- 
tions, formulas, logs, etc Index. 166 exercises, 140 examples, all with answers. 95 diagrams. 
Bibliography, x + 336pp. 5% x 8. S141 Paperbound $1.75 



HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS, J. W. Mellor. Not abstract, 
but practical, building its problems out of familiar laboratory material, this covers differential 
calculus, coordinate, analytical geometry, functions, integral calculus, infinite series, 
numerical equations, differential equations, Fourier’s theorem, probability, theory of errors, 
calculus of variations, determinants "If the reader is not familiar with this book, it will 
repay him to examine it," CHEM. & ENGINEERING NEWS. 800 problems. 189 figures. Bibliog- 
raphy. xxi + 641pp. 5% X 8. S193 Paperbound $2.25 

TRIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. 913 detailed questions and 
answers cover the most important aspects of plane and spherical trigonometry. They will help 
you to brush up or to clear up difficulties in special areas The first portion of this book 
covers plane trigonometry, including angles, quadrants, tngonometrjcal functions, graphical 
representation, interpolation, equations, logarithms, solution of triangle, use of the slide 

rule and similar topics. 188 pages then discuss application of plane trigonometry to special 
problems in navigation, surveying, elasticity, architecture, and various fields of engineering. 
Small angles, periodic functions, vectors, polar coordinates, de Moivre's theorem are fully 

examined. The third section of the book then discusses spherical trigonometry and the 
solution of spherical triangles, with their applications to terrestrial and astronomical prob- 
lems. Methods of saving time with numerical calculations, simplification of principal func- 
tions of angle, much practical information make this a most useful book 913 questions an- 

swered. 1738 problems, answers to odd numbers 494 figures. 24 pages of useful formulae, 
functions. Index, x + 629pp. SVb x 8. T371 Paperbound $2.00 

CALCULUS REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. This book is unique in English 
as a refresher for engineers, technicians, students who either wish to brush up their 
calculus or to clear up uncertainties It is not an ordinary text, but an examination of 
most important aspects of integral and differential calculus in terms of the 756 questions 
most likely to occur to the technical reader. The first part of this book covers simple differ- 
ential calculus, with constants, variables, functions, increments, derivatives, differentiation, 
logarithms, curvature of curves, and similar topics The second part covers fundamental 
ideas of integration, inspection, substitution, transformation, reduction, areas and volumes, 
mean value, successive and partial integration, double and triple integration Practical 
aspects are stressed jather than theoretical A 50-page section illustrates the application 
of calculus to specific problems of civil and nautical engineering, electricity, stress and 
strain, elasticity, industrial engineering, and similar fields —756 questions answered. 566 
problems, mostly answered. 36 pages of useful constants, formulae for ready reference. 
Index. V + 431pp. 5% x 8. T370 Paperbound $2.00 

TEXTBOOK OF ALGEBRA, G. Chrystal. One of the great mathematical textbooks, still about the 
best source for complete treatments of the topics of elementary algebra, a chief reference 
work for teachers and students of algebra in advanced high school and university courses, o'’ 
for the mathematician working on problems of elementary algebra or looking for a background 
to more advanced topics Ranges from basic laws and processes to extensive examination of 
such topics as limits, infinite senes, general properties of integral numbers, and probability 
theory Emphasis is on algebraic form, the foundation of analytical geometry and the key to 
modern developments in algebra. Prior cou»^se in algebra is desirable, but not absolutely 
necessary. Includes theory of quotients, distribution of products, arithmetical theory of surds, 
theory of interest, permutations and combinations, general expansion theorems, recurring 
fractions, and much, much more Two volume set. index in each volume. Over 1500 exercises, 
approximately half with answers. Total of xlvm + l]87pp 5% x 8 

5750 Vol I Paperbound $2.35 

5751 Vol II Paperbound $2.35 

The set M.70 

COLLEGE ALGEBRA, H. B. Fine. Standard college text that gives a systematic and deductive 
structure to algebra, comprehensive, connected, with emphasis on theory Discusses the 
commutative, associative, and distributive laws of number in unusual detail, and goes on 
with undetermined coefficients, quadratic equations, progressions, logarithms, permutations, 
probability, power series, and much more Still most valuable elementary-intermediate text 
on the science and structure of algebra Index 1560 problems, all with answers x + 631pp. 
5% X 8. T211 Paperbound $2.00 

THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntington. This famous book 
gives a systematic elementary account of the modern theory of the continuum as a type of 
serial order Based on the Cantor-Dedekind ordinal theory, which requires no technical 
knowledge of higher mathematics, it offers an easily followed analysis of ordered classes, 
discrete and dense series, continuous senes. Cantor's transfinite numbers 2nd edition. Index 
■ viii + 82pp. 5% X 8 . S129 Clothbound $2.75 

S130 Paperbound $1.00 

A TREATISE ON PLANE AND ADVANCED TRIGONOMETRY, E. W. Hobsoi.. Extraordinarily wide 
coverage, going beyond usual college level trig, one of the few works covering advanced 
trig in full detail By a great expositor with unerring anticipation and lucid clarification 
of potentially difficult points. Includes circular functions; expansion of functions of multiple 
angle; trig tables, relations between sides and angles of triangle; complex numbers, etc. 
Many problems solved completely "The best work on the subject.” Nature. Formerly entitled 
"A Treatise on Plane Trigonometry." 689 examples, 6 figures, xvi + 383pp. 5% x 8. 

S353 Paperbound $1.95 



FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY. Felix Klein. Expanded version of the 1894 
Easter lectures at Gottingen 3 problems of classical geometry, in an excellent mathematical 
treatment by a famous mathematician squaring the circle, trisecting angle, doubling cube. 
Considered with full modern implications transcendental numbers, pi, etc Notes by R Archi- 
bald. 16 figures, xi + 92pp. S^/s x 8. T348 Clothbound $1.50 

T298 Paperbound $1.00 


* * * 


ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPOINT. Felix Klein. 

This classic text is an outgrowth of Klein's famous integration and survey course at Gottingen. 
Using one field of mathematics to interpret, adjust, illuminate another, it covers basic 
topics in each area, illustrating its discussion with extensive analysis. It is especially 
valuable in considering areas of modern mathematics. "Makes the reader feel the inspiration 
of . . a great mathematician, inspiring teacher . . with deep insight into the founda- 
tions and interrelations," BULLETIN, AMERICAN MATHEMATICAL SOCIETY. 

Vol. 1. ARITHMETIC, ALGEBRA, ANALYSIS. Introducing the concept of function immediately. 
It enlivens abstract discussion with graphical and geometrically perceptual methods. Partial 
contents- natural numbers, extension of the notion of number, special properties, complex 
numbers. Real equations with real unknowns, complex quantities. Logarithmic, exponential 
functions, goniometric functions, infinitesimal calculus Transcendence of e and pi, theory 
of assemblages Index 125 figures, ix + 274pp . 5% x 8. S150 Paperbound $1.75 

Vol. 2. GEOMETRY. A comprehensive view which accompanies the space perception inherent 
in geometry with analytic formulas which facilitate precise formulation Partial contents: 
Simplest geometric manifolds line segment, Grassmann determinant principles, classification 
of configurations of space, derivative manifolds Geometric transformations affine transforma- 
tions, projective, higher point transformations, theory of the imaginary. Systematic discussion 
of geometry and its foundations. Indexes. 141 illustrations, ix + 214pp. 5% x 8. 

S151 Paperbound $1.75 


COORDINATE GEOMETRY, L. P. Eisenhart. Thorough, unified introduction Unusual for ad- 
vancing in dimension within each topic (treats together circle, sphere, polar coordinates, 
3-dimensional coordinate systems conic sections, quadric surfaces), affording exceptional 
insight into subject Extensive use made of determinants, though no previous knowledge 
of them IS assumed Algebraic equations of 1st degree, 2 and 3 unknowns, carried further 
than usual m algebra courses Over 500 exercises. Introduction. Appendix. Index Bibliog- 
raphy. 43 illustrations. 310pp 5^/8 x 8 S600 Paperbound $1.65 

MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, edited by J. W. A. Young. Advanced 

mathematics for persons who haven’t gone beyond or have forgotten high school algebra. 
9 monographs on foundation of geometry, modern pure geometry, non-Euclidean geometry, 
fundamental propositions of algeb'-a, algebraic equations, functions, calculus, theory of num- 
bers, etc Each monograph gives proofs of important results, and descriptions of leading 
methods, to provide wide coverage New introduction by Prof. M. Kline, N. Y. University. 
100 diagrams, xvi + 416pp. 6Va x 9V4. S289 Paperbound $2.00 


MATHEMATICS, INTERMEDIATE TO ADVANCED 

Geometry 

THE FOUNDATIONS OF EUCLIDEAN GEOMETRY, H. G. Forder. The first rigorous account of 
Euclidean geometry, establishing propositions without recourse to empiricism, and without 
multiplying hypotheses. Corrects many traditional weaknesses of Euclidean proofs, and 
investigates the problems imposed on the axiom system by the discoveries of Bolya and 
Lobatthefsky Some topics discussed are Classes and Relations; Axioms for Magnitudes; 
Congruence and Similarity, Algebra of Points, Hessenberg's Theorem, Continuity, Existence 
of Parallels, Reflections, Rotations, Isometries, etc Invaluable for the light it throws on 
foundations of math. Lists Axioms employed. Symbols, Constructions. 295pp. 5% x 8. 

S481 Paperbound $2.00 

ADVANCED EUCLIDEAN GEOMETRY, R. A. Johnson. For years the standard textbook on advanced 
Euclidean geometry, requires only high school geometry and trigonometry Explores in unusual 
detail and gives proofs of hundreds of relatively recent theorems and corollaries, many 
formerly available only in widely scattered journals Covers tangent circles, the theorem of 
Miquel, symmedian point, pedal triangles and circles, the Brocard configuration, and much 
more. Formerly "Modern Geometry." Index. 107 diagrams, xiii -f 319pp. 5% x 8. 

S669 Paperbound $1.65 



NON-EUCLIDEAN GEOMETRY, Roberto Bonola. The standard coverage of non-Euclidean geom- 
etry It examines from both a historical and mathematical point of view the geometries 
which have arisen from a study of Euclid’s 5th postulate upon parallel lines Also included 
are complete texts, translated, of Bolyai’s THEORY OF ABSOLUTE SPACE, Lobachevsky’s 
THEORY OF PARALLELS. 180 diagrams. 431pp. 53/i, x 8. S27 Paperbound $1.95 

ELEMENTS OF NON-EUCLIDEAN GEOMETRY, D. M. Y. Sommerville. Unique in proceeding step- 
by-step, in the manner of traditional geometry Enables the student with only a good 
knowledge of high school algebra and geometry to grasp elementary hyperbolic, elliptic, 
analytic non-Euclidean geometries, space curvature and its philosophical implications, 
theory of radical axes, homothetic centres and systems of circles, parataxy and parallelism, 
absolute measure, Gauss' proof of the defect area theorem, geodesic representation, much 
more, all with exceptional clarity 126 problems at chapter endings provide progressive 
practice and familiarity. 133 figures. Index xvi + 274pp 5^/b x 8. S460 Paperbound $1.50 

HIGHER GEOMETRY: AN INTRODUCTION TO ADVANCED METHODS IN ANALYTIC GEOMETRY, F. S. 
Woods. Exceptionally thorough study of concepts and methods of advanced algebraic geometry 
(as distinguished from differential geometry) Exhaustive treatment of 1-, 2-, 3-, and 4- 
dimensional coordinate systems, leading to n-dimensional geometry m an abstract sense 
Covers projectivity, tetracyclical coordinates, contact transformation, pentaspherical coordi- 
nates, much more Based on M.l T lectures, requires sound preparation m analytic geometry 
and some knowledge of determinants. Index Over 35C exercises. References. 60 figures. 
X + 423pp. 5% X 8 S737 Paperbound $2.00 

ELEMENTS OF PROJECTIVE GEOMETRY, L. Cremona. Outstanding complete treatment of projec- 
tive geometry by one of the foremost 19th century geometers Detailed proofs of all funda- 
mental principles, stress placed on the constructive aspects Covers homology, law of duality, 
anharmonic ratios, theorems of Pascal and Bria.':hon, foci, polar reciprocal figures, etc Only 
ordinary geometry necessary to understand this honored classic. Index Over 150 fully worked 
out examples and problems. 252 diagrams, xx + 302pp 53/b x 8 S668 Paperbound $1.75 

A TREATISE ON THE DIFFERENTIAL GEOMETRY OF CURVES AND SURFACES, L. P. Eisenhart. 

Introductory treatise especially for the graduate student, for years a highly successful text- 
book More detailed and concrete in approach than most more recent books Covers space 
curves, osculating planes, moving axes, Gauss’ method, the moving trihedral, geodesics, 
conformal representation, etc Last section deals with deformation of surfaces, rectilinear 
congruences, cyclic systems, etc. Index 683 problems 30 diagrams, xii + 474pp 53/a x 8. 

S667 Paperbound $2.75 

A TREATISE ON ALGEBRAIC PLANE CURVES, J. L. Coolidge. Unabridged reprinting of one of 
few full coverages in English, offering detailed introduction to theory of algebraic plane 
curves and their relations to geometry and analysis Treats topological properties, Riemann- 
Roch theorem, all aspects of wide variety of curves including real, covariant, polar, contain- 
ing series of a given sort, elliptic, polygonal, rational, the pencil, two parameter nets, etc 
This volume will enable the reader to appreciate the symbolic notation of Aronhold and 
Clebsch Bibliography Index 17 illustrations xxiv -f 513pp 53/6 x 8 S543 Paperbound $2.45 

AN INTRODUCTION TO THE GEOMETRY OF N DIMENSIONS, D. M. Y. Sommerville. An introduc- 
tion presupposing no prior knowledge of the field, the only book in English devoted exclu- 
sively to higher dimensional geometry Discusses fundamental ideas of incidence, parallelism, 
perpendicularity, angles between linear space, enumerative geometry, analytical geometry 
from projective and metric points of view, polytopes, elementary ideas in analysis situs; 
content of hyper-spacial figures. Bibliography Index. 60 diagrams. 196pp 5% x 8. 

S494 Paperbound $1.50 

GEOMETRY OF FOUR DIMENSIONS, H. P. Manning. Unique in English as a clear, concise intro- 
duction. Treatment is synthetic, and mostly Euclidean, although in hyperplanes and hyper- 
spheres at infinity, non-Euclidean geometry is used Historical introduction Foundations of 
4-dimensional geometry Perpendicularity, simple angles. Angles of planes, higher order 
Symmetry, order, motion, hyperpyramids, hypercones, hyperspheres, figures with parallel 
elements, volume, hypervolume in space, regular polyhedroids. Glossary. 78 figures, ix + 
348pp 53/a X 8 S182 Paperbound $1.95 

ELEMENTARY CONCEPTS OF TOPOLOGY, P. Alexandroff. First English translation of the famous 
brief introduction to topology for the beginner or for the mathematician not undertaking 
extensive study. This unusually useful intuitive approach deals primarily with the concepts of 
complex, cycle, and homology, and is wholly consistent with current investigations Ranges 
from basic concepts of set-theoretic topology to the concept of Betti groups, “Glowing 
r’xample of harmony between intuition and thought,’’ David Hilbert Translated by A E. Farley. 
Introduction by D. Hilbert. Index 25 figures 73pp 53/$ x 8 S747 Paperbound $1.00 

THE WORKS OF ARCHIMEDES, edited by T. L. Heath. All the known works of the great Greek 
mathematician are contained in this one volume, including the recently discovered Method 
of Archimedes Contains- On Sphere & Cylinder, Measurement of a Circle, Spirals, Conoids, 
Spheroids, etc. This is the definitive edition of the greatest mathematical intellect of the 
ancient world. 186-page study by Heath discusses Archimedes and the history of Greek 
mathematics. Bibliography. 563pp. 5^8 x 8. S9 Paperbound $2.00 



THE THIRTEEN BOOKS OF EUCLID'S ELEMENTS, edited by Sir Tbomas Heath. Definitive edition 
of one of the very greatest classics of Western world. Complete English translation of 
Heiberg text, together with spurious Book XIV. Detailed 150-page introduction discussing 
aspects of Greek and Medieval mathematics. Euclid, texts, commentators, etc. Paralleling 
the text IS an elaborate critical apparatus analyzing each definition, proposition, postulate, 
covering textual matters, mathematical analysis, commentators of all times, refutations, sup- 
ports, extrapolations, etc. This is the FULL EUCLID. Unabridged reproduction of Cambridge U. 
2nd edition 3 volumes. Total of 995 figures, 1426pp. 5% x 8. 

888,89,90, 3 volume set, paperbound $6.00 

THE GEOMETRY OF RENE DESCARTES. With this book Descartes founded analytical geometry. 
Excellent Smith-Latham translation, plus original French text with Descartes' own diagrams. 
Contains Problems the Construction of Which Requires Only Straight Lines and Circles; On 
the Nature of Curved Lines; On the Construction of Solid or Supersolid Problems. Note& 
Diagrams. 258pp. 5% x 8. S68 Paperbound $1.50 

See also: FCUNOATIONS OF GEOMETRY, B. RQSsell; THE PHILOSOPHY OF SPACE AND TIME, 
H. Reichenbach; FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, F. Klein; MONOGRAPHS ON 
TOPICS OF MODERN MATHEMATICS, ed. by J. W. -Young. 
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